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ADVERTISEMENT. 


The Committee appointed by the Royal Society to direct the publication of the 
Philosophical Transactions take this opportunity to acquaint the public that it fully 
appears, as well from the Council-books and Journals of the Society as from repeated 
declarations which have been made in several former Transactions, that the printing of 
them was always, from time to time, the single act of the respective Secretaries till 
the Forty-seventh Volume ; the Society, as a Body, never interesting themselves any 
further in their publication than by occasionally recommending the revival of them to 
some of their Secretaries, when, from the particular circumstivnces of their aifairs, the 
Transactions had happened for any length of time to be intermitted. And this seems 
principally to have been done with a view to satisfy the public that their usual 
meetings were then continued, for the improvement of knowledge and benefit of 
mankind : the great ends of their first institution by the Royal Charters, and which 
they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 
numerous, it was thought advisiible that a Committee of their members should be 
appointed to reconsider the papers read before them, and select out of them such as 
they should judge most proper for publication in the fiiture Transactions ; which was 
accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 
and wil continue to be, the importance and singularity of the subjects, or the 
advantageous manner of treating them : without pretending to answer for the 
certainty of the facts, or propriety of the reasonings contained in the several papers 
so published, which must still rest on the credit or judgment of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to which they will always adhere, never to give their opinion, as a Body, 
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upon any subject, either of Nature or Art, that comes before them. And therefore the 
thanks, which are frequently proposed from the Chair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they received them, are to be considered in no other light than as a matter of 
civility, in return for the respect shown to the Society by those communications. The 
like also is to be sjiid with regard to the several projects, inventions, and curiosities of 
various kinds, which are often exhibited to the Society ; the authors whereof, or those 
who exhibit them, frequently take the liberty to report, and even to certify in »the 
public newspapers, that they have met with the highest applause and aj)probation. 
And therefore it is hoped that no regard will hereafter be paid to such reports and 
public notices ; which in some instances have been too lightly credited, to the 
dishonour of the Society. 
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VI. The Scattering of Plane Electric Wares hy Spheres. 
By T. J. I’ A. Bromwich, Sc.D., F.R.S. 


Received April 13, — Read November 23, 1916. 


iNTROTHTirrOKY NoTE. 

The problem which gives its title to the pre8»uit paper has been handled by various 
writers, notably by Lord Rayleigh, Sir J. J. Thomson, and Prof. Love. In most 
cases the solutions have been expressed in a Cartesian form ; but it appears to mo 
that a marked simplification is introduced by using spherical p<^lar co-ordinates. The 
preliminary analysis liecomes shorter, and the conclusions are easier to interpret ; in 
fact, the analysis is nearly as simple as in the analogous problem of electrostatics, 
when an electric field is disturbed by the presence of a dielectric sphere. 

To obtain the requisite solutions a new general solution of the electromagnetic 
equations in Cai’tcsian form is given in § 1, and is then transformed to the spherical 
polar form ; §§ 2, 3 contain a summary of certain analytical results required in the 
sequel. 

§ 4 contains the general solution of the problem of finding the scattered waves 
when a plane simple harmonic wave strikes a sphere ; and in § 5 the solution is 
applied to the case of a small sphere. These formulse (all of § 4 and part of § 5) were 
originally worked out in 1899, but publication was postponed in the hope of 
completing the problem of the large sphere. 

In § 6 the problem of a large sphere is considered by applying to the formula} of § 4 
a method of approximation devised by Prof. H. M. Mai!Donald* for dealing with 
waves incident from a Hertzian oscillator on a conducting sphere. The formulae of 
§6 were worked out early in 1910 and were given in my University lectures at 
Cambridge in that year.t 

At the same time I succeeded in obtaining a different treatment (given in § 7 
below) which confirmed the other results, and gave an easier process for dealing with 

♦ ‘Phil. Trans. Roy. Soc.,’ A, vol. 210, 1910, p. 113. Prof. Macdonald tells mo that ho had worked 
out (at about the same time) results in reference to the problem of § 6 ; but these have not been 
published. 

t An alternative solution was obtained by Prof. J. W. Niciioi»son at about, the same time ; his solution 
starts from Sir J. J. Thomson’s formnlse. Prof. Nicholson’s results originally differed from those of 
§6; but on revision agreement was obtained (‘Proc. Lond. Math. Soc.,’ vol. 9, 1910, p. 67 ; vol. 11, 1912, 
p. 277). 

VOL. coxx. — A 576. 2 C 


[Publiahed February 2, 1920. 
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points behind the sphere. The nietliod of this section is similar in some respects to 
one used by Prof. Macdonald in a later paper.* * * § 

The formnlfe of §§6,7 have been delayed in piiblicatio!i for two reasons : iii the 
fimt place I wished to obtain some confirmation from direct numerical calculation. 
This has now been carried out by Messrs. Proudman, Doodson and Kbnnkdy (of 
Liverpool University). t It appears that the agreement with the formulae of § 6 is 
quite close (for ku — 9, lO) from 6 = 0° to 90°, and for the Z-component up to alxmt 
120°. The formidai of § 7 also give good results in a cone of about 10° behind the 
spliere (that is, from 0 = 170° to 180°). It is clear, however, that an approximation 
suitable from 6 = 90° to 170° (for Y) and from 0 = 120” to 170° (for Z) has still to be 
obtained. But nevertheless tlie present approximations proved a valuable auxiliary!]! 
in checking and testing the numerical work. 

[The paper in its original form was presented to the Society on April 13, 1916; 
owing to the difficulties in regard to lalwur and paper during the war, I was asked to 
condense the introductory matter of §§ 1-3. This proved to be impossible until now, 
on account of pressure of war-work of various kinds. Tu the present version § 1 has 
been re-written so as to reduce its bulk ; in §§ 2, 8 certain formuke have been omitted 
which were not used in the applications of §§ 4-6. 

In re-arranging the paper it proved convenient also to nuttd^er the formulae 
differently. The decimal system has now been adopted ; here the figure l)efore the 
decimal point indicates the section of the paper in which the formula occurs. The 
figures following the dticirruil point are to be regarded as following the same order as 
(•rdimiry decimal fractions. Thus (5‘2l) and (.5’22) fall between (.')'2) and (5‘3), and 
all these formidm occur in § 5. — Added March 18, 1919.] 


§1. A General Solution of the Fundamental Electromagnetic 

EgUATIONS.§ 


The fundamental equations (d‘ electromagnetic waves may be written 


(E) 


H dy ?t dz ?x 


K Pz _ dfi 0a 
c* dt dx dy 


(M) 


^ ()t dy ?,z 


?Ji ^ ^_0Z^ 
^ dt dz dx 


0^ ^ ^ _ 0X 
^ dt dx dy 


* ‘Phil. Trans. Roy. Soc.,’ A, vol. 212, 1912, p. 299. The two methods are not identical; hut they 
appear to yield equivalent results in all the cases to whioli they have been applied. 

t ‘Phil. Trans. Koy. Soc./ A, vol. 217, 1917, p. 279. The calculation was originally undertaken by 
Dr. Proudman in consequence of a suggestion made in my lectures of 1912; the work, however, proved 
to be longer than had been anticipated and was completed by Messrs. Doodson and Kennedy. 

I See the paper last quoted, p. 292 et scq. 

§ Revised March 18, 1919 ; see note at the end of the introductory remarks above 
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Here (X, Y, Z) denotes the electric force, (a, /8, y) the magnetic force, K is the 
dielectric constant, n is the magnetic permeability, and the axes of reference are a 
Cartesian right-handed system. The tinits adopted are those of the electromagnetic 
system, and c is the fundamental constant generally identified with the vidocity of 
radiation in free space ; the equations (Pj) are those derived frf>m AMPfeuK’s law, and 
the equations (M) are similarly derived from P’araday’s law, the two together 
constituting the circuital relations of the electromagnetic field. 

It has provi'd possible to obtain a solution of a very general type, by assuming that 


(ri) 


X 

cx 






Z 






then equations (M) yield 

Substitute from equations (r2) in the first equation (P]) and we obtain 

MKa=*x_ a 

'a.r 


t ;:r^ = a: ^ 
dt Off 


y 


^3 

dx 


(1-3) 


a/ 




Off 


?z 


0ii f)3 02 

where A* denotes Laplaok’s operator --- n + ^r, + . 

^ a.T-* Of/ ar 

On comparing equations (I'l) and (l'3) they will be seen to be consistent provided 


t/llUit/ 


(1-4) 

yuK a=*p 
c" dt^ 

and that 


(1-5) 

mK 
c- fi? 


a./‘ 


dff 




Thus Q must satisfy the fundamental wave-equation, which is satisfied by any 
component of the electric or magnetic forces (X, Y, Z) or (a, fH, y). 

For our purpose it is more convenient to expnvss the above solutions in terms of 
spherical polar co-ordinates r, B, <p ; these are supposefl to form a right-handed system, 
when taken in this order, so as to avoid changes of sign in introducing the new 
co-ordinates. We write here* (II,, 11^. li,) for the components of electric force in the 
directions of r, B, ^ respectively; and (11,, Hj, H,,) for the componeiits of magnetic 
force. 

Equations (I'l) then become 


(111) 


Tf n 

Ri — — »Q, 


Jl, 


1 

r dB 


H. = 


1 ap 


r sin B d<{t 


* This is done to avoid confusion with the Cartesian components used in equations (E) and (M) ; but 
in the subsequent sections we shall use (X, Y, Z) and (a, /i, y) for the spherical polar components 
here denoted by (Ri, Ra, R.s) and (lli, H2, H3) respectively. 

2 ( J 2 
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As regards the transformation of (I’l) to (i'll), it is sufficient to note that the 
gradient of P has the spherical polar components 

1^, 1 tip, 

()r r f)$ r sin d 3^ 

and that (r, 0, 0) corresponds to the Cartesian vector {x, y, z). 

To obtain the formulae corresponding to (l’2) we ol)8erve that the vector on the 
right is equal to the vector- product of the two vectors, 


3Q\. 

\3a? f 


?y r>z 


J_^, ^ 

sin 6 3^ 30 


(x, y, z) and 

and that these two are represented by 

(.,0,0) and 

\<ir r cO rsin 0 v</)/ 

Thus the vector-prmluct has the spherical polar components 

( 

0 , 

Consequently equations (1’2) now become 
(1-21) 

while (r4) and (1*5) give 

('■‘.I fS-ii-S-swi- 


3H, , 3H, 1 3Q 3H:, 0Q 


u 


Bt 


sin 0 3^ 


3i 00 


1 3“ / /^^ , I 3 / • /.3Q\ . 1 d^q 

= r ^ ael“" ' m) + V • 

A consideration of these formulae suggests that further simplifications can be 
obtained by writing 


( 1 - 6 ) 


T, 3U n 0“U 


a;' 


which together satisfy equation (r4l); and then equation (l'5l) leads to the 
equation for U : — 


mK 0=»U _ 3^U 1 0 / . L_^ 

0i* 0r* r“ sin 0 30 \ 30 / r® sin** 0 0^“ 
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Substituting from (r6) in (i’ll) and (l'2l) we obtain the final expression for the 
field in terms of U 


( 1 - 8 ) 


K. 

R3 


8»U mK d^\J 
1 8^U 

r do dr 

1 3^U 
p d<jt dr 


cH, 

cU, 

cHg 


0 

i_^/K 
pd<f>\c dt j 

_1_3 /KW\ 

r30\c dt j 


p = r sin 0, 


In like manner we obtain another set of solutions by making an assumption similar to 
(ri) for the components of magnetic force (a, y). This gives the field : — 





cllj = ^ ^ 

r do dr 


rr- df 

I 3“V 


cH, = - 


1 3*V 


d(ft dr 


p = r sin 0, 


where V is a second solution of equation (1’7). 

It can be proved* that (1*8) gives the most general field in which the radial 
magnetic force (Hj) is zero, while (1*9) gives the most general field in which the 
radial electric force (R,) is zero. It can also be shown that the field is uniquely 
determined by the value of Rj and H, ; and accordingly the most general solution 
can be obtained by the superposition of (l’8) and (l'9). 


§ 2. Further Specialization of the Solution of § 1. 

If we superpose the fields (1*8), (l ’9), and now utilize (X, Y, Z), (a, P, y) to denote 
the spherical polar components of the field, we liave the general solutionf : — 


(21) 


f y ^ a’U /.K a“U 
ar’ c’ dP 

, Y 1 a»u 18 /,uaY\ 

r do dr p 30 \c dt / 

y^id^u 1 1 a /m av\ , 

pd^dr r dO \c dt j 


p = r sin 0, 


See a paper in the ‘ Philosophical Magazine,’ July, 1919 (6th ser., vol. 38), p. 143. 
t Originally worked out in 1899, and first published as a question in Part II. of the * Mathematical 
Tripos,’ 1910. 
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( 2 - 2 ) 


^ 0*V 0*V 

= i + i il 

r do dr p d<f> \ c dl j ’ 

^ 1 (TV 10/K0U\ 

p ?(f> dr rdO\c dt J 


where U, V are any two solutions of the equation 


P = r sin 0, 


( 2 - 8 ) 


^ 0^J l__ ^ / . . . 1 TO. 

T' 0^' dr~ sin 0 00^ dO / r^ 8in^ 0 d<p^ 


A solution of (2’Ji) winch is sufficiently general for the applications in view may he 
found h)'^ assuming that U mid V can 1 m^ expressed as sums of terms of the type 


F(r, /)xY(0. ^). 


It is easy to see that then (2'3) leads to the equation 


(2-4) 


TO 

F \0r=* dt^ 


1 J 1 3 / • 1 3^Y1 

Y Isin 0 do V”' dO/^ sin^ 0 00=* J 


and since the two sides of equation (2*4) are functions of r, t and of 0, <j> 
respectively, it is clear that each side must be a mere constant. If we write the 
constant in the form n{n-\-\), it is evident that Y must lie a surface-harmonic of 
order n. 

Accordingly in problems (such as those with which we shall be concerned in the 
sequel) where the whole of angular space is considered, the value of n must lie a 
positive integer ; for (except when n is an integer) there are no surface-harmonics 
which are everywhere continuous and single- valued. 

Thus we may reduce our solution to the form 

(2‘.')) U or V = 2 F,(r, t) Y„{0, ^), n = 0, 1, 2, 8, ..., 


where F, is a solution of the equation 


( 2 - 6 ) 

and 


1 0^F, n{n+l) Y _/) 

0r" c," dt^ 


= cV(y«K). 
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The general solution of equation (2 '6) is well known, and it is given by* 

(27) F.(n 0 = 

where tlie functions f and <j are arbitrary. 

In the special case of divergent waves, the function g can be omitted in {2'7) ; and, 
if the region considered includes the origin, then g{cit+r) = — /(cit + r), so as to 
make F, {r, t) continuous at r = 0. 

It will be convenient to notice that in consequence of equation (2 ‘6) the radial 
components of force can l)e written in the simpler forms 

(2-8) X or = ()Y,(e,^). 

It will be noticed that we can at once determine the form (2 ’5) for U or V 
when the radial forces have been expressed in the form (2‘8) ; this agrees with the 
general conclusion stated at the end of § 1, that (in sphei-ical polar co-ordinates) the 
remaining components of force are C(»mpletely determined when the two radial 
components are known. 


§3. Special Cask of Simple Harmonic Waves ani> the Apphopuiate 

Functions. 


We assume in future that the waves are simple harmonic, of wave-lengtli 27r/K- in 
free space ; we can then suppose the time to occur only in the form of a time-factor 
with the usual convention that finally only the real (or the imaginary) parts of 
the formulae will be used. 

The functions y, .<7 occurring in equation (2’7) alwjve are then exponentials of the 
types 

where ic, is given by 

= kc, or Kj = «• y'^(mI^)‘ 


Thus (if we now suppress the time-factor c‘*®‘) the functions given by (2‘7) are 
of the types 


(3-1) 




1 ay c""'*' 

r drj r 


t+1 


iy_V 6+“'"’ 

r dr. 


We shall be concerned with two special types only: (i.) divergent waves; 
(ii.) waves which are coittinuous at r — 0. The former of these corresponds to the 


* See, for instance, Lamb’s ‘ Hydrod 3 mamic 8 ,’ 1906, art. 295; an alternative method of solution 
giyen in § 3 of my paper in the ‘ Philosophical Magazine,’ quoted on p. 179 above ; compare also A. £. H. 
Love (‘ Phil. Trans. Roy. Soc.,’ A, vol. 197, 1901, pp. 9, 10). 
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first expression in (3‘l) ; while the latter is found by combining the- two expressions 
so as to yield 



Using the notation explained in (3 ’4) and (3 "5) below^ the standard functions are 
E, (kiv) for divergent waves, 


and 

S„ (/fir) for waves within a spherical Iwundary. 

Consequently, for waves inside a spherical boundary, (2‘5) and (2’8) can now be 
replaced by the forms 


(3-3) 


U or V = 2S.(«,r)Y.(fl, ^), 

X or 8 . (r,.-) Y. (fl. 0). 

for divergent waves the function S„ (/fir) must be replaced by E, (/fir). 




Definition^ and Properties of the Two litandard Functions ( 2 ), E„ ( 2 ). 

We write for brevity 

(8-4) = 

2! , 5! 1 

1 . 3 . 5 ...(2w+l) I 2(2w + 3j 2. 4(2w + 3)(2ri + 5) 

III terms of tlie known Bessel function we can write 

and accordingly the function S„ ( 2 ) is the same as that denoted by u in one of 
Macdonalu’s papers.* 

In the notation adopted by Lamb,! and those writers who have used Lamb’s 
sidutions as the fundamental forms, we have the identity 

(3-42) S,(2)=2»+Vn(2). 

* ‘Phil. Trans. Roy. Soc.,’ A, vol. 210, 1910, p. 113. See in particular p. 116. 
t ‘ Hydrodynamics,’ 1906, Art. 287. 
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Similarly, we write 

(3.) 

= c.(j)-,s.(4 

where 

(3-6) = 

_ 1 . 3 ... (2n— l) L 1 ?! 1 

z" 1 2(l— 2n) 2 . 4 (l — 2«,) (3— 2ri.) 

In terms of the K„ function (the modified Bessel function used by Macdonald) 
we have the relation 

(3-51) e.( 2) = y' (S) 

Thus 

E„{z)=^V-iU 

in terms of the notation used by Macdonald in the paper last quoted, and in 
Lamb’s notation 


(37) 


E.(2) = if*' {'(',(2)-|^,(2)) = 2”'/. (2). 


In consequence of the equation (2‘6) we see that both S„( 2 ) and E„(z) are solutions 
of the dilferential equation 


(3-8) 


d*S. 


dz^ 


L + jl_!i%LD}s„ = o, 


The functions S„{z), C„ ( 2 ) and |E„( 2 )| have been tabulated from 2 = 1 to 10, and 
for values of n ranging from 0 to 22 , by Mr. Doodson,* and these tables have formed 
the basis of the numerical calculations mentioned on p. 176 above, t 

It will be convenient to collect here the simple relations amongst the functions 
Sn-i> S„+i, which correspond to the known results for Bessel functions, or to those 
given by Lamb for the equivalent function \(r„ ( 2 ). 


Difference Relatims for the Functions 8 , 1 , E„. 

Prom (3*4) we see that 
(3-81) 

and by using (3*5) we see that the same relation holds for E,* (z). 

Again, it will be found that 

+ = {2n+p)g^^P-\ 

* ‘British Association Report,’ 1914. 

t ProUDMAN, Doodson and Kennedy, ‘Phil. Trans. Roy. Soc.,’ A, vol. 217, 1917, p. 279. 
VOL. CCXX. A. 2 D 
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and using this in ecjuation (3 '4) we deduce that 

(3-82) S„- , (c) = S„ (z) = S„ (z) + 

Combining (3 -81) and (3 82) we have also 
(3 • 83) 


dz 




The relations (3-82), (3 -83) hold equally for {z) aiul ( 2 ^), as may be soon from (3 *5) and (3*6). 
As Eh(‘-)» ‘'^re independent solutions of the equation (3-8), it is (ivident that 

E,.(.’)'-^*-S„(c)'^ - const. 


Now when c is small, it is easy to \ erify from (.3* 1) and (3 t») that 


2rr+i dz 




and accordingly wc have 
(3-84) 


d^tt tj /„\ dhj/i 


- 1 - 


Tn tlie <li.sciisHi<uis of §6, wluui c are l)<)tli IjiifTH, it will be convenient to adopt 
the follovvin^r notation : — 

(3-85) I E„ (z) 1 = K, f!:„ {z) = so that S,. {z) = R sin V^, C„ ( 2 ) = H cos yfr. 

Suhstitutinfj from (3’85) in (3'84) we deduce that 

(3-86) 

ctz 

Befort*, hjaviiijw thes(‘ pndiminary forinnlne it will he convtmient to quote tlie formula 
for in terms of oui’ standaid 'functions ; namely 

(3 -9) c'*-' = i {2n + 1 ) ,’■ 

V ^ (» Kr 

where z = rcoa 0 = and is Lkgkndrk’s polynomial of order n. 

This result follows at once from the formula veil in Lam ii’s ‘ Hydrodynamics,’ 
Art. 291, on usiri<r the relation (3'4) bidwecn \Jr„{Kr) and S„ (icr), already quoted. 
It is of course evident that an expansion of the type (3’9) miglit be anticipated, 
since each side satisfies the wave-equation, is symmetrical about the axis of 2 , and is 
continuous at r = 0 ; the determination of the numerical coefficients may he then 
carried out quickly by comparing the terms in on the two sides of the equation. 


§4. Plane Electromagnetic Waves Incident on a Spherical Obstacle. 

Suppose that the incident wave-train is travelling along the negative direction of 
the axis of 2 (that is, from 0 = 0 towards 0 = x) ; and that it is polarized in the 
plane of yz (that is, in the plane <!> = ^x). Suppose further that the electric force in 
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the wave-train has unit amplitude ; then, in terms of the Cartesian specification, 
the incident wave is defined by* 

X = eft = -f 

the remaining components of force being zero. 

We must first expi-css this wave in the standard forms of (2‘l) an<l (2‘2) ; we 
therefore introduce polar co-ordinates, and then procet'd to find tlu; radial components 
of force, which will suffice to determine the functions U, V, 

These radial components ar<( given by 

(4M ) X = — sin cos </> f -""' en = f sin H sin </> f''*' ''"* ", 

whei’e the time-factor e'’'"' is now oniit t.ed. 

Now from (3'i)) we have, the formiila 

c'" '"'*" = 'k {2ii. e I ) (cos P). 

... i-i* 


So, differentiating with regard to 6, we find that 
(4-2) 

Accordingly, on substituting (4'2) in ( fl), wt*. find that in the incident wave 


sin = - ^ (2//.+ !)<’'■' F'„ (cos 0) sin 0. 

//-I (ac/*) 


(4-3) 


and 


a:" n - 1 M (/6-f 1 ; 


by comparing the two formul;e (2 5) and (2 S). 

Tlie corresponditig waves in the interior of tlie sphere will be given by the two 
functions 


(4-4) 

where 


and 


AC- 7J-1 (/^^+ 1) 

n-irA(n-hl) 


AC] = AC \/(/itK) 

and K, /UL are the fundjinn^ntal constants of the spherical ohstacle. 

* It is assumed that in the incident wave we may take /x ^ 1, K === 1, Ci K| -- 

2 n 2 
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Similarly the scattered waves will he given by the two functions 


f U. = - ,.-.a.E. (,.•) P, (c«. ft) 

I K n ^ \ 'ft \Tl + 1 / 

(4*5) -j and 

V. = + V ,.-.o.E, M P. (cos 0). 

I fc' f) ^ ] n{n+i) 


The boundary conditions are given by the continuity of the tangential components 
of electric and magnetic force at the sphere r = a. 

It is evident from the form of equations (2‘l), (2'2) that these conditions will be 
satisfied if we take 


(4‘6) aiid 


au au., 

?r ar 


ar ar ’ 


= u+u., 


= v+v„. 


Thus we find that A, and C„ (the coefficients in the scattered waves) are given by 
{ S. (,«) + A.E. (,f.) ) i = S', (rt) + A.E'. (,«) 

(47) and 

(S.(«) +C.E.(>r,)( = S'. (, 0 .) + C.E'. (rt). 

' KM [Kl^/ 


The special case of a per/ccfli/ conducting sphere is given by making the tangential 
electric force zero at the sphere r = a ; and this condition is satisfied if 


(4-61) 


0 ^ 


a,- ?r ’ 


0 = V-hV„. 


Thus we find the simpler forrmdm 

(471) S'„ (/ra) + A„E'„ (/ca) = 0 S„(/cffl) + 0„E„(K:a) = 0, 

which may lx* regaixled as limiting forms of (47), when ] K | -> » and /a -> 0. 

The formulae (4'5) and (471 ) lead at once to those quoted by Dr. J. Proudman* 
in calculating the pressure of radiation due to a plane wave incident on a small 
conducting sphere. 

In all the applications with which we shall be concerned at present the point at 
which the disturbance is to be calculated will be at a distance large compared with 


* ‘ Monthly Notices of the Royal Astronomical Society/ vol. 73, 1913, p. 636. 
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the wave-length. Then we can simplify the general formulae by observing that (3 ’5) 
may be replaced by the appro.vimation 

if l/irr, (l/zcr)**, «&c., are neglected. Further, in the final formulae for the forces, 
Uo and Vo occur only in the two combinations 


M = -- 

r dr 


r 


N = - 


I ?V|, ikY,, 


r ?r 


where terms of the relative order I/kv have been rejected. 

On substituting from (4 '5) we find, to the same degree of .accuracy. 


(4-8) 


M = 


and 


N = -- 


r dr 

lav. 


r dr 


— — U„ = sin 0 cos ^ 

r (f?* „ = 1 

-f - Vo = sin 0 sin ^ - — 2 
r /cr « - I 


(-!)'• 


(- 1 )» 


'2,71+ 1 
n (n-t 1) 

2n+l 
n (n-l- 1) 


A„P'„ (cos 0) 
0„F„ (cos f?). 


Then, substituting in the general formulae (2'l) and (2*2), we find that (to our 
present order of approximation) the radial components of force are zero, and that the 
transverse components .ar<5 given by 


(4*9) 


r 


■) 


y = 


z = 


aM I aN 

a^? sin 0 d<l> 

_i_ ^ ^ 

sin 0 d(p ^ do 


= +Cy 
= -cfi. 


Accordingly the electric and 77iagnelic J'o7’ceif i7i the scattered 7rai'es are at 7’ight 
angles to each other a7id to the radms, a7id their 77iag7iit7ides are related in the. same 
manner as in a pla7ie wai'C. 

This conclusion might very well have been anticipated ; .and for tlie case of small 
obstacles of any shape (with constants K, n <lifforing but little from unity) the 
conclusion is contained in .a pajier by Lord IlAYLEKiU.* But I cannot find that it has 
been noticed for the case of spheres of any size, and of any electrical and magnetic 
constants. 

This may serve to indicate one advantage of the formulre in spherical polars over 
those in Cartesian co-ordinates. 

The formulae (4*8), (4*9), with the values of A„, C, given by (4*71), were those 
used by Messrs. Proudman, Doouson, and Kennedy in their numerical calculations 
quoted in the introduction to this paper. 

* ‘ Scientific Papers,’ vol. 1, pp. 522-536. For a .vmll perfectly conducting sphere the same conclusion 
is given by Sir J. J. Thomson, ‘ Recent Researches,’ p. 44S. 
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§5. SpIIKUES SmAM. r-OMPARKI> WITH THK W A VK-LkN<}TH. 


The fundamental assumption is that \Ka\ is small enou^rh to justify us in rejecting 
all but one or two terms in the power-series for S„ («•<*) and E„ {ko). 

It has been usual to assume further that | /f,a | is correspondingly small ; but 
Dr. Proudman has remarked tliat in the case of a dielectric sphere with a large 
value of K the second assumption need not follow from the first. It seems worth 
while therefore to simplify the formuhn (4'7) by expanding in powers of while 

retaining the general forms for it will be seen moreover that the resulting 

formuhe form a link between the results for dielectric spheres and those for 
conductors. 


Ibunembering that S„(/ca) is of ol der and that E„(m) is of order (/ca) ”, it is 

easy to see from (47) that in general A„ and are both of order Thus in 

the first approximation it will be sufficient to deal only with tiie coefficients Aj and 
(\ ; and for these we need the formuhe for Si(/fia) and S'l («,«). Now from (3‘4) 


we have 

S| (z) = 2 "’ 

iAhi 

and so 

S'l (z) 

= sin 2 ^ 1 

Hence 


^-S',(r) 




where now 




—cos = 


sm z 


{ 1 —z cot z), 


CO.S c _ sin c / .j 


I —z cot 2 
F (z) = Z^/{ I —2 cot z). 


In the second place, for the functions of Ka, from (3'4) and (3‘G) we find the first 
approximations 

S, (4 = iA E. (z) = l/z. 

Substituting, it will he seen that for ii = 1 the first (equation in (47) gives 


where 



Si (icia) 


F (ina)— I . 


After a little reduction the last equation gives 


(5-1) 


-^1 = 3 


‘2K + 1 — F (icia) 
K-H-F(,cia) ■ 


The second equation in (47) gives a similar formula for Cj, with /jt taking the 
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place of K. However, in most cases, it is sufficient to write ft = \, and then the 
formula simplifies further and becomes 


(5-2) 






b (vi«) 


i 

:» 


1 . 

i 


The two formulfc (51) and (5‘2) are due to Dr, Proudman, who has pointed 
out that they connect the results found by Lord Kayleigh for the case of dielectric 
spheres, and by Sir J. J. Thomson for conducting spheres. 


To deal with the case of dielectric spheres we do not regaril K as large, so th.<it kjc m.ay he regarded as 
snmll (of the same oi-der iis kii) ; and then the approximations 

1 - (k|(() cot (kj«) = or F(Kia) — .'1, 

may be used. 'I'his gives, in place of (S' 1), (o-S) the simpler forms due to Lord Rayi.kigh* 

(6-21) A, - C, = 0. 

On the other hand, Sir .1. .T. 'I'iiomson’s case corresponds to the assumption that Iv is of the form 
Ki - <.Ko where K;i is very large: then jK|«j may he regarded as large, and kjc as complex, with a 
negative imaginary part. Thus appro.ximatelyt cot (Kpi) = i, and so |K(k,(()| = which (althotigh 

large) is small compared with K| \K^(l\-/(K^l}‘. Hence we find from (r) ]) and (~>"2) the apyiroximate 

results, 

(5-22) A, -;-;(Ka)3, C, = ■(««)•’ 

as given by Sir .1. .1. Thomson. | Of course this yriir of formulas follow at once from (I'Tl), on inserting 
the approximations for Sj (k«) ami Ei (»>•«) given on jj. hSK above. 


Dr. Prottdman makes the further remark that, tinder the conditions assumed in 
(5‘1) and {5‘2), variations in tlie wave-length may produce very considerable changes 
in the magnitudes of Aj and (^, on account of the pitisence in F (xpt) of cot(/vi«)> 
which may vary very fast. It is of course supposed tliat the sjibere is dielectric, 
otherwise cot(viri) could be replaced by <, as already stated. t 

It is worth while to note the simple formuhe for the scattered wave, derived from 
(4 ’9) : these give, to tlu^ present order of approximation 


(5-3) 



J 


z = = — (iU. 

kV 


S A| cos O) (U>S 0, 
•J(Ji cos 0) sin <!> ; 


* ‘Scientific Papers,’ vol. 4, p. 321 (lOG) ; see also vol. 1, p. 52(). 

t Provided that the iniap;inary part of K^a exceeds tt in numerical value, the error in this approxima- 
tion is less than one half per cent. 

I ‘ Recent Restjaiclms,’ p. 118. 
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aad so (to this order) the scattered wave is zero in the direction given by 
(5‘3l) ^ = 0, cos 6 = Ci/Aj, 

provided that A, is numerically greater than C,. Thus in Lord Rayleigh’s case, the 
direction is given by 0 = ;* and in Sir J. J, Thomson’s by 0 = %-w. 

It may be noted here that, if the sphere has a sufficiently large dielectric constant K, it may happen 
that Aj is numerically less than Ci ; and then the direction giveti by (5 ’31) is no longer real. 

Taking K to be, rcjil (the case of a conductor having been already considered on p. 189), it is easy to see 
that A, < C| gives F{K^a) < 1 (on the assumption K > 1). Now the function F (s) steadily decreases 
from 3 to 0 as r varies from 0 to w ; and a rough calculation shows that for z = Iv, F (z) is slightly less 
than unity. Also in order to justify the approximations used for S, (ku) and E, (««), we must suppose 
that (k«)- ^ 

Hence the possibility contemplated may occur if, say, 

and (xay^-^yV. 

giving 

K>7.5. 

The direction in which the scattered wave vanishes will be given by 

(5 -.32) </• = J’T, cos<y = A,/C, - 2F(K-,a)/{.3 -F(kj«)}, 

the final formula being simplified by remembering that K is large. 

I am not aware that there is any experimental evidence showing traces of this phenomenon ; in fact all 
the evidence shows that </> = 0, 0 = ^ir is not far from the truth. Thus the circumstances in actual 
experiments cannot have been such as to intrwluce the reversal of magnitude between A, and C,. 


(ii.) Second Approximations. 

We proceed next to find second approximations, assuming that |K| is not large; 
it will be necessary to retain the second terms in the series {3‘4) and (3‘6) for Sj and 
E,, but tlie first t(*rnis will suffice for 8 ^ and E;,.t It is easy to see that then terms 
of order {kuY occur in the coefficients Aj, (J, and A.^, but that no other coefficients can 
contain terms of order lower than ((ca)^ 

Using now the series (3‘4) for 81 ( 2 ) we have 


s, (2) = 1 - . V), (^) = ( 1 - itz*), 


retaining the second terms only in each series. Thus we find, to the same order, 


— 2 — W 


Also (3’6) gives similarly 


^ A closer approximation is worked out on the next page ; see formulae (5*6) below, 
t It would be possible, of course, to obtain second approximations to (5* 1) and (5*2), but a glance at 
tlie formula} shows that the work is so laborious as to be almost impracticable. 



SCATTERING OF PLANE EI.ECTRIC WAVES BY SPHERES. 


191 


On substituting these results (4 ’7) becomes 


K 


and 




where, for brevity, we have written 

Ka = p, (/c,a)* = 

On reducing these ({quatlons, the results are 


( 5 - 4 ) 


^and 




C. = *(K-l)y’. 


To determine Aj, the series for (2) and (z) will lie required to the first terms 
only ; these are 


2 ’* t:^ / \ 3 




and on substituting in (47), we find 
( 5 - 5 ) 


A =£-V_K-' ') 

“ isUk+s/' 


(5-6) 


The field of the scattered waves is then given by 

Y = 4-cy = (^Ci— f A, cos #?+|Aa cos 26 ) cos </>, 

i* “ 

Z = —cfi = 6—%A.2 cos 6) sin 


Kl' 


The field (5‘G) is accordingly zero {to the same degree of appt'oxirnation) in the 
direction given hy 

0 = 0, cos 6 = (Cl- § Aal/Ai = A 


This conclusion is apparently new ; hut it confirms an approximate result due to 
Lord E-ayleigh,* according to which the scattered wave is zero in the direction 
given by 

0 = 0, cos 6 = .}r, (K— 1) {Kof, 

when (K-l) is treated as small. But on the other hand, our result contradicts 

* ‘Scientific Papers,’ vol. 1, p. 631, formula (61). 

VOL. COXX. — A. 2 E 
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a statement made by Prof* LovK* that there is no direction in which the scattered 
wave is completely cut out ; however, on a closer examination of Prof. Love’s formulae, 
they appear to confirm the present conclusion. 


The formula) in question arc (42) and (43) of the paper just quoted, but apparently there is a slip in (43). 
In the last line of (43) the factor given as 0 should really be {z^ - y^)jr ^ ; the source of the inaccuracy 
being apparently in the passage from the formula (39) to (41). On introducing this additional term in 
the magnetic force, it appears that the electric and magnetic forces are zero in the direction given byt 


X - 0, 


r 


(K^^2) (K-^1) 
15(2K4-3) 


{Kay 


in Prof. Love\s notation ; of course “ zero” means that the forces are really of order {Kay at most. 


It is not difficult to prove that the formulm (5 ’6) agree with those found by Lord 
Ka.yleigu| and Prof. Love ;§ the method to he adopted is similar to that used in § 4 
of my paper in the ‘ Philosophictd Magazine ’ (quoted on p. 179 above). But it should 
be observed that in the specification of the incident wave adopted by Lord Rayleigh 
and Prof. Love, the electric force is parallel to the axis of y ; hut hero the electric 
force is parallel to the negative direction of x. Thus if <j> denotes the azimuthal angle 
corresponding to the former specification, it is evident that <{> = corresponds to 
tj} = TT I and accordingly we shall have in general the relation 


= lx. 


Ijecause both angles are measured in the riglit-handed sense about the axis of z. 

Tjord Rayleigh’s paper contains tables and graphs from which it is easy to 
determine the variation of the field with 0 ; and in order to connect his tables with 
our formulas, let us write (5 '6) in the form 


(57) 




Y = +cy = - — R cos <p, Z = —c/3 

kV 


k7' 


S sin 


whore 


R = |C| — |A, cos 0+ |Aa cos 20, 
S = 2 A, — i^(J, cos 0—\^A.j cos 0. 


f/onsidor, first, points in the plane given by x = 0, in Lord Rayleigh’s notation ; 
this gives ([>' = |x, or </> — x. Hence, omitting the factor e^'^^Kicr), the electric force 
is equal to R (in the direction of 0 decreasing ) ; and accordingly R is represented hy 
the graph of the Cartesian component {y7t—zX)lr, given by Lord Rayleigh. 

Secondly, consider the plane y = 0 \ that is = 0, or ^ = |x. Hc^re the electric 

* ‘Proc. Loud. Math. Soc.,’ vol. 30, 1899, p. 318. 

t A numerical slip in the first lino of each of the formulae (42) and (43) has to bo corrected; the 
correction was given in the Errata, vol. 31, ‘ Proc. Lond. Math. Soc.’ 

J ‘ Scientific Papers,’ vol. 5, p. 559, (m) and (d). 

§ Formulaj (42) and (43) of the paper just quoted (allowing for the corrections just mentioned). 
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force is equal to S, perpendicular to the plane ; thus S is represented hy the graph of 
the Cartesian component Y. 

In general, the resultant electric force is represented hy 

— ^/(R'eos'^ + S^sin*^ 


§ 5. (iii.) Second Approximations for Conducting Sphei 


•es. 


The foregoing algebra needs no alteration beyond replacing y^K hy the Hpproi)riate 
complex refractive index associated with the particular metal and wave-length 
considered. This of course assumes that |K| is not so large that the convergeiice of 
Si (/citt) becomes too slow to jiistify the approximation made above ; and then tbr- 
forrnulai (5’4) to (5 ’6) provide the solution. It will be noticed that wlien K is 
complex, the equation 

, {K-l)(K + 2), .. 

^-15 ol^ . o 


cos 


2K 1-3 


will not usually give a real value for 0 : and so there is usnally no direction in which, 
the scattered wave is zero* (or of ordtjr {.an 

It may 1h» of interest to note here that experimental work on the scattering 
of light by fine particles has been carried out with silver particles suspended in 
water. t The corresponding values of .a seem to vary from to 2, and the value of 
y/K is taken as 0’2— i (3‘6) ; thus the approximations in (ii.) are not sufficient to 
Ciilculate either S„ {.a) or S„ {.lo) with any accuracy In actual fact it proved 
necessary to use Lord ItAYi^Eioii’s exact formulie, equivalent to (47) alx)ve, and to 
go as far as n = 4 in the series.§ 


§ 6. Case of Laroe PEiiFEOTiiV Conducting Sfherfm. 

Before proceeding to the final formula?, it will bo convenient to state certain results 
given by M Aor)ONAia)|| for the values of the functions S„ (z), L„(~), when both n and 
z are lai’ge. 

* For the case in which K - 1 is small this conclusion is given by G. W. Wai.kku, ‘Quarterly Journal 
of Mathematics,’ vol. JO, 1899, p. 217. The formula? given on that page agree with when K — 1 is 

small ; hut the more general formula? on the preceding page do not agree with (5 • G) completely. I have 
not succeeded in tracing the discrepancy on account of the fact that G. W. Walkek has omitted some of 
the details of his preliminary calculations. 

t E. T. Pahi.s, ‘Phil. Mag.,’ vol. 30 (Sor. 6), 1915, p. 459. 

f To obtain an accuracy of 1 per cent, in SiO by retaining two terms of the series only, it must be 
supposed that | z \ does not exceed 1 • 3. 

§ K. T. Paris, he. cit., p. 472. 

II ‘Phil. Trans.,’ vol. 210, A, 1910, p. 134; the formula? are due to L. Lorenz originally. Avery 
interesting method of deriving the results is given by Debye (‘ Math. Annalei?,’ Bd. 67, 1909, p. 535). 

2 K 2 
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Provided that 2 — (n+i) is of an order higher than z'\ the formulae are 


r E,(2) = R^-^ S,(2) = Il8inV-, 


( 6 * 1 ) 


where 


and 


R* = l/sin a, 
cos a = {n+^)/z. 


= 2 sin a+^TT— (n + l) a, 


We shall need also the corresponding formuho for S'„( 2 ) and YJn{z ) ; it will be seen 
that 


{^) _ 1 <^1^ _ 1/1 add, \ 

E, ( 2 ) ~l\dz ''dz~ R^’ sin ^ a dz I' 


because (3'86) gives 


= 1 . 

dz 


Hence 



(6-2) ^ 

wliere* 

II 

W K 



tan X = 

Similarly, we find that 

(6-3) 

S'„(2) 1 dJl 

S„ (z) ■ R dz 

+ Cot yjr - 
i 


>2 X "t” 0 T )2 


t e 


-‘X 


R^ cos X 

. 1 cos at da 1 cos^ a 

tanx = = t — — 

8111“* adz z SUV a 


dz R" 


R* sin yfr cos x 


The formul® to be used finally are those for A„ and C„, given in (4’7l), thus 
we take 

A _ n - Sn(^) 

"" K(2)’ 

where 2 now denotes xa. It follows from (<>‘1) alxjve that 

0„ = -sin = +h 

and using (6 ’2) and (6 ’3) we see that 

A, = cos (^+x) = -h + 1 }. 

It is now an easy matter to write down an approximation to the functions M and 
N defined in (4‘8), provided that 6 is not near to 0 or x. Under these conditions we 
can take the approximate value 

P, (cos fl) = x/ ««+i) 


* Under our conditions a is not near to zero and z is large, so that x is small. 
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giving a corresponding approximation 


Thus 


where 


F. (coe 0) = "in <(»+!> ?-H. 

sm 0 v^(2n7r sm 0) 

*1^) (<“«) = - y(2nlsin0) 

ft) = (w + |^)0 — 


and we have replaced {n+^y/{n (w/+l)} by unity, because n is large. 
Thus, on putting x = 0, we find that (4 ‘8) gives the approximation 


(6-4) 


M = -cos <!>- — 2 -JT^ — r— , (e='‘'^+ 1) (e‘“-e-‘“). 

^ KV v/(2Hxsin0)' ’ 


Similarly, we get- the formula 


(6-5) 


N = +sin 0 ^ — 2 - 1) (e‘“-e-“). 

^ /rt- y(2wx 81110)' ' 


With series of this type, the leading part is found liy making the index of the 
exponential stationary (regarded as a function of m). Now in both M and N there 
is one index only, <r = 2i/r+wx— <«), which can be stationary : and the condition is 


Now, from (6T) 


~ = 2^ 4-X-0 = 0. 

(in (in 

{s cos a-(n+^)} ^ 


and so the leading terms in (G'4) and (6 ‘5) arise from taking 

2a = X— 0, or n + |- = zsin -|0. 

The corresponding value of tlie index o- is then 

(To = 2i/r + wx— ft) = 22 sin a+^x— (2?i-f l) a+nx— (w+-^) 0-t--|^x, 

= 22 cos ^0+:|-x. 

'I'o determine the form of the index near to this special value of n we take 

d V _ _ 2 — 2 _ 2 

dll? dn 2 sin a z cos ^0 


and then we find the approximate formula; 


(6-51) 


O’ = or Q + 


where 


{n-n„y 

2 cos ^0 


,+i = 2 sin id. 
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The leading parts of M, N are accordingly given by the approximations 


-iitr _ 

(6*6) M = + cos <j> Q, N = — sin — Q, 

kt kt 

where 

Q = 2-77— 

y/{2n->r sill 9) 

and (T has the value given in (6’5l). 

The value of Q is approximately equal to the integral 


■(6'61) 

where 

Thus, approximately 



71 = 


dx 

\/{2ihQTr sin 9) 

<r = (To +.r^l{z cos Ad). 


Q = 




(2nox sin 9) 



(o'o+ » (2^ C08 hB) 

2 sin ^9 2 sin ^9 

Accordingly, to the same degree of approximation, we can take 


(6'62) 


i* ■ 


Then the components of force are given, as in (4'9), by 


(6-63) 


Y= +Cy = 


Z = —cfi = 


f)M 


89 sin 9 8(J> 

1 aM , aN 

+ 


aN rr-"'’- dQ 

= COK^, j-, 

kt a9 


sin 9 d<l> 89 


■ , dQ 

sin f/> ! 

‘ kt d9 


where differential coefficients with respect to ^ are small compared with those with 
respect to 9, and so have been rejected. Thus, using (6’62), we have the approxi- 
mations to the forces in the scattered waves 


(67) 


r 




Y = +cy= cos v!> ^ , 

Z = -cS = - sin 0 

2r 


assuming that 9 is neither near to 0 nor to x. 

When 9 is small, the approximation to P„ (cos 9) must be taken as 

P, (cos 0) = Jo {{2n-\- 1) sin ^0}, 

and so 

sin 0P', (cos 0) = (h-h|^) cos ^0 Jj {(2w-f- 1) sin ^9}. * 
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Thus we now write 


2»+ 1 


sin G ^ A,P'„ (cos 6) — —t {e^'* + 1) cos ^6 J, {{2n + 1) sin 

and, proceeding as before, we are led to the conclusion that a is near to ; thus the 
value of n/z is small, in the parts of the series which contribute the principal part of 
the sum. Then we can replace (6'l) by the approximate formulie 


(6-8) { and 


Thus 


a = ^ir—{n + ^)fz 

ir = 2 + i7r— (n + ^){^Tr) (w+f)V2. 

^xfr H" llTT — 2z + (^i + 


Hence the approximation corresponding to (6*4) is now 


(6*81) 


M = — £ cos -1-6 cos <!> ga‘»+‘(«+iWij^ {2?i + 1) sin ^G}. 

KV 


In like manner the value of N is found to differ from (6 *81) only in having + sin ^ 
as a factor instead of — cos 

In the series (6 *81) the value of n may be supposed to vary from 0 to «> ; and so 
we obtain the principal part of the sum by using the integral 


(6*82) 


f 1 (2^ sin |6) ; 

Jo 


and when sin ^0 is very small the value of (6*82) is approximately e(jual to 


Thus 


(6*83) < and 


e** (^£2 sin }G). 
M = 4-^2 sin 6 cos 


N = —12 sin G sin • 

kt 


Accordingly the components of force are now found to be 


(6-9) 


SM 1 0N , 


Y . X 1 e 

= +<^y = = i^cosM — 
06 sin G dip ^ kv 


S 

rji o ^ Oivi ajci 1 . , 

Zt— —cB = — — - + -r-r = —52 Sin 0 

t sin G dtp dG ^ ^ k?* 


1 0M . 0N 


fj2tz—iKr 
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These results in (6 ’9) are precisely the same as would be found by writing 0 = 0 
in the approximations (6'7), and accordingly the formulcs (67) do remain valid right 
up to the axis 0 = 0. 

When 0 is nearly equal to t, the calculation on the present lines becomes more 
difficult,* and we shall accordingly obtain the corresponding approximation by a 
different process in the next section (§7). 

It appears that for the special value /ca = 10, the formul® (67) do give the forces 
with a fair degree of accuracy up to an angle 0 = §7r ; the approximation in fact 
appears to be bettor than might have been expected. [See p. 176 above.] 

§7. Alternative Method, applicable to any Conductor whose Dimensions 
ARE Large compared with the Wave-length. 

It follows at once from Green’s theorem that if u, v are solutions of the equations 

= 0, A*p-f/c“p = 0, 

at points within a closed simple surface S, then 

(ri) 1)^ = 0 , 

where the integral is taken over the surface S {dv being the element of outward 
normal), and it is supposed tliat u, v are both free from singularities in the interior 
of S. 

Similarly if u has no singularities and v is a solution which behaves like e 
near a particular point P (li denoting the distance measured from P), we see that 

( 7 ■ 1 1 ) ~ ~ 

provided that P is inside the surface S. 

Equations of similar forms apply when the space considered is outside the surface 
S ; but then the sign of the last equation (7*11) is reversed, giving 

(7’12) j ^ — t; = -l-47riq, ; 

it is then necessary to assume also that at infinity, u, v both correspond to 
divergent waves (unless it is known that u tends to zero more rapidly than l/r). 

* Compare Macdonald, loc. eit., pp. 120-122. The cause of the difficulty is to be found in the fact 
that now the stationary value may be expected to arise from values of n for which a. is small. Then n is 
nearly equal to and in all such cases more complicated analysis is inevitable. In fact the approximations 
to Sn (^) and £n (^) require to be modified by different formula) corresponding to the cases n > z, n < z 
and to the cases in which | » - s 1 is of order a*/* or of lower order. 
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Let us now consider the problem of Avaves incident from some source (or sourc 
and reflected from the surface S. Let u denote any Cartesian component of force 
the incident wave, and let the p<jint P be outside S. Then (7’l) applies, and so 



= 0 , 


because n has no singularity inside S. 

If m' denotes the corresponding component of force in the reflected wave, Ave ha 
from (7-12) 




C^S — 4’7r?t p, 


because ?/ has no singularity outside S (and v. will correspond to a divergent wt 
at infinity). 

By addition we have the result 


{7-13) 






tZS. 


where v is taken to l)o 

Now u + u^ = w gives the corresponding component of force in the complete waA 
and this accordingly satisfies certain known relations at the surface S (the ex; 
form depending on the physical properties of S). It must, however, be clea 

understood that we cannot usually obtain both w and -rj— by any simple methods, a 

Cv 

more than the analogous problems of electrostatics can be solved by a mere app 
to Green's Theorem, 

However, we can obtain mi approximate, solutioyi, suitable to the problem of sh 
wave-lengths, by assuming that near tlie reflecting surface, the character of n' can 
determined from that of u by the rules of elementary geometrical optics. Thus 
treat the reflected wave as derived from the incident by simple reflexiorj iu 
tangent-plane at the point of incidence. Making this hypothesis it is an easy mat 

to construct both w and when the form of -u is given. 

vv 

It will be noticed that we shall have w = 0, = 0 at all points Avithin t 

(h 

geometrical shadoAv ; and so the final integral (7 ’13) extends only over the illuminal 
side of the surface S. 

Suppose now that we consider ehictric waves incident on a simple coiia 
conducting surface ; and take aii origin O on the surface such that OP is 1 
reflected ray (in the sense of geometrical optics). Take the plane of incidence as 1 
plane of yz, and the normal at O as the axis of z. 

VOL, CCXX. A, 2 F 
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Then in the immediate neighbourhood of O we can represent the incident wave by 
the components of electric force 

(A, B, 



where = 1, so that m is the cosine and 7i the sine of the angle of incidence. 

We liave also the relation 

Bm+Cw = 0 

because the electric force is perpendicular to the incident ray. 

The corresponding reflected wave has the components 

(A', B', 

where 

A + A' = 0, B + B' = 0, 

and 

= 0 , 

so that 

C'-C = 0 ; 

these nisults follow by making the tangential components of force zero on the 
tangent -plane 2 = 0 (instead of at the surface). 

It is now clear tliat, at the point O, the comjwnents of the total force will be 

(7-2) (0, 0, 2G), 

and the normal differential coefficients of the total force will be 
(7-21) «m(A-A', B-B', C-C') = 2iKn{A, B, O). 

We shall now insert these values for w and ^ in the general formula (7’ 13), 

ov 

including also the factor e‘* on account of phtise-differences at points near to O. 

Since reflexion takes place only from the immediate neighbourhood of O, the error 
introduced by this simplifleation will be small. 
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Since the co-ordinates of P are (O, —mr, nr), the value of 11 is given by 

R* = 05* -f {y+mry-\- {z—nrY, 

= r^+2r{my—nz)+a^+jy+i^, 

where {x, y, z) \a & point on the surface near to O. Thus, wlien r is very large in 
comparison with the dimensions of the surface (as we assumed in the previous 

investigations, §§ 4-6), we can use the approximate formula 
« 

(7*3) R = r+my—nz. 

Thus we can write in (7'13) 

^-iM(r+my-nz) 

r 

if Vq is the value of v at O. Then the most important term in — is seen to be 

pi/ 

dz 


Accordingly the components of electric force in the reflected wave will be given by 
the approximation 


(7-4) ^ 


X = _|^j(2.*nA)e»“»*dS, 
Y = j(2«KnB)e="‘"dS, 

Z = 4- [(2«/cnC) e***" dS. 


To evaluate the integrals in (7’4) we must write out the equation to the surface in 
the approximate form 

2z = —{ax^-\-2^xy-\-yiy). 

Then* 



(oi»+3^iy+>y») =•— 

IKll 


1 

v/(av-«' 


Now ay— /9® is the absolute (or Gaussian) curvature of the surface at the point O ; 
and since the surface is supposed convex, we represent this curvature by ijf?. 


* This is most easily found by taking the integri 


-las Urn [<.-(«+•*> «(«^+a^*»+w«dS. 
J 


2 F 2 
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Thus we get 
(7-41) 



irp. 


Hence, using (7 ’4), we see that the principal part of the reflected wave is 
given by 


(7*5) 


(X. Y,Z) = (-A. -B, 


In order to interpret (7 ’5) for any axes of co-ordinates, we need only notice that 
(—A, — B, -t-C) represents a force numerically equal to the force in the incident 
wave ; and that the new force is perpendicular to the reflected ray, arranged in such 
a way that the tangential components are opposite to those in the incident wave. 

We can apply the formula (7 ‘5) to the problem of §6 at once ; clearly p = a. 

The point of incidence corresponding to the scattered wave {9, is given by {^9, <p). 



Then the incident wave at 0 has the components of electric force 


and 


— cos in the plane of incidence, 

+ sin perpendicular to the plane of incidence. 


Further, the r of formula (7 ’5) is measured from O ; to compare with § 6, we take 
r to l)e the distance (/P, measured from the centre of the spliere. Thus we are to 
replace r in (7 ’5) by r— acos^O. Accordingly the components of force at P, in the 
reflected wave, are • 


+ ^cos perpendicular to r in the plane ZCP, 

d 

— ^ sin perpendic\ilar to the plane ZCP. 

These results agree with (6'7) and (6*9) of §6 above. 
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It ia easy to modify the general formulae (7 '6) so as to cover the case of waves incident from a point 
source (say at distance s from the point of incidence). 


X 



Then 


= a;* + (ms - yY + (ns - zf 

= 5 *~ 25 (7ny’^nz) + x‘ 

Thus with the usual approximation of geometrical optics 


Similarly 


= s - {rny + ~ + {ny ~ w:)*}. 

JjS 


R = r + my -nz-^- , 


Now z is of the second order in comparison with y ; and so wo can write 

5i-f-R « 5 + r~ w(ax*4-2/8ay + yy^) H- (a^* + wy). 


Thus here we find 


whore 


e-‘«(#i+K) (fS a ■ 


f 


iKfur 


r s 


yih'^ 


Tx, n being the distances of the focal lines (of geometrical optics) from the point of incidence. 

Thus now the principal parts of the reflected wave are given by 

(-A, -B, +C).-»/{(l-i)(l~0''i 

assuming that r is not close either to ri, or to rj. 

The results of the foregoing analysis depend on the tacit assumption that n is not 
zero ; and as a consequence the character of the approximations will change when n 



204 


DR. T. J. I’A, BROMWICH ON THE 


IS small. That is, near the edge of the shadow, in the ordinary phrase of geometrical 
optics. 

In the application to the sphere, the region excluded by this condition corresponds 
to values of 9 nearly equal to x ; and in this region the specification of the scattered 
wave by means of Cartesian co-ordinates seems simplest. 

We consider then the incident wave as specified in Cartesian form by 

(7*6) X = -c“', Y = 0, Z = 0, 

and consider the approximation to the reflected wave incident at the point (a^, am, an) 
on the sphere for which the direction-cosines of the normal are I, m, n. The expressions 
will be of the form 

(7-61) (X', Y', Z') = (A', B', (7)6“^ 


where (treating the tangent-plane as the reflecting surface) 

f = z+p{a—lx—my—m) 
{-lpf+{—mpy-\-{\—npy — 1 . 
p — 2n. 


and p is determined by 
Thus 


Further, the resultant of (X, Y, Z) and (X', Y', Z') at the point of incidence must 
be along the normal ; and so 

A'~l B' C' 


I 


m 


n 


Also (A', B', O') is perpendicular to the reflected ray ; and so 

A'(—2nl)+B'(—2nm)+C'(l—2n^) = 0, 
A'-l B' a 2nl 


Hence 

(7*62) -j 


or 


_ _ _ „ =-2l, 

I m n n—2n 

A' =1-2/*, B' = -2/m, C'=-2/n. 


The components X+X', Y+Y', Z+Z' at the point of incidence are accordingly 
equal to 

(7-63) -2(/*, /w, /w)e““’’. 

We have still to evaluate the normal differential coefficients, which are found to be 


(7-64) licn ( - 1 - A', -B', -C') = 2ticn (/“- 1, Im, In) e““”. 

The value of R is now seen to be given by 

R* = (*— a/)*-f-(y— aw)*+(*— an)* = r^—2a{lx+my+nz)+a\ 
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Thus, when we regard afr as small, we may take 

R =: r— a(isin Ooos^+wsin 0Bin^+ncos0), 

an 


(7*65) 


I 


and 


01/ 


= — (/ sin d COS <ft+m sin 6 sin «f>+n cos 6). 


aR 


Now, in applying (7‘13), -r- occurs only in the coefficients and not in the exponential 

ou 

9R 

index : thus we can get the first approximation by putting 0 = ir in ; this gives 

Op 

the value 


(7*66) 

Thus, to our degree of accuracy 


m 

dp 


= n. 


1 / atj a^N V ( ail at<;\ 


V ( . dtv 


We can now substitute for w and ^ the values given by (7 ’63) and (7*64) : it will 


be seen that the components parallel io y,z give zero (to this order), and that the 
component parallel to x gives 

ikti 

2ir r 


Accordingly the reflected wave is given by 


(7-67) 


X = — fwdSe**'""-®’, 

2Trr J 


where R is found from (7 '6 5) and the integral extends over the positive hemisphere. 
For the p\u*pose of integration we write 

? = sin O' cos m = sin O' sin n = cos O'. 

Then in (7*67) we have 

aw— R = — r+a {(l +cos 0)co8 O' +sin Osin O' cos (^— 

The integration of (7*67) with respect to can be carried out at once, because 


( 7 ' 68 ) 


^ 2,rJ, (<ca sin 0 sin O'). 
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Our result accordingly becomes 

(7'69) X = — c-*" (^o sin B sin B') sin B' cos B' dBf. 

r Jo 

An exact evaluation of the integral would be troublesome ; but it can be trans- 
formed by integration by parts. This process leads to a series of which the first 
term is 

(7'7) X “ “*■ J 1 sin B) 

r Ka sin B 

The formula (77) will represent (7 '69) sufficiently accurately if ( 1 + cos 0)/sin B = cot ^B 
is regarded as small ; and this is the correct assumption here, since B is supposed to 
be nearly equal to ir. 

In the special cases /ca = 9, 10 it appears that the approximation (7 '7) represents 
the scattered wave sufficiently well within a cone extending to about 1 0“ from the 
axis. 
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VII. On the Fundamental Formulations of Electrodynamics. 

By G. H. Livens, University of Manchester. 

Communicated hy W. M. Hicks, F.R.S. 

Received March 14, — Read June 26, 1919. 

1. Modern electrical theory based on Maxwell’s concept of* an ethereal displacement 
current, is generally regarded as l)eing sufficiently coinjilete in itself to cover all 
actions so far revealed to us, if we. exclude those Intra-atomic phenomena which 
probably involve some additional but not necessarily inconsistent action in their 
working. There, still, however exists a good deal of uncertainty as to thc! actual 
1‘esults of the development of this theory in certain directions, and no account has yet 
been taken of the gnuit degree of latitude allowed by it in its simplest and most 
general form. For exampbi, in most presentations of the theory of (iiuu'gy streaming 
in the electromagnetic field the discussion is given in a way which might lead one to 
believe that Poynting’s form* of the theory is the only one conceivable. A single 
alternative has on one occasiont been suggested, but rather as an improvermuit on 
Poynting’s form than as an indication of its uncertainty. Whilst it cannot be denied 
that Poynting’s theory is probably the most appropriate one yi^t foi-mulated, yet it 
must be recognised that there are an infinite number of fundamentally diffei-ent forms 
each of which is itself perfectly consistent with Maxwell’s theory as (ixpressed in liis 
differential equations of electromagnetic interaction. 

Again, but now we are on a different plane, it has usually been stated that 
Maxwell’s theory is not of sufficient generality to cover the cases where there (exists 
the complication of non-linear induction in ferromagnetic media.J This view appears 
to have originated with the idea that the magnetic force is the fundamental jethei'eal 
vector of the magnetic field, whereas, as a matter of fact, the only consistent view § 
of the energy relations of such a field leads to the conclusion that the magnetic 
induction is the true sethereal vector, the magnetic force being an auxiliary vector 

* ‘Phil. Trans.,' A, vol. 175 (1884). 

t Macdonald, ‘ Electric Waves,’ Chs. IV., V., VIII. 

t This is the view of practically all Continental writers on this subject. 

§' Cf. ‘Roy. Soc. Proc.,’ A, vol. 93, p. 20 (1916). 
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derived in the process of averaging the minute current whirls into their effective 
representation as a distribution of magnetic polarity.* 

Further, the expression for the forcive of electromagnetic origin acting on the 
elements of a polarised medium still seems to be the subject of some doubt. 
MAXWELLt derives an expression in the magnetic case by statical considerations 
based on the method of energy, and then seems to regard it as generally valid under 
all circumstances. Objection has however been taken to Maxwell’s expression 
by certain writers who, basing themselves on the presumed analogy between the 
dielectric and magnetic cases, prefer a form of expression differing from Maxwell’s 
by a quantity which vanishes in the statical case considered but which is of funda- 
mental importance in the derived problem of reducing the general forcive of 
electrodynamic origin to a representation by means of an imposed stress system. It 
appears in fact that the presence of this extra part in Maxwell’s expression is 
effective in securing the ordinary expression for the subsidiary term arising in the 
induction, which has given rise to the conception of electromagnetic momentum, on 
account of its being a perfect time differential. In the alternative form of the theory 
the perfect time differential is not secured so that the idea of electromagnetic 
momentum is lost.J In his edition of Maxwell’s treatise, J. J. Thomson adds a note 
attempting to justify Maxwell’s form of the expression, but his discussion can easily 
be shown to be erroneous, for he fails to distinguish between the true and complete 
currents of the theory, the latter containing a constituent, viz., the rate of change of 
aethereal displacement, which is not affected by the magnetic part of the complete 
electromagnetic forcive ; nevertheless, the later discussions of the question from the 
point of view of the theory of electrons have confirmed Maxwell’s original expression 
for the magnetic forcive, but they apparently still give the alternative expression for 
the dielectric case. 

It was with the view to clearing up these and certain other difficulties that the 
present discussion was undertaken, the object aimed at being the formulation of a 
complete and precise statement of the theory in the only form in which it is logically 
consistent, then to compare this form with current statements of the theory, § and 
finally to exhibit in their true aspects the various derived theories which are included 
in the general scheme. The original differential theory will be linked up with the 
sul)sequent dynamical theories by a discussion in its most general form of the derivation 

* Uf. Larmor, ‘Roy. Soc. Proc.,’ vol. 71 (1903), “On the Mechanical and Thermal Relatione of the 
Energy of Magnetisation.” 

t ‘ Treatise,’ II., Ch. II. 

I Cf. Lkathem, ' Roy. Soc. Proc.,’ A, vol. 89 (1913), p. 34. In this note Mr. Leathkm attempts to 
avoid the discrepancy by adding a new term to the force in the elementary polar theory. His only 
argument in favour of this force is that it overcomes the difficulty, so that it is not very convincing. 

§ A complete statement of the fundamental results of the theory so far as they existed up till 1916 is 
given in my treatise, ‘ The Theory of Electricity ’ (Cambridge, 1918). The present paper may he regarded 
in some measure as a correction and generalisation of the statement there given. 
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of the fundamental equations based on the principle of Least Action, in the course of 
which certain inconclusive aspects of this derivation present themselves for 
consideration. 

2. A complete statement of Maxwell’s theory as originally given and in the form 
which will include most of the recent extensions depends on certain field vectors 
which first require consistent and independent definition. These vectors : — 

(a) E, the electric force, defined at any point of the field as the vectorial ratio to a 
small electric charge of the force acting on it when placed at rest in that position. 
When the point under consideration is inside the matter in the field there exists the 
possibility of an additional contribution to this force due to local conditions of the 
matter in the neighbourhood of the point, but for the present we shall disregard any 
complication of this kind. 

(&) C, the complete electric current ; in the most general case this consists of 
several distinct parts. Firstly, there is the differential drift of free ions constituting the 
true conduction current and the material dielectric displacement current ; then there 
is a part due to the convection of charged and electrically polarised media, and finally 
the mthereal constituent essential and peculiar to Maxwell’s theory. 

It has Ijeen definitely established that all but the last constituent of the current 
are in themselves true movements of electricity, or at least effectively eqiiivalent to 
such, so that so long as we retain the definite concept of an electrical entity the 
origin of these different constituents merely remains a matter of kinematics, and they 
have, in fact, been fully dealt with on this basis.* 

(c) H, the magnetic force, defined in a similar manner to the electric force, with 
the aid of the concept of a magnetic pole, but now tvithout the possibility of a local 
contribution due to surrounding magnetic polarity if the point is inside the matter. 

It is perhaps as well to emphasise the fact that both the electric and magnetic 
forces are defined in a theoretical manner which almost excludes the possibility of 
direct experimental verification. Electromagnetic measurements, particularly as 
regards the fields inside the matter, are concerned almost entirely with matter in bulk, 
and it is then only the mechanical or molar parts of these forces that are then under 
observation, the local parts, if they exist at all, being balanced on the spot by other 
forces of an origin not at present under review. We have however evidence that 
these local parts of the forces do exist. 

{d) B, the magnetic Induction, which is defined in the elementary theory in 
terms of the magnetic force H and the magnetic polarisation intensity I by the 
relation 

B = H+4irI, 

and which is always assumed to be subject to the relation 

dlv B = 0. 

* Cf.my ' Theory of Electricity,’ p. 363. 

2 O 2 
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In tlie dynamical theory, however, this vector B appeare as the complete sethereal 
magnetic force,* the part H being merely the mechanically effective part of this 
force in the material media. This new conception of the magnetic force, which is 
supported by such phenomena as the Hall effect, &c., where the deviations in ferro- 
magnetic media are proportional to the induction,! is not really inconsistent with the 
previous dehnition given under {c) above. As there explained, altho\igh the vector H 
is defined as the force on unit magnetic pole, there is still the possibility that there 
may exist in addition a force (4irl) not directly detectable in a mechanical 
experiment. 

(c) In addition to these fundamental field vectors there are certain others of a 
subsidiary nature determining the electric and magnetic conditions in the media. One 
of these, the magnetic polarisation intensity I, has already been Introduced, and there 
is an electric analogue in P, the dielectric polarisation intensity ; these two vectors 
define respectively the effective resultant magnetic and electric bi-polar moments per 
unit volume of the media. 

3. Maxwell’s theory may now be expressed in the statement that in the most 
general case of interaction tetween the magnetic and electric fields the four 
fundamental vectors defining these fields are subject to the two differential vector 
equations 

CurlH = — , 
c 

CurlE= 

c at 

together with the scalar relation defining the electric charge density p 

div E = 47r/j. 

The second vectorial equation practically implies that 

div B = 0, 

so that it is hardly necessary to add this as an additional equation. 

For the further development of the theory all that is now necessaryl is the 
kinematical specification of the current C in terms of the material vectors and an 

* This was first clearly recognised by Larmor. Cf. his papers “On a Dynamical Theory of the 
Electric and Luminiferous Medium,” ‘Phil. Trans.,' 1894-1897, or ‘.^Ether and Matter’ (Cambridge, 
1900). 

t The results are interpreted usually as implying that the deviations are proportional to the polarisation 
intensity in such cases, but this is equivalent to the statement given. 

I We are not here concerned with the constitutional equations giving the laws of induction and 
conduction. These form a separate branch of the subject, whose results are irrelevant to the present 
discussion. 
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expression for the rate of change of the magnetic force vector at any point of the 
field. The first of these has the usual form 

wherein Cj is the density of the true conduction current, is the velocity of the material 
medium at the typical field point, and 

D = Ae+P 

4 ir 

is the total dielectric displacement of Maxwell’s theory which consists in part of the 
dielectric polarisation P and in part of an {ethereal constituent proportional to the 
electric force. 

1 ’he time rate of change of the composite vector D requires careful specification ; it 
consists in the main of the terms 

iir dt dt ’ 


but when the dielectric media are in motion there is in addition a term arising on 
account of the convection of the polarisation. This term has been shown* to be 
equal to 

Curl [PkJ, 


SO that 


dl) 

dt 


1 . 4. 

Aw dt dt 


+ Curl[PrJ, 


The equation expressing the rate of change of the magnetic force is analogously 


dt 


^,44^ -4. Curl [I..]. 


This hitter equation must be specially emphasised as it has apparently never yet 
been explicitly Introduced in the theory, although it is necessary to secure greater 

C?I 

consistency in the dynamical theory. The expression —r represents the rate of change 

(Xft 

of the magnetic polarisation at {i fixed point in the field only when the nuignetic 
media as a whole are at rest. When these media are in motion there will be a 
contribution to this rate due to convection just as in the electric case, and the 
argument for its exact form may be developed on the same lines. The vectors B and 
H are, so to speak, attached to the sether, just as were the vectors D and E,t whilst 

* Of. my ‘ Theory of Electricity,’ pp. 365-367, or Larmor, ‘ iEther and Matter,’ Chap. IV. 
t The vector H being the composite vector of the magnetic theory is analogous to the vector D of the 
electric theory ; the aethereal vector B is analogous to the nthereal vector E. This is the reverse of the 
usual convention, but see below § 10. 
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the vector I, as the vector P, is attached to the matter and moves with it. The last 
two equations contain, therefore, an explicit expression of the effect of the motion so 
that they are in a sense more convenient than the equations 

D=Ae + P, H=B-47rI, 

47r 

defining merely the values of D and H at any point : they are, of course, ultimately 
consistent with these equations for, taking the second one as an example, we have 

~ div H = div B— 4ir ^ div — 47r div Curl 
or 

|-div (H-B+4 tI) = 0. 

With the possible exception of the equation defining dTijdt it is now generally 
agreed that the scheme here presented provides a completely effective specification of 
the kinematical connexions in the electromagnetic field. 

To obtain some idea of the effect of these connexions on the dynamical processes 
operative in the field a further assumption is necessary, and this may take one of 
several forms which will be reviewed in the sequel. For the present we are concerned 
merely with these equations as effective representatives of the electromagnetic 
processes. They are sometimes given another form, by the introduction of a scalar 
potential ^ and a vector potential A, these being such that 

I dK 1 , 

--^-grad*. 

div E = 4ir/3. 

The first two of these equations are equivalent to the remaining fundamental 
equation of Maxwell's theory which they replace, but they suffer from the serious 
disadvantage that the quantities A and ^ specified in them are not completely 
defined by the equations as given and require additional data to fix them. 

4. We have just noticed that an additional assumption of a dynamical character is 
necessary to render the Maxwellian electromagnetic scheme completely effective as an 
electrodynamic theory. The simplest and most direct form of this assumption may be 
taken to be that expressing the force of electrodynamic origin acting on an arbitrarily 
moving element of charge, this force being, per unit charge equal to 

F=E+i[.B] 

• c 


B = Curl A, 

with the other two equations 


E = 


Curl H = ^C, 
c 
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V being the velocity of the charge and square brackets being employed as throughout 
to denote the vector product. This expression, first given in its complete form by 
Lorentz and L armor, is generally regarded as being exact.* 

But there are other forms of the additional assumption which are equally efl'ective 
and in some respects more general than that just given. We may, for instance, assume 
definite expressions for the potential and kinetic energies of electromagnetic origin in 
the system and combine these with the assumption that the dynamical processes 
operative in tlie field are governed by the same general laws as are the processes in a 
similar mechanical system. This form of the argument proves ultimately to l)e 
consistent with the first as regards the expression for the effective mechanical force on 
a moving element of charge, but it hsis the advantage of being expressed in more 
general teiTiis, thus carrying with it the possibility of fitting better with any modifi- 
cation that it may subsequently be thought desirable to make in our general 
conception of the theory. It need not be presumed that this form of the argument is 
any less general tlian the first on account of the fact that it apparently involves more 
than one assumption, for this increase in number is counterbalanced by the fact that 
the dynamical argument ultimately reduces the two fundamental equations to one, 
Faraday’s lelatlon being deilved simultaneously as a consequence of Ampere’s. 

The gcaieral dynamical argument was first formulated by MaxwELlI for tlie case 
of the field surrounding a system of linear currents. His analysis was subseqxiently 
extended to cover the more general case, firstly by VON Helmuoltz| and Lorentz,§ 
lat(a- ])y Larmor,]] Macdonald, I f Abraham,** and others. In the later investigations 
the wlxde subject is regarded from the point of view of the theory of electrons, where- 
in every manifestation of the field is regarded as arising in the aggregate disposition 
or motion of electronic charges ; even in the former investigations, although they arts 
apparently of a more general character, certain assumptions are involved which render 
their analyses theoretically elfective only under the same restricted circumstances. 
In each of these cases it is assumed, practically speaking, that the potential energy of 
the electromagnetic field is represented by the expression 

W = ^ 

Sir J 

and the kinetic energy by 

T=lj(AC)<i., 

■* Relatively modifications are not here under consideration. 

t ‘ Treatise,’ vol. 2, Ch. VI., VII. 

J ‘ Ann. Phys. Chem.,’ vol. 47 (1892), p. 1. 

§ ‘ La Th^orie Electromagndtique de Maxwell’ (Leiden, 1892), ^ 55-61. 

II ‘ ./Ether and Matter,’ § 50. 

H ‘ Electric Waves,’ Appendix I. 

** ‘ Ann. Phys.,’ vol. 10 (1903), p. 105. 



214 


MR. G. H. LIVENS ON THE 


both volume integrals being taken throughout the entire field : the derivation of thi 
dynamical and field equations is then accomplished by an application of one or the 
other of the well-known processes of analytical dynamics. The interpretation of the 
same results for the cfise when the kinetic energy is given by the usual expression 

was given by the present author.* 

Whilst the theoretical simplicity of these discussions, which results from theii 
interpretation in terms of the simple electronic hypothesis, is a great point in theii 
favour, it seemed, nevertheless, of theoretical interest at least to attempt to formulate 
the problem under less restricted conditions, especially in view of the pronouncec 
tendency exhibited in some quarters to deny the adequacy of the Maxwellian theory 
as a complete microscopic theory. Besides the more general discussion iu the form ir 
which it is here presented emphasises certain difficulties inherent in the usual formula- 
tions which have not hitherto received adequate attention. 

5. The most general dynamical principle which determines the motion of every 
matei’ial system is the Law of Least Action expressible in the usual form 

rLr^<=,ir(T-w)(Zi5 =0 

•><1 J<l 

wherein T denotes the kinetic energy and W the potential energy of the system h 
any configuration and formulated in te^^rms of any co-ordinates that are suflicient tc 
specify the configuration in accordance with its known properties and connexions, anc 
where the variation refers to a fixed time of pa.ssage of tlie system from the initiii 
to the final configuration. This is the ordinary form of Hamilton’s principle, but il 
involves in any case a complete knowledge of the constitution ol* the systems, because 
before it can lie applied it is necessary to know the exact values of the kinetic anc 
potential eneigies expressed properly in terms of the co-ordinates and velocities. As 
however we have frequently to deal with systems whose ultimate constitution i( 
either wholly or partly unknown it is necessary to establish a modified form of tin 
principle allowing for a possible ignorance of the constitution of the systems witl 
which we may have to deal. The modification is fully discussed in most works oi 
analytical dynamics,! and we may here content ourselves by merely presenting tin 
results, interpreting them however in a manner somewhat different from that usually 
given, in order to throw some light on certain questions which arise in the subsecpien' 
application in our present theory. Suppose then that it has been found impracticabh 
to express the Ijagrangian function L in terms of the chosen co-ordinates of th< 
system, the typical one of which we may denote by q ; but that it is expressed ii 

* ‘ Phil. Mag.,’ vol. 32 (1916), p. 195. 

t E.g., ‘ Treatise on Analytical Dynamics’ (2nd ed., Cambridge, 1918), by E. T. Whittakeu. 
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terms of a certaijj niiml)er of variables a?,, x.j, ... .r*, which are known to l)e connected 
with the co-ordinate.s q and their velocities q hy a series of relations of th(i type 

M, = 0 

M, being a function of the co-ordinates q, the velocities q, the variables and the 
differential coefficients of tliese latter variables with respi^ct to the time. For the 
sake of simplicity we shall restrict our statinnent to the case when the first differentials 
only appear. The usual method of proce<lure is to introdiice a set of multipliers A„ 
functions of the time, and then to consider the variations of the integral 


r (L-h2A,M,) dt 

hi 


where the qn and xh undergo independent variations. Tlie equations obtained for 
the vanishing of the variation are of two types. Fir.stly, there is an equation of the 


type 



0 


for each variable X : tliese. with the restricting equations will determine the oj’.v and A’.? 
as functions of tlie co-ordinates q and the time. Then there is an equation of the 
type 

'jf r 

2A. 


d. 

dt 


_ 2:a, 0 


/ 


^q 


for the motion in each q co-ordinate. 

The latter equations only involve the Lagrangiau function Tj through tla^ quantities 
A and x which enter into it, and once the.se are determined the rest of the solution 
involves only the restricting conditions. In fact when once tliese multipliers and 
variables are determined and r»*garded as functions of the time only the motion in 
the q co-ordinates is completely determined by the condition that the integral 


S^a.M , dt 


is stationary for independent variations of the co-ordinates q. It may even happen 
that the relations M involve the co-ordinates q and the. variables x in such a way that 
it is possible to separate M into two terms, one of which is a function explicitly of the 
q’n only and the other of the x’s only. In this case the part of the integral required 
in the above statement is only that part of it involving the qa and this is indepiindent 
entirely of the co-ordinates x. 

This remark has an important hearing on a question which occurs in the sequel, ami 
it shows that the existence of a variational form for the equations of motion does not 

2 H 
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n«;c(^8f«\rily imply that the integrand involved is a true Lagrangian function for the 
system. 

6. Now let us apply these principles to our electromagnetic problem. The conditions 
in the field suiTounding a numher of bodies are specified in the usiial way by the 
magnetic induction vector B and the electric force vector E, and the part of the 
Lagrangian function associated w'ith this field may be taken to he 

the first term denoting the magnetic or kinetic energy and the second the electric or 
potential, and the integral is extended over the whole of space. In addition to these 
eiuu-git^s tlau-t' will he the energies of the material bodies in the field which wall consist 
in part of the kinetic energies of their organisetl motions, in part of their potential 
energy relative to one another or to any extraneous fields of non-electric nature, and 
in part finally of internal energy of elastic or motional type in the media. The part 
of the Lagrangian function corresponding to these eiiergies can, in the most general 
cas(‘, be denoted by 

wli.-iv I., is th(^ Lagi'angian function of the organised motions of the media, reckoned , 
per unit volume at each place and assumed to be a function only of the position 
co-ordinates and Aelocities, and W, is the internal energy of all types reckoned as 
potential energy ])er unit volume : this latter term will be a function of the electric 
and magnetic polarisations in the media, but will be assumed not to depend to any 
apprt'ciable: »*.\t(uit on the rates of variation of these conditions, and in so far as some 
of the internal energy is es.sentially of kinetic type, it will he in reality a sort of 
modified Lagrangian function with the energy corresponding to the motional terms 
converteid to potential eneigy in the usual way. The function L,, may also be taken to 
Include a part .arising from the assumed inertia of any frec^ electrons that may be 
present. 

I he motion of tlx* system can now be expressed in the form 




dv 


and we could conduct the variation directly were it not for the fact that our functions 
are not all expressed explicitly in terms of the independent co-ordinates of the 
systems, which are in reality the position co-ordinates of the elements of matter and 
electricity. As indicated above we can however avoid the use of any such explicit 
interpretation by the use of undetermined multipliers. In this way the variations of 
E and B can be temporarily rendered independent of each other and of the 
actual co-ordinates of the material and electrical elements. 
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We know that the vectoi’S of the theory are connected with one another and the 
actual co-ordinates of the system by the equations 

div E = 4ir2€— 47 r div P 


dt 


<« + 4^|I + 4^0url[IU 


In these equations P is the dielectric and I the magnetic polarisation intensity ; is 
the velocity and ?•,„ the position vector of the element of matter and )\ and r, the 
velocity and position vectors relative to this element of the typical element of 
free charge (e) over which the sum 2 in the first and second ecjuations is taken 
per unit volume, at each place. 

In these equations we have purposely refrained from assuming a diilinite (dectronlc 
constitution for the dielectric and magnetic polarissitions as it was desired to emphasise 
certain points iti coiinexion with the mechanical forcive which have not yet been 
adequately dealt with. 

We have thus to introduce thret; undetermined niultipliers oim scalar <f> and two 
vectors A„ A 3 and it is then the variation of 


j y,t j dv I^L.. - W,+ h?) + ^(div E + iTT div P) 

1/4 1 Tj- 1 ci/lli Att cZI? Air i rr") . ’i 


1 / A (X.iJ (J/W. 4 (Jjx. 4 J \ 1 I T • "1 

+ * - 7F - LI'--! 


c _ 


that is to he made indl, afterwards determining the forms of the various undetermined 
functions to satisfy the restrictions which necessitated their inti'od action. In 
conducting the variation we can now treat the electric force, displacement and 
polarisation, the magnetic forcei induction and polarisation and tli« position co-ordinates 
of the electrical and material elements as all independe?it. We heie see the reason 
for introducing the equation expiessing the rate of change of H instead of the 
equation 

H = B-4irI 


determining its value, for this latter equation does not in reality enable us to obtain 
a relation between the variations of H and the position co-ordinates of the matter, so 
we could not treat all our variables as indeptmdent. 

2 H 2 
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In the main the details of the variational calculation possess no novel features and 
need not here be elaborated. There are, however, one or two terms which require 
careful handling, especially when finding the variations due to the alteration of position 
of the matter. 

The variations of terms of the type 


due to variations in the position co-ordinates of the elements of matter to which the 
vectore P and are attached should not be performed until the differential operators 
affecting the P function are eliminated by an integration by parts. If W(i bear this 
in mind we shall find that the final result for the variation consists of terms at the 
time and space limits, which require separate adjustment, together with 


£* + F.+V,+ i'f ) 

- Curl A,- i - (P, (.Ir.V) i 


c dt 


c dt 


[curl A., f]) - 1 (.,..[curl p] 
-ja'-.V)(Curl A,. [P, >.,]) + i (l, 

])■"» 


(Jurl Aa, 


dX 

dt 


+ i(,b-„v) (Curl A„ [Ir„ ]) 


Curl^^ I 
(it 


+ Sc ( 1 + -[f „+ Curl A,] 

\ 0 dt 0 

+ JW,.+ (-V^- J ^ + i [»■•.. Curl A,], sp) 


where in the terms ((Jurl Aj, [Pv’-J) and (Curl A^, [IrJ) the vector 

/ ri ? 0 \ 

operator V (whose components are — > ;^) is prcjsumed to .affect only the 

\ P.r Py PzJ 

functions A, and A^. 

The variations rb*„, h\ which determine the virtual displacements of the electrical 
and material elements and the variations ^E, dB, dP, . . . , can now be considered as all 
independent and perfectly arbitrary, and hence the coefficient of each must vanish 
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separately in the dynamical variational equation. The coefficients of the latter 
variations lead to the equations 


B=i^^ E=~V^-i 

- dt ^ ‘ 


1 d^L^ 

It' 


Curl A, = 

' c dt 


from which it follows that the, multipliers ^ and Aj are the ordinary scalar and vector 
potentials of the tlieory so that further 

(Jurl E = — - (hirl A,. 

c dt ’ 


As regards the vector Ag, this is a new vector potential whose (Mr! is lequired in 
our subsequent discussions. For this we have 

Curl B = Curl H + 47r Curl I = 1 <^^url A.„ 

c dt 


whilst if we use C, as the total current of true electric flux w e have, by AMrhuK’s 
equation 


Thus, if we use 
we hav(? 


Curl H = 

c dt c * 
C', = ( Uc Curl I, 


Tlie main part of Curl Ag is therefore represented by tlie electric force : there is 
however in addition a local t»u'm Eu depending on the time integral of the current 
density at the point. We can thus write 

Curl Aa = E + E„. 


If we U8(i the values thus determined for the various undetermiiunl multipliers 
introduced at the outset, the remaining terms of the variation give for the motion of 
the material and electrical elements equations of the type 


d /ai^\ _ ^ 
dt \^xj 
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for the motion of the matter and of type 


d /a^\ _ ^ 

dt \dxj dx„ 



for the electrical elements. In the first of these equations p = Xe is the density of 
the free charge, and Cj = Xer, is the density of the true conduction current ; in the 
second equation r = + is the absolute position co-ordinate of the electrical 

element and v = r is its resultant velocity. 

In addition we have the variational equation for the internal energy which can be 
left as it stands in the form 

W, = (e + i + (b - i E + E,], a j . 


Interpreted in terms of the language of ordinary dynamics these equations imply 
that 


(PV)E, + (IV)B,+ i([lV.J, 


/ c 

dl 


+ ir§+C„ b] -iff. E + E.1 +p(E,+ i[r,Bl 

0 ctt ^ r. 0 ^ X \ 0 


is the force per unit volume at each place tending to accelerate the motion of the 
matter, whilst 



is the force tending to accelerate the motion of the element of electricity e. 

T1 le electrical terms in the first of these results are consistent with those obtained 
by liAHMOR* and others, but the magnetic terms, which are in fact analogous with 
the electrical terms depending on the dielectric polarisation, are fundamentally 
difterent from tliose obtained by these authors. Further, since 


it follows that 


( !url E = - - 4 l A, 
c dt 

= - 1 ^ 
c dt ’ 


so tliat our equations are in complete agreement with the most general form of 
Maxwell’s theory. 


* ‘ .fEther and Matter,* Chap. VI. 
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7. Tf we examine the al)Ove analyses closely we shall notice a rather important 
point l)earing on a fundamental question which has already been the subject of some 
discussion.* If we take the integral in its complete form with the variation carried 
out and with the values of the various multipliers inserted it can be seen to reduce 
to the expression 

£<*( + B, [?.>.])-(*■„ [I'CurlE]) 

- 7, (E + E.), [I,'.]) - (•>»-. [I Curl B]) 

[f • [f - 


+ (E+i[r'.Bl, ,5P) + (b- - i E + EJ, ,1T 
+ X^.(sr. + ,h-„ E + i|VB]) 


iir which neither the (dectric nor inagiadic energy contributes an explicit term. 'Ibis 
is the tirst definit(^ indication we have that th(^ inoditied function with which we may 
operate to find the equations of motion of the electric and matei'ial elements is 
explicitly independent of the expression for the energy in tlie mtheinvil field. We 
may, in fact, see that, just as in tlui dynamical problem examin(*d alx)ve, the whole 
circumstances of the motion in the. real co-ordinates of the system can 1x5 derived by 
the variational principle, using the integral 

I dv [l„- div P- i(A. (A, (:!url [Pr J) 

- y, ( Aa f )url [Tr J) + Xe ( A„ r„. + t,)] 


^(Aa 


dt 


just as we used the Hamiltonian integral, taking in it E, Ai, Aa, 0 as functions of tin* 
time and space co-ordinates only. It is of cotir.se jxjissible to establish this directly, 
for it is easily verified that the difference lietween the Integrand just employed and 
the previous one, viz.. 


U-w.+ A(b>-E'), 


involves only complete differentials with respect to the time or space co-ordinates. 
Th is difference thei’efon? integrates out to tlie limits and remains ineff ictive as regards 
the general dynamical variational equations, and we can thei-i^fon^ use (hither Integrand 
indiscriminately. 


* Cf, ‘ Phil. Mag.,’ vol. 32 (1910), p. 195, whore reforonces to previous work are given. 
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This is the general form of the result obtained by Schwakzschild* that in tht*. 
special case when we are concerned only wdth free tdectrons moving in an mthereal 
Held fre(i from matter their equations of motion can he derived by the variational 
principle, using the integral 

p dt I^Lo- + 2 j ( Ar)] ’ 

where <j>, A, the ordinary scalar and vector pt>tentials, are regarded as functions of the 
time and space vai’iables only. 

We now see why it is that consistent formulae have been obtained by different 
authors using appaiently different expressions to represent the Held energies. The 
results are in fact all explicitly independent of any particular interpi'etations for these 
eiMirgy expi'essions. 

8. 1’he genei-al <lynamical formulation of § 6 agrees with the fact tliat the material 
media of the field have an int(*rnal constitution which enables them to resist the 

setting up of the ehictric and magnetic polarisations by forces E+-[AhI^] 

Cj 

K+E.] respectively, and that in consequence of a?iy change in the polarised 

state of these media their intrinsic energy of elastic or motional type is increased by 
the amount 

jde j*(EMP) + (B',n), 

where we have used 

E' = E+ i [.'-.B], B' = B- 1 [.■■„ E + E,]. 

c c 

Thus in setti?ig up the tdeclric field and its associated di«‘lectric polai-isations in the 
medium the potential energy of the field is increased by tlie amount 


^[e 

Stt J 


E»dr. 


on account of tlu* establishment of the {ethereal field togetlun- with 

jdr j(EMP) 

on account of the material polarisation, both amounts being reckoned as potential 
energy. 

This gives a total for the field equal to 

I d,. |{ A (E ,tE) + (E a-) + i ([.'.B] .51')} ■ 


* ‘Oiitt. Nachr. (Math.-phys. Kl.)/ 11)0:5, p. 1*25. 
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This result is consistent with that ‘generally obtained in these tlieories. T’he last 
term arising on account of the current due to the convection of the polarisations is 
however prol)ahlv of kinetic origin. 

Of cour.se, in the general case, all the potential energy put into the Held cannot he 
got out of it again in the form of useful nu'chanical work, or, in other woi’ds, it is not 
all available. The eft'octively available energy in thi‘ present ease consists in the main 
of the part 


For the magnetic polari.sations the results are somewhat different. Tji this case the 
kinetic (*nergy of th(‘ fiekl is assumed to b«; 



to which we must add the intrinsic kinetic energy involved in the induced magnetic 
])olarisation8 to ol)tain the total energy in the; fi<*,ld ; reckoned as potential energy the 
intrinsic energy is 

f.irf(B'.n), 

and therefore as kinetic energy it is 

- jdr|(B'dl), 


giving a total for tho field ecjual to 

Stt.' .' 

* 

= ;^jdcj(BdH)+ J;jdr|(E + E,„ [dl, fj). 


a nisiilt which is again practically equivalent t<» that usually given in this theory. 

If we treat the convection of tla* di<dectric polarisation as elfectively equivalent to 
a magnetic polai’isation of intensity 


and the convection of the magnetic polarisation as effectively equivalent to a dielectric 
polarisation of intensity 

p' = - - 


c 
2 1 
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and include the ent*r^jie.s correajmnding to these two parts in with the appropriate 
total.s the TorinuljB just obtained ai‘e somewhat simpler in form. The total kinetic 
energy will l)e now 

± I (Bdl)-8ir j(Bdr)]dc 

or 

whei*(* 

B= H' + 4irT+^[FrJ, 

e 

and the potential eiier^fy is 

~ I W + Stt [ (E A'P) + Btt j (E dv, 

\\{Kdjy)do, 

\y = i^ + p+p. 

47r 

This, however, leaves out of account the term 

|(E,.AP'), 

which, representing as it does the energy of local actions and reactions, may be 
assumed to he inoperative as regards general mechanical processes, and may in 
consequence he rejected altogether. 

In connexion with the disc\issions of the expressions for the internal energy of the 
inattM'ial media it may he worth while emphasising the significance of the various 
terms in the expi'ession for the forcivt^ on the polarised material elements derived in 
the previous paragraph, especially the way in which the various terms arise and their 
depenfleiKM* on the term 

Ci>.-1 [P.J 

in the complete current. Kurther, we may notice how the complete expression for the 
change of intrinsic energy jmu- unit volume, viz., 

(E+1[..B],<P) 

is derived, tin* latter term h(.*ing tha; to the above-mentioned term in the cuiTent. 


or is 


wher(^ 
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This last remark points to the possibilitj' of obtaining an elementary deduction of 
the expression 

B] 

for the complete electromotive forcive simply by calculating the rate of change of 
intrinsic energy of a moving bi-iK)le. and the calcidation has in fact been carried out 
by Larmor,*" taking however a parallel plate condens«*r with equal and t)ppositely 
charged plates, moving in a uniform magnetic field. 

An analogous argument in the magnetic case will give a deduction of the magneto- 
moti\(^ forcivt) 


9. We have stated that the magnetic energy expiessions jiist obtained are 
effectively equivalent to those usually derived, wlitat as as a matter of fact this is tnu* 
only of the final I’esult ; the various fornujlcO employed in the dei ivation of this result 
are not in their tisual form but it lias been shown elsewberet that they are consistent 
with the complete dynamical theory, tlie more usual formuhe and the various 
modifications of them which have from tina* to time been suggested lieing all 
inadmissible on this score. A complete discus, sion of the justification for this last 
statement is necessarily beyond the scope of' the pie.sent paper, but it may jierhaps 
sei’ve a useful pui'pose if a biief outline of. some of flu* more important leasons is 
given, especially as they have sonje liearing on points raised elsewhere in the present 
discussion. 

In the first place there is probably little or no ditliculty in seeing the tlillacy in the 
usual and simplest form of the theoiy whertiin the expre.ssion nWj'S'tT for the magnetic 
energy density is derived in the .statical theury as {Kitential energy and in the 
dynamical theory as kinetic energy : we need only enquire as to the typi^ of enei gy 
represented by the same expres.sion when the Held is due in jiart to rigid magnets 
and in part to steady currents. The more consistent re.s)dt is obtained by taking 

- — (IIB) 

as the expression for the density in the statical case as this agrees with the opi)osite 
sign in the dynamical case and yet gives the same total. 

There is hov'ever another form of the results first tentatively suggested by Hertz 
and Heaviside and subsequently developed in great detail by other writers, more 
particularly by R. GANsj and H. Weber, wherein the difficulty presents Itself in 

* ‘ Proc. Load. Math. Soc.’ (1915). 

t Cf. luy ‘ Theory of Electricity,’ p. 417, or ‘ Roy. Soc. Proc.,’ vol. 93, A, p. 20 (1916). 

J ‘ Ann. der Physik,’ vol. 13 (1904), p. 634, and ‘ Encyklopadie der Math, Wissensch.,’ vol. v., art. 15, 
where references to other authors will be found. 
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another and more involved form. The fiiTidamental basis of* this theory is the 
assumption of’ a distribution of true magnetic matter of density at any place equal to 


Pm 


— rliv = — div B 
An 


wherein is the density of the permanent magnetic jwlarity. This magnetic matter 
is sup|X)sed to he distributed continuously throughout the space but so that the 
amount in any portion of the matter is zero, a condition which is perhaps rather 
difficult of realisation, as it would make the distribution in any particular portion of 
tbe matter dependent on tbe distribution in all the surrouialing portions. 

In this theory the magnetic energy is fii*st calculated on .-inalogy witii tbe electro- 
static energy ; tlie magnetic induction vector B is regarded as a .sort of composite 
displacement produced by the acting force H, so that the energy per unit volume is 

I r“ 
in J 


This expre.ssioii is then verified to equivalent in the purely statical case to the 
volume integral 

J j-p« 

dr I ^ dp„ 

taken over the entire field, the surface integral over the infinite boundary 
contributing nothing in all regular cases ; ^ is the magnetic potential of the field. 

In generalising the theory to tbe case where the field is due to linear currents tbe 
same physical basis is adopted as regai'ds tbe expression 


which still therefore remains valid, and when there are no permanent magnets about 
this is easily verified by the usual argument to Ije equivalent to the summation 

is j^Tf^N 


over the different current elements, J denoting the typical current strength and N 
the induction through its circuit. When there are permanent magnets present this 
expression becomes 

jdrj i 2 I JdN. 

It is then shown that the mechanical forcive on the magnetic matter in any one of 
its co-ordinates is derivable as the appropriate negative gradient of this energy 
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function, whilst the force on a curi’ent is to he obtained as the piisitivr gradient with 
respect to its position co-ordinate. 

Unfortunately all the autliora concerned ineiely talk of magnetic (uiergy without 
specifying whether it is to l)e taken as kinetic or potential energy. One might 
perhaps infer that as the results are interpreted in tei-ms of a static potential ftuiction 
it is implied that all the energies are pt)tential, V)ut the fact that the forces on the 
currents are der ivable as the |x>8itive gradients of the function 

j''jdN 

suggests that this part of the. energy .at least is kinetic energy. The difficulty of 
sign is therefore still present. 

Even if we confine ourselves to the statical theory the same interpretation is not 
entirely free fi'om difficulties of another kind. The potential energy in the field is 
taken to he representi^d by 

I dr [ 0 dp„„ 

but this expression really represents the total energy in the field ; in the general case 
the only part of this energy which is mechanically available is 

jdt’l 

;ind this is pro[>erly speaking the potential function from which the mechanlcjil forces 
acting on the magimtism are to be derived. Of course, when the law of induction is 
linear the intrinsic energy of the field is equal to the available energy, but even then 
tlieir natures are fundamentally different and equality in their magnitudes is hardly a 
sufficient justification for confusing the one with the other. 

Apart from this difficulty, however, the next st»jp employed in the development of 
the theory will cause some trouble, 'fo effect tlie transformation from the expression 

r 1*'’" 

Jf7c| ,f,dp,„ 

to the equivalent expression 

the method of integration by parts is employed. But Larmor has shown that two 
expressions of this type being derived the one from the other by the method of 
integration by parts, really represent fundamentally different distributions of the 
energy in the field, although the total amounts represented by them are the same. 
The two expressions cannot thei'efore be used indiscriminately to determine the 
stresses around an element of the magnetic matter. It is not, of course, possible at 
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the present stage to say which of the two expressions does represent the true energy 
distribution, but any e.Kainination of the uiechaniciil inter-relations of the different 
magnetic miisaes in the held postulates a previous decision tis to the proper expression 
to be taken as representing the available energy of these masses in its normal form, 
respecting l)oth its total amount and proijer distribution. Once this decision has been 
made it is unsafe to employ the metlio<l of integration by ptirts unless due regard is 
paid to the surface integrals thereby introduced. 

The distribution of energy interpreted in terms of ideal magnetic matter which is 
properly eqiiivalent to the expression 

is such that the energy in any volume of the field consists of a distribution throughout 
it of density at each point eijual to 

-[0divdlo= 

together with a surface distribution of density 

over its surface. This corresponds properly to Poisson’s distribution of magnetic 
matter and empha.si.ses tin* necessity for the inclusion of surface distributions of 
magnetic matter. 

This explains why it is that the above theory determines properly the forces on 
the permanent magnets as a whole, but fails to give a consistent account of the 
internal forces between diffei'ent parts of the .same magnet. At the surface of an 
ordinary magnet it may quite legitimately l)e a.ssumed that owing to the e.xistence of 
a transition layer, the normal component of the magnetisation vanishes there, and 
consequently the surface integrals applied to the outer surfaces of any such body 
would also vanish : the two different expressions for the cotitalned energy thus become 
equivalent. 

'Phis is perhaps sufficient to justify a summary rejection of this new interpretation 
of the energy relations of the magnetic field, as being at most no better than the 
older one which it presumed to displace. The I'eal trouble in both cases seems to have 
arisen mainly in an efibrt to discover an analogy in the relations of the electric and 
magnetic fields. Hertz and Heaviside were the first to insist on the existence of 
this analogy, and practically all the modern writers follow them in this matter, even 
so far as to regard it as providing sufficimit justification foi- certain fundamental 
formulue of the theory. A clo.se scrutiny of the subject will, however, reveal the fact 
that although the mathematical relations connecting the magnetic force induction and 
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polarisation are to a certain extent similar to those connecting the electric force, total 
electric displajbment and dielectric displacement, the similarity ends with these 
relations, and the dynamical characteristics of the two types of field are essentially 
different ; and the analogy itself, so far as it exists, seems to l>e based on erroneous and 
confused conception of the nature of the magnetic energy as determined by the usual 
expressitm of the theory, so that it finds no place in a consistent formulation of the 
subject, notwithstanding even Heavisidk’s spirited defence in criticism of Larmor. 

In his treatise Arraham adopts the analogy as a sufficient basis for the discussion 
of the magnetic theory, but decides that the procedure is not without its difficulties, 
particularly as i-egards the ferro-magnetic phenomena ; not l^eing able to overcome 
these he condemns the -whole procedure as beuig inadequate to include a proper 
account of these matters. 

10. We now turn from these discussions to a brief review of the general eneigy 
relations of the electromagnetic field. A concise account of these relations so far, 
that is, as they have l)eeu dealt with in existing accounts of the subject, has been 
given with full references in my treatise (Ch, XIV.), and it will suffice for the present 
to give the barest oixtlines of the discussion so far as they may Ixe required. 

The fundamental equation expressing in its ino.st concise form the energy principle 
for the electromagnetic field can l)e written in the fornx 


dW 
dt dt 



wherein W and T are respectively the potential and kinetic energies inside any 
volume bound«id by the closed surface f in tin* field. F is tlu? rat(^ of dissipation of 
electromagnetic energy into energy of other types such, for instance, as results 
mainly from the inertia of the electric charges constituting the conduction and 
convection currents ; ;in(l S is the vector determining the flow of electromagnetic 
energy outwards over the bounding surface. 

In this equation it is generally assumed that our knowledge of the forms of F aiul 
W is precise and accurate, and that in fact in' agreement with the results of 
paragraph 8. 

W = i-| de 

where P is the polarisation intensity of tlu': dielectric media produced by the electro- 
motive force 

E' = E-i-l[V„.B] 

G 


whilst 


F = i(EC,)du 
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where Cy, represents the part of the total curn^nt depending on the motion of the 
(dectrons constituting the conduction current and the current due to the convection 
t)f electric charges, hut fixcluding the part due to the convection of the polarist^d media. 

It seems difficult to dispute the form of the expression for W, hut careful 
consideration will also convince one that it is probably just as difficult to support it in 
the most g(uieral case, except it be by the results which are deinved from it, which 
certainly seem to b<^ in satisfactory agreement with our knowledge of these things. 
A similar reservation must l)e applied also to the expression foi* F, Init there is here 
an additional point woi’th noticing. It is not often remarked that the form given 
tacitly involves an assumption which is derived as an independent result from 
discussions based on this special f«rin. In fact it involves the definite assumption 
that no work is done hy the magnetic forces during the motion of electric charges. 
Of course the usual e.xpression for .such force as proportional to the vector product of 
th(“ velocity and magnetic force confirms this assumption, but the derivation of this 
expression hy dynaniical methods from r«>sults derived from the present discussion is 
hy .so much depi-i\e(l of interest. Tn fact, if to the assumption that these forces do 
no woi’k we add the further conditions that they are linear iji the magnetic and 
velocity vectors, it would i»i)pear that their form is completcdy determined, at least to 
a constant factor, without further considerations either of a dynamical or any other 
nature. 

'fhe form for tlie expre.ssion 1' is not usually regarded as Ix^ing sufficiently definite 
to be used in the present conne.xion, mainly l)ecauHe it is the more readily convertible 
into equally simple alternative fornrs. We have in our previous di.scussions mad(^ 
certain a.ssumptions which liaxe proved to be equivalent to taking 


but this special form will subseqmmtly lx* proved to be irrelevant to the discussion. 
It is usually regarded as being mo.st advisable to consider the expression for T as 
Innind tip with that for S, the equation <*onnecting the two being that derived from 
the eiuu’gy principle by the in.sertion of the forms choseit for W and F, vi/... 




(E, Curl[P.J)dc 


(J being now the total cuiTent of Maxwet.i.’s theory. This is all we can dei'ive from 
the energy principle. The various {xissihilities open to us have lieen examined in 
dcdail liefore. We may take 


Curl H = 


(' 

c 
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and then we get Poynting’s theory in which 

T = '*” [ f 1' ( 

and 

S = ^ [E, H-4,r[P.J J = ^ |:E, H'l 

where 

is equivalent to the vector H' introduced in paragraph 8. 

This theory has tlie advantage, in addition to that already discussed at length, that 
it involves no further dynanucal sissuinption other than those expressed in the special 
forms chosen for W and F. The Ampei'ean equation used tt) effect the separation 
l>eing more in the nature of a kiuematical definition of the electric current or magnetic 
force tlian of a dynamical relation between the field vectors. 

Another form can be obtained by using the equations 


with 

we then get 


with 


Ip J A 1 

hi z gl ad 0 

r. dt 


(Hv ( ,' = 0 


( ■ J J i ’ -v • 

-<• I (( .'m l I pr,„|. 
S = 0(C-c(.:url[PpJ). 


The special fVirm of this result when the media are at rest has l)een shown* to be 
inconsistent with our usual conception of such things as radiation plienomena. 

Yet another form of the theory can l)e obttiined by taking 


T = - j dt j r(Ef:+ < 'uri 


and then 


8 = 0. 


In such a theory there would be no such thing as radiation. 

We can go oix multiplying the different forms of this theory indefinitely and each 
form obtained would in itself be perfectly consistent with the Maxwellian 
electrodynamic theory. The expressions for S and T in them are of course dependent 


VOL. ocxx. — A, 


. * ‘.Phil. Mag.,’ vol. 34 (1917), p. 385, 
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on each other, l)einj? connected by the equation given alx)ve, and there will Ije a 
relation between the forms for two different theories. In fact if S and T are the 
forms corresponding to any one mode of separation and if we write 


S'= S + 


d\J 

dt 


where IJ is any arbitrary vector function we shall have 


where 



and S' and 'f' are appropriate forms for a new m<Kle of separation. In this way, by 
assigiiing convenient vahie.s for U. we might tentatively construct a numlau' of 
interesting formulae. 

The last result also shows why it is that the particular form chosen for the kinetic 
energy is irrelevant t<* the genei-al dynamical discussion of pai'agraph 7. In fact, 
if, instead of the form 'f used on that occasion, we had employed the general value 
derived above 

T- fdiv Udr 


the part of the variation depending on this energy becomes the time integral of 

<n’-j’div<lUdr, 

and the latter integral reduces to a surface integral over the infinitely distant Ixmndary 
and cannot therefore contribute anything in this general variational equation. 

Of course, from another |X)int of view, the various forms of the theory here under 
review, dift'er merely in assigning different distributions to the magnetic energy in the 
field, each of these distributions being ultimately consistent with the same proper total 
for this quantity ; and the fact that they all lead to the same dynamical equations, 
merely verifies a well-known result of analytical dynamics that the particular form of 
expression for the energies of the system is immaterial to the ultimate dynamical 
equations for the field inside a continuous medium. Of course the solutions of 
boundary problems such a« are, for example, involved in a specification of the energy 
flux, depend essentially on the particular form sussumcd for the energy distribution ; 
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and it luis })een shown on a previous occasion* that the only form of specihcation of 
the energy distrihiitioii wliicli is consistent with oui’ usual ideas on tlu‘se matters is 
that which makes the density of the nuignetic energy equal to and as the. 

present discussion shows that our only hope of discrimination lies in tiiat direction, we 
may assume that the evidence in favour of this special form is conclusive, at least foi' 
the present ; it is Ixisides the only form in which, the most general ease is completely 
representative of the distribution in any volume of the field without rciquiring the 
introduction of boundary terms involving surface distrilmtions. 

11. We next turn to a. consideration of the expression for the forcive of electro- 
magnetic origin acting on the polarised media in the field. We have seen that the 
mechanical foi'cive of) tlii^ dielectrically polarised media is such that its ^.’-component 
ptu“ unit volume at any plsice is of the forni 


(PV)E, + i([P..]. 



or as it first appears in the jinalysis 



This result is in complete agi'eement with tlnit derived hy Lak.viok in tl)e electron 
theory,! l»ut the present dei'ivation indicates chafi’ly tin* oi'igin of tin* difieivnt terms 
in it. 1'he expression 



is that corresjXHiding to the expression derived in the statical theoiv fiom enei-gy 
considerations sind corresponds to Maxweli/s magnetic expression ; the second tei-nn 
viz., 

-[P Ciurl .KJ, 

is one of the terms arising as a result of the conxection of the media, and this is the 
term which is effective in reducing the electric part of the foieive to the form 

(PV) E. 

which is the result derived in the elenxentary theory hy regarding the forcive as the 
resultant of the forces on the elementary bi-poles. 

* ‘ Phil. Mag.,’ vol. 34 (1917), p. 385, Cf, also ‘ Phil. Mag.,’ vol. 32 (1916), p. 1C2. 
t ‘ .^ther and Matter,’ p. 104. 
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Similar restilta apply in the magnetic case. The general expression for the forcive on 
the magnetic media is, per unit volnme, equal to 

(i|g) _[i c,,,.! B|,- i(ria 




\ (^xl r (It 


^ (E+Eo 

dx 


In these expressions the parts depending on E„ and P, representing us they do forces 
on the elements of the media determined solely by the conditions in those elements, 
would be neglected in a mechanical theory.* The expression for the effective forcive 
thus reduces to 

?x , 




This expression is only equivalent to Maxvveli/s expression in the statical case he 
considers. It is, however, practically equivalent to that derived by counting the 
forces on the constituent poles, but even here the general result rather suggests a 
modified conception of the force <m a magnetic pole, this force involving in the 
general case a term due to the electric force. The question of the existence of forces 
on a magnetic pole due to its motion in an electric field does not appear to have been 
inva'istigated on an independent basis, although it is definitely contained in the 
relations of transformation involvc'd in the theory of relativity, which recjuin^ the form 
for this forcive 


ft will however be proved l>elow' in the next paragraph that such forces do probably 
exist and are in fact of pivcisely the correct type. 

It may, of course, l)e objected that the last term hi the equation 


dt dt 


+ + 4ir (Jurl 


which is the origin of the discrepancy obtained for the magnetic forcive, does not in 
reality exist, but yet the other results derived from this equation are almost certainly 


* Cf. Larmor, ‘ ./Ether and Matter,’ p, 98. 
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Indisputable, and it seems difiicult to realise a state of* affairs where the equation 
without the last term would be generally true. 

The whole question of mechanical forces on polai’ised media is ultimately Ixmnd up 
with the question of the varisition of the intrinsic energy of those media, and the 
expression 



for the .T-component of the forcive per unit volume implies that the internal energy of 
those media change in a small displacement by 

(H «) 

per unit volume. But when the media are in motion the expression for the change <^I 
used in this expression involves a part due to the convection of the polarisation which 
is more properly conceriuid with the mechanical forces than with the intrinsic elastic 
or motional ones, as it would exist if the internal constitution of the media was 
maintained rigidly constant. It is therefore suggested that the lesult derived above, 
that the expression for the rah*- of change of the intrinsic energy is practically 

\ f • / 

per unit volume, is the more legitimate form of this expression, as allowance is matle 
in it for the convection, and if this is granted, then the equivalent expression for the 
mechanical forcive, viz., 

must be regaixled as the only adequate form. 

Moreover these two expressions e.ssentially involve the particular form of equation 
adopted for defining dVifdt, and are the only ones which are capable of fitting in with 
a general relativity theory. 

The results here derived also emphasise the difficulties involved in ti’eating the 
currents due to the convection of polarised media as effectively equivalent to a 
polarisation of the opposite kind. If, for example, we had treated the convection 
current 

(.'url [IV, J 


as equivalent to a dist ribution of magnetic polarity of intensity 


I PvJ 

at each place from the outset we should have been led to an entirely erroneous 
expression for the forcive on the polarised media, the reason being that the inclusion 
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of this quantity with tiie magnetism hides its true character, particularly as regards 
its dependence on the vtdocity of the medium. 

Nevertheless many of the relations of the theory will Ije considerably simplihed if 
this procedure is adoptt;d. 

12. The question of forces on fictitious magnetic |)oles moving in an electric field is 
(easily resolved hy impuiting to such pt)les a substantiality sufficient to allow us to talk 
of forties on them, and then applying any of the general methods used in this theory. 
The Lagrangian function of the system is still of the form 

l |{B*-E=*) dr, 

Httj 


li being that part of it which is not directly determined hy the conditions in the field 
and which will as usual he iussumed to l)e a function of the positions and velocities 
of the electric and magnetic elements only. The sequence of changes is then best 
descrilj<id hy the fact that the action integral 

taken laitween fixed time limits is stationary subject to the implied conditions of the 
field. If* we assume generally that there are a numl)er of discrete electric particles as 
well in the field, these conditions may Ixi written in the form 


div E— 4ir2e = 0, 
div (li— H)-| 4x2//* = (<, 

Curl 0, 

e df c 


m _ dH 

dt di 


— 4-n-2>//i/,. = 0, 


wherein r is the eliarge of the typical electron and v, its velocity, m is the strength of 
the ty])ical magnetic particU? whose velocity is i'„ and the sum 2 in each equation is 
taken pm- »init volume at each place over the respective elements indicated in it. 

We now introduce four undetermined Lagrangian multiplying functions, two scalar 
(|uantities and and two vector quantities A, and Aa, it is thus the variation of 


I df. L + — I dr E- + 2V*, div E + div ( B- H ) 


•8fl-2c^, + 8?r2//i^.,,+ (A,/'.)— 2//< (A;,i',„)j, 
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that is to l>e made mill, afterwards determining the functions 02, A,, Aj to satisfy 
the restrictions which neoeasitated their intixxlnction. . Tin* variation can now l)e 
iffected in the usual way, and the condition that it vanishes leads to the following 
x|uations 



E + 

grad 

01 + 

1 dAj 
c dt 

= 0. 


B- 

grad 

02- 

1 

c dt 

= 0 , 

with 







(W1 A,- 

glad 

02- 

1 dA.j 
C ill 

= 0 , 

with three 

equations of each of the ty|)es 




d / r)L \ 

_0L 

dtS^J 


d(^\_ 


dt \?.T ,„ ! 




rhe first and third of these eciuations show that 0i and Ai are th«^ usual scalar and 
i^ector potentials ; in fact from the third we have 

,.14 1 I rl\ j 

( url A, = grad 0^ t - 
= B. 


lO that A, is the vector potential and then 0, is the scalar potential. 

The fourth equation thus determines the usual expression for the reac'tion forces on 
:he moving electron ; the tifth equation determines similarly the force on tln^ moving 
nagnetic pole in the form 


ni 


(grad 02+ I 7 ^^)- " I ""' ^ = >»(b- 


We have yet to determine ('!url A., : 


we 


haA't^ 


50 that 

J^ow 


B = grad 02+ 

CurlB = - 4 Curl A2: 
c at 


Curl B = - Ci + 47r ( url 14^ ~ U - “77 ^ 

c c at iy c at 


i. 
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wluntjin 0, is th« true current density of electric flux : 

T B-H 

Air 

is the intensity of magnetic polarity, and 

Co = Ci+c Curl I. 

It follows that 

Curl Aa = E + 47rj {Xdt = E+Eo, 

say. 'file vector is a slightly more general form of the second vector potential 
intrwluced in our previous dynamical di8CU.S8ion and its curl is identical with the curl 
of that vector. 

Th(^ main part of ( ’url A.^ is thus determined hy the electric force in the field, and 
its mechanically effective part is completely nipresented by this vector ; the forcive on 
the moving magnetic pole is thus to all intents and purposses equal to 

«.(b- 1 [,.,El') 

an expression which agrees with that sugge.sted by the relativity transformation. 

It must, however, lie noted that the local term is necessary in the complete relation 
defining tlm vector A^ for the simpler relation 

Curl Aa = E, 

carries with it the consequence that 

div E = 0 

at all points of the field, and this is true only of those points where there is no 
electricity. 

The exjiression for the forcive on the magnetic media is now attainable by regarding 
it as the resultant of the forces on its contained poles ; for the volume v bounded by 
the closed surface/, it is in flict 

-j(div 

+ j[[[I-,]" J. E + F,],?/: 

The second and fourth integrals transform by Green’s lemma to the volume 
integrals 

j(B(VI) + (IV) B) j[[Cm'l [BJ E + E.]+gi-ad ([BJ E + E.) 

+ . -([BJdiv(E+E,)]dt., 
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where in the lust term l)ut one the gradient operation only affects the E limctions. 
Now 

div (E + E„) = 0, 

and thus the i‘<‘sultant force may he taken as distributed throiighout tin* volume with 
intensity at each point equal tt) 


(IVjB+ipji, E + K„ 

c l_at 


( [I,,], E + K) 


in agreement with the general result derived above. The local terms in I* arul h], may 
again he presumed to hfdance out with other foi-ces of a type not at present under 
review. 

13. The two new potentials and introduced in the analysis of the last 
paragraph, are the general forms of the potentials analogous to the ordinary scalar 
and vector potentials of this the.ory, an<l they .satisfy similar (equations. We have, 
in fact, 

Curl E + 47r jc«c// 

where C^ is the total cmrent density of electric flux including the effective riqa’esenta- 
tion of the magnetism, 'fhus 

Curl Cui'l Av = Curl E + 47r j (Jurl C^dt 

I dB 


+ 47r 


Thus 


gr 


j'Curl (\dl. 

ad div A.,— V-'Aa = — - gnul + 47r [ Curl ( dt 

c* dr c dt .' 


whilst since div B = 0, we have also 

V-</.., + - div A;, = 0. 
c dt 

We may new adopt one <»f a number of alternatives. 'fhe simple.st one is got by 
taking = 0, when we also have 

div A.j = 0 

with, tliertdbre. 

V*A., = - ) 47r 1 '( ^url C, dt. 
df J 

^I'he last i^qualioii it^ally liivc)lv(\s tla* first, fui* 


v»(<tiv A,) = L|L(,i|vA,). 


so that div must ht? zovo as it has Jio singularlti<‘s. 
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The vector chosen in this way is, practically speaking, the {ethereal displacement 
vector employed hy fiABMOu in his m(5chanic{il model of* the electric and luminiferous 
^I'he divlf of this vector is the electric force, or at least as legards its rate 
of* chjinge, whilst the magnetic induction B, which is proportional to the time rate of* 
change of A^, appeal's as the velocity. 

\\v ne(>d not, however, t.ike the quantities in this way. Wt* might take 

div Aa = - div [ I dt, 

c at J 

and then we should have 

' 

with 

V»A'. = i '^V + + “TT f'cui-l c„ * 

c* df^ dt J 

where we have used 

A'j = A,,-47r f r dt. 


Fn this Ciise scahir potential of* the magnetic distrihution. whilst Ix.-'longs 

to the current distribution. With these dififerentisil equations the general values 
of* 0a Aj in regular fields are such that 


whilst 


4ir r[div 1] j 


' ‘^A,_47r] ^ ^ r + dr 

c dt c c*' J L dt-j 


the square brackets in the integrands denoting that their values {ire taken {it each 
point for the time 

'fhi^se iire the most intere.sting cases of tiie solutions for 0jj and Ag, but we may 
construct Jiny number of others. It mu.st he noticed, however, that the equation 


B = 


dAj 

dt 


+ grad 0 :j, 


does not imply that the vector B is derived from a potential in steady fields, for it is 
impossible to satisfy the equations with A.j independent of the time ; we may 
have dAjdt constant in time but not A,. This is the origin of the difficulty in 
Larmor’s mechanical model which seems to necessitate the piling up of "sethereal 
displacement in a steady magnetic field. 

14. We have determined the complete expression for the forcive per unit volume 
on the media occupying the electromagnetic field. The next step in the general 
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theory is to reduce these forces to a representation by means of an applied stress 
system of ordinary character. This discussion leads in the usual way to the intro- 
duction of the concept of electromagnetic momentum. 

The actual calcidations for the present form of the results are not materially 
diffei'ent from those given m axtenao elsewhere, so that it will again be sufficient to 
outline the principal stages in the discussion. Tlie method employed is to attempt to 
express, say, the .r component of the force per unit volume in the form 

(^x (Sy dz 


Now the total forcive of electrodynamic origin acting on the medium of tlie held at 
any place is such that its x component j)er unit volume is 




?'X/ 


-[P, Cinl E|,-[I, Oiu-I BL— 
+ ^(E, + i[,..B]'i + ^[C, Bl,. 


1 


1 

fE.'il 

c 

L df J 

r 

d! 


Again writing 


H'= H-— LJ>' 

r 


it is pioved ju.st as in the usual form of the theory that the forcive ol‘ which this is 
the represeutativ(f component is represented in the main by a stress system in which 


and 




Htt 


ir^ 


D.+l B„ H 


J- 


with symmetrical expre.ssions for the other constituents ; but with this representation 
there is an outstanding part of the complete forcive, viz., 




which cannot be so reduced. The tirst term in this outstamling part, being a complet*^ 
ditferential with respect to the time, is usually taken to represent a part of the 
complete forcive arising as the kinetic I’eaction to a rate of changt* of momentum, and 
this is the origin of' the concept of electromagnetic iTiomentum. This idea is however 
partly destroyed by the remaining term in the abo\’e expression which cannot l)e 
developed either as a forcive of oixlinary type or as a kinetic reaction to a rate of 

2 i. 2 
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change of' momentum, so that we are rather forced to regard these outstanding terms 
as pointing to the failure of the ideas from which we set out. This conclu.sion does 
not, of course, invalidate the results derived in the simpler electron theory, as the 
concept of momentum will remain under the simplest conditions as a convenient 
mathematical expression for the actual result, whatever l)e its ultimate physical basis. 

'Fhe present formulation possesses another disadvantage which is apparently not 
inherent in tlie simplest presentations of tlu^ momentum idea. In the electron theory, 
as usually developed, the momentum remains as a fundamental quantity and is 
distrilmted over the field with the den.sity 


at each point ; this gives it a purely tethereal con.stitution as the vectors E and B an* 
those which detiue the conditions in the asthereal field. In the present form\dation 
th(^ v(>ctor B is replaced l)y th(^ vector II which is essentially an auxiliary mechanical 
vector in the theory ; the fundamental nature of the momentum vector is therefore 
entirely lost. We can, of course, assumes that some of the momentum is in reality 
attached to the matter, and .such an assumption has certain points in its favoui’. 
Tlu* force* of electromagnetic origin on the dielecti 
X compotu'iit which per unit volume is 


•ic media for example has an 






and this may he written in the form 





'Fhe liist two terms appeal' as those, appropriate to the energy function in the 
statical theory which would he 

_(I>K)_1([|>„.J. U), 
r 


so that tin* third might he regarded as a kinetic reaction to a rate of change of 
momentum, which wouM lie distrilmted throughout the medium with a density 


'[I’HI 

r 

at each point. 

A similar analysis and analogous results hold for the magnetic media. 

There is, too, a relation satisfied by the momentum vector which appears in the 
simplest form of the theory and to which a fundamental significance is attached by 
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some authors, hut which is not satistied I)y the results of our present discussion. 
The vector determining the flux of electromagnetic energy has l)een seen to he 

s= ;■ [E,H'| 

47r 

and that determining the momentum is 

M = -L [E, H J. 

4r7r(‘ 

In the absence of magnetic media and convective dielectric polarisations these two 
expressions satisfy the equation 

M = - S. 


hut under the most general circumstances this relation is not satistied. 

We have .so far conducted the discussions as though the (piantity derived as a 
momentum is unique and definite, whereas, as a, matter of fax^t, this is far from being 
tin* ease. We saw th:i,t tlu^ idea of the momentum aro.s(* from certain outstanding 
tcirms which remained when attempting t«> reduce the I'lectromotive forces to a 
representation by a stress system. Now we can givi* a number of different f'orms to 
this reduction and each one carries with it a different (‘.xpie.ssion foi- the electro- 
magnetic momentum. We can. for in.stance, write 


47r« 


[EH] = 


1 


dA 


47rc- 

'i'ttVl 


. H 


df ' 

H 

fit 


Am 


[V0. Ill 


I V,,,, II I ; 

Attc (\, 


and the second term in this expression when differcmtiated with resjx'ct to the tim<* 
might be included in the stress speciHcation. This would leave a lanv t^xpressioti for 
the electi’omagia^tic momentum which is 



a form which would probalily bt* .suitaVile for u.se in conne.xion with a theory in which 
the radiation phenomena are repre.sented liy Macdonald’s form of the theory. 

This is not the only alternative to the usual theory for we can construct similarly 
any number of others. It appears, however, that the usual presentation is probably 
the simplest possible one, and this is a great advantage in its favour ; but subsequent 
developments of the theory may require a modification, and then it is as well to 
remember that there are other forms of the theory perfectly consistent with the 
general relations of the electromagnetic field. lx)th as regards its general and 
dynamical aspects. 
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Tt is hoped in a future communication to examine in detail some of these 
alternative expressions for the momentum, but so far the results obtained are not of 
sufficient inter’est to warrant their discussion at the present stage. 

I.*). It may now be convenient to summarise the conclusions and I’esults of our 
discussion. The differential theory of Maxwell as expressed in the usual way by 
the equations 

Curl H = C , ) Curl E= - 1 ^ div 1) = p 

r \(lt ' c dt ^ 


is supplemented by the addition of an equation expressing the rate of change of the 
magnetic force 


dt 


‘^^_4ir4^_47rCurl[K] 
dt dt ^ 


this equation being analogous to that expressing the rate of change of electric 
displacement 


dD 

dt 


J_dE dV 

47r dt dt 


+ct.ri [pa 


The fundamental dynamical equations are then derived by a variational principle 
equivalent to the principle of Least Action in dynamics ; in this discussion the 
assumption of a definite electronic constitution for the dielectric and magnetic 
polarisations is specially avoided in order to bring out certain points of the theory 
which liave not previously receivt'd adequate treatment. In this way, in addition to 
deriving the equation 


Curl E 


c dt 


it can be proved that the forces on the media occupying the field consist of several 
distinct parts. There is firstly a part 


due to the free charges associated with the typical point of the matter and a part 

1[C,B] 


due to the true conduction currexit. Due to the dielectric polarisations there js a 
part whose x component is 


(PV)E,+ i 




FUNDAMENTAL FORMULATIONS OF ELECTRODYNAMICS. 


245 


and the magnetic polarisations give rise to the analogons terms 


(IV) B,- 


l 

r 



With th«^ exception of the magnetic terms these results are in general agreem<‘nt with 
those usually derived on the basis of the electronic theory, and the discrepancy in tht‘ 
magnetic terms is proved to arise from the inadequacy of the treatment of the 
magnetic relations in that theory, no allowance l)eing made in it for the convection of 
the magnetic polarisations. 

The re.sults dei’ived from the dynamical theory are then examined in connexion 
with the usual developments of the theory in regal’d to ratliation phenomena, to the 
energetic relations of the magnetic media and, finally, to the fundamental problem of 
the representation of the forces in the field, as an applied strt*ss system and the 
subsidiary question of electromagnetic momentum. Tn regard to each of these results 
are derived which do not differ materially from those usually given, hut the slight 
discrepancies in each case, although prohalily of little or no practical significance, 
prove ultimately to he of theoretical importance as helping to justify the fundamental 
equations on which they are based. The au.xiliary conception of electromagnetic 
momentum is not however completely attained under the most general conditions, 
although it will still remain to enable us to olitain an effective mode of expr(?ssing 
certain results of the simpler theory ; it is probably present in no other capacity in 
former interpretations of the theory so that this is hardly a disadvantage of* the present 
formulation. 

The pre.sent theoretical relations require, of course, to he supplemented by the usual 
empirical laws for the induction of the two polarisations and the conduction current. 
We have however specially refrained from introducing these relations as it was desired 
to emphasise the fact that tla^ theory in its complete foi’m is entirely indi'pendmit of 
these laws, so that for example it necessarily covers the most complex fields, 
iinolving ferromagnetic inductions and {K)lari.sations. If we interpret the theory as 
determining the electrodynamic clianges in the system during its transition from one 
configuration to another even the presence of hysteritic qualities in the inductions 
will not vitiate its validity. This is, of course, no .special advantage attaching 
to the present form of the theory as it is in reality fundamentally inherent 
in every interpretation, although it may lie hidden by the particular form of 
expression adopted. 
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( 1 ) iNTRODUCn’J ON, 

Thk present work is a continuation of that published in ‘ Phil. Trans., lloyal Society,’ 
vol. 214, pp, 109-J4(3, 1914 (Parts I. and IT.) and vol. 215, pp. 79-*103, 1915 (l*art 
Ilf.).* It will leatl to clearness in the following development of the subject if a brief 
resume of these papers is given. At the same time, I wish to discuss one or two 
points in connexion with the views which liave been previously advanced and the 
relation between mechanical and molecular theory. 

In Part I. the experimental evidence brought forward has justified the hypothesis 
of molecular distortioti enunciated at the outset. We have thereby been led to 
regard the molecular configuration of a material medium as a distorted one, and this 
applies particularly to a substance which is crystalline. 'J'he extent of this distortion 
is small, but is sufficient to account for the observed change of specific susceptibility 
which occurs on crystallization. Such change will naturally depend \ipon the 
particular crystalline symmetry assumed by the sulwtance. 

The theoreticjil treatment given in Part II. is an attempt to account for the 
phenomena observed by extending the electron theory developed by Lan(JEV1n so 

* For brevity, reference to these researches is given under IWts I., II., and III. 
yOL. OeXX. A 578. 2 M [Published, April O, 1020 . 
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as to include the effects of mutual molecular influences. Such a representation of the 
facts has led to the recognition of a large molecular forcive, in all crystalline media, 
depending upon the nature and proximity of the molecules in any particular 
crystalline grouping. The existence of this intrinsic molecular field can only be 
inferred indirectly. Although the actual properties of the crystalline state depend 
upon the operation of this field, yet, except in the case of substances of a 
ferro-magnetic nature, there is no direct experimental evidence which discloses its 
very great magnitude. 

From a theoretical point of view, there seems to he no doubt that the mutual 
actions of the molecules are represented by enormous internal forcives in all crystalline 
media. The usual method of determitiing the forcive at an internal point of the 
mattu-ial medium is to take a cavity whose dimensions are small in comparison with 
ordinary lengtlis {e.g., 1 cm.) and yet large compared with molecular dimensions. A 
convenient designation of the dimensions of the cavity is contained in the phrase 
“ physically small.”* In molecular theory, the subdivision of the medium into 
elements is not valid beyond the limits of physical smallness and only in media which 
are absolutely continuous may the elements l)e pushed to limits of “ mathematical 
smallness.” In a continuous medium our mathematical functions give us an accurate 
estimate of the forcives and potentials oj)erating at internal points ; in a medium 
composed of discrete particles these same functions give us only an approximate 
estimate. A discussion of the nearness of the approximation which can be obtained 
for material media is of great importance from the point of view of our sulyect. For 
the liquid state the question has been considered by Sir Joseph LARMORt who found 
that the part contributed to the forcive at siny intei’iial jx)int by the molecules 
imnjediately surrounding that j)oint was, on account of rapid motions and iri’egular 
distributions of the axes of the molecules, negligibly small. To quote from LarmorJ : 
“ The general conclusion may be expressed, in an adaptation of Cauchy’s terminology, 
by tlie principle that whenever the integrals in the formulie for mechanical forces on 
a material medium cease to be convergent, their principal values must be substituted,” 
and again in the footnote to p. 265, 

“’fhis statement (t.c., the above quotation) may be considered to be the 
mathematical expression of the principle of the mutual compensation of molecular 
forcives, for which, cf., ‘ Phil. Trans.’, A, 1897, p. 260. The principal value of 
C/AUCHY, as regards the completely defined analytical integrals of Pure Mathematics, 
would be the value at the centre of a minute spherical cavity. But the quantities 
which, to avoid periphrasis, have l)een here called integrals, are really summations of 
contributions from finite though very small, and complexly constituted, polarised 
molecules ; the distribution of these molecules that occupy our minute cavity is entirely 

* Leathem, “ Volume and Surface Integrals used in Physicsj” ‘ Cambridge Monographs,’ No. 1, p. 5, 

t ‘ .(Ether and Matter,’ p. 261, 

J hoc. ctf., p. 265, 
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unknown and may be continually changing, so that the only possible principal value 
is the one that omits the contribution of neighbouring molecules altogether.” 

When now we come to the case of crystalline media, the molecules which were 
removed from our small spherical cavity would affect considerably the value of the 
forcive at the centre, for there is in this case no averaging out on account of random 
motions and orientations of the molecules originally occupying the cavity. As we do 
not know the relative dispositions of the molecules composing the space lattice, or the 
law of force which is operative between the molecules, it is quite impossible to 
calculate tbe value of the intrinsic forcive for a point inside a ciystalline nnxlium, and 
as the method of averages, the application of which is quite sjitisfactory when the 
medium is in a fluid state, breaks down in the case of a crystalline medium, it is clear 
that our only way of progress lies in indirect deduction from experimental facts which 
record the change of physical properties accompanying the transition from the liquhl 
to the crystalline state. This is the method which has Ixien adopted in the previous 
portions of this wox’k and it has been shown that the internal forcive at a point of 
a crystalline medium is extremely large and comparable, if interpreted magnetically, 
with the molecular field in ferro-magnetic substances (lO^ gauss). 

In Part III. it was shown that the potential energy of the molecules forming 
a crystalline structure was sufficiently large to account for the magnitude of the 
thermal energy re(juired for fusion. On p. 201 of his “iEther and Matter,” Larmor 
states : “ These various actions (referring to the disturbance of configuration of steady 
orbits in moh^cules by action of an appli(?d magnetic field) involve energy terms for 
each individual molecule, and the sum for all the molecules, if it could be formed, 
would represent the total energy of the disturbance of the medium. But such a 
mere aggregate of terms would be of no use for applications to matter in bulk ; what 
we are concerned with then; is the mechanical part of the energy, which must be an 
analytical function of tbe specification of matter by volume, determined as to 
mathematicjil form by tbe character of the molecular actions, but with coefficients 
whose values are to be obtained only by direct experiment.” 

Although for a fluid medium the total energy of the disturbance of the medium, due 
to the application of a magnetic field, has little significance, yet, in the transition from 
the liquid to the crystalline state, during which the molecular field tecomes operative, 
the sum total of the energy disturbance of tbe medium due to the action of this molecular 
field is representative of the latent thermal energy which is absorbed when the 
crystalline medium is fused, and has a definite value for each particular substance. 

From the point of view of fluids, the intrinsic forcives mutually compensate and the 
mathematical functions may be treated as analytic, their principal values being taken. 
In a crystalline structure, however, the functions cannot be treated as analytic. 
Indirectly we have obtained a measure of the intrinsic forcive in this case with the 
lid of experimental data. The most we can obtain by direct experiment, however, is 
i measure of the mean Imolecular field, which expi'esses mathematically how the 

2 M 2 
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8U8ceptil)ility of matter in hulk depends upon a transition from the liquid to the 
crystalline state. When thus considering diamagnetic matter in bulk, the large local 
forcive which- has Ijeen shown to bind the molecules of the crystalline structure 
together need not he considered, since for matter in hulk its effects are cut out by the 
mutual compensation of molecular forcives. It is only when we enquire into the 
molecular structure of the cry.stalline medium, or to changes in this structure, that we 
pass to the inner limit where* the principles of Larmor and CaucHY for the fluid state 
no longer apply. Larmor remarks : “ The result of the integration still however gave 
us a valid estimate of the t*rt‘ect of the* mate;rial system as a whole, when we bore in 
mind that the infinite or rather undetermined term entering at the inner limit really 
re{)resents the part of the result which depends solely upon the local molecular 
configuration ; a part whose actual magnitude could l>e determined only when that 
configuration is exactly assigned or known ” {loc. cit., p. 125). 

It is with this “ infinite or rather undetermined term which depends 

solely upon the local molecular configuration " that the.se researches are maiidy 
concerned. It has been called tbe local molecular field of the crystalline medium 
(Part III., p. 83). 

(2) On thk Enkroy and Ultimate Tensile Strength Associated with 

CIrystalline Media or Gels. 

The larg<* intrinsic potential energy associated with a crystalline medium has been 
discussed in para. 5, Part TIT., pp. 90-95. It now remains for ns to examine the 
accompanying stresses to see how far the elastic properties of material media may b(* 
Interpreted in terms of these intrinsic forcives. Consider first the case of a liquid 
which is gradvially cooled in liquid air .so that it passes into a glas.s-hard transparent 
gel when it arrives at tlie temperature of the liquid air. 

It has been suggested (Part III., p. 81) that the appearance of rigidity in the gel 
is due to an interlocking of tin* irregularly shaped molecules (arranged at random) 
who.se theiwal agitation is sufficiently reduced. On account of this raiidom orientation 
of the interlocked molecules the gel will be isotropic. At such a low temperattire, 
also, the molecular motions will l»e highly constrained so that a particular molecule 
will present practically the same aspect to the surrounding molecules over a long 
period. If this is the case, then the local molecular forcive between this and a 
neighbouiing molecule will act in a definite direction and will not be rapidly changing 
its direction as would be the case with the same molecules at a considerably higher 
temj)erature (in the oixlinary liquid state). It is clear therefore that between the 
molecrdes of the gel at low temperature we shall have a large local forcive in operation, 
due to the interaction of the magnetic systems or revolving electrons within each 
molecule, but the direction of the action of this forcive between any pair of molecules 
will l)e one of random distribution, as we pass from pair to pair of molecules, although 
at any given |X)int it is fixed in du'ectlon. 
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On further cooling, the molecules continue to readjust themselves and the rigidity 
increases until a glass is formed. Still lower temperatures, accompanied by further 
molecular readjustment due to reduction of amplitude, may result in such a distortion 
of the lines of force binding the pail's of molecules together, that a completely new 
pairing of molecules takes place, resulting in spontaneous crystallization accompanied 
by thermal evolution as the more stable crystalline state is formed. 

Whatever may l)e the nature of the forces which hold the molecules of a liquid 
together, we have, in addition to these forces, the intrinsic field I'eferi'ed to above, 
when the substance passes into a rigid gel or crystallizes, and it is due to this intrinsic 
field that the two latter media show rigidity. 

If He l)e this intrinsic field,* I the local intensity of magnetization,! the potential 
energy per unit volume associated with the gel or crystalline medium will Ije 

( 1 ) 

and this will be over and above any potential energy which the molecules ef tVu- 
liquid possess. This is also a me.asure of the niechanical stress which binds the 
molecules of the gel or crystalline me^lium together and determines their rigidity. 

In Part III. we have given reasons for locating the source of the local molecular 
field within the molecule and we found that in the immediate neighl)ourhood of a 



molecule the value of this field, us determined from the properties of crystalline media, 
is of the order 10^ gauss. However the molecide is orientated, provided that 
orientation is not variable with time, the local forcive will l)e of this order of intensity 
and in some direction determined by the orientatit)n8 of the two molecules between 
which it acts. In a gel, as we pass from molecule to molecule, the direction of tliis 
stress will Ixj continually changing (fig. l). Throughout a crystal, on the other hand, 
its direction will be constant and will in fact la; one of tlu^ determining factors of a 
pai'tlcular form of crystalline symmetry (fig. Ia). 

In a gel, the whole collection of molecules is bound together into one homogeneous 

* See Part III., p. 86. 
t Loe. cit., p. 90. 
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isotropic mass (».«., as viewed in bulk) whereas in a crystalline medium the mass will 
be aeolotropic. 

In Part III. evidence was brought forward showing that in the case of 
diamagnetic media the local intensity of magnetization I is of the order 100, while the 
local molecular field H* between the molecules is of the order 10’ gauss. The energy 
of the molecular configuration of the crystalline medium (over and above that due to 



the molecular configuration in the liquid state) or of the gel at low temperatures, will 
therefore he of the order H^,. I = 10* eigs per uixit volume* and the internal stress 
10* dynes per square centimetre, or 1000 atmospheres approximately. For wrought 
iron the energy per unit volume will be 


i.H,.I = 6-5 X 10* X 1700 = 5-5x10* ergs 

and the internal stress al)Out 5500 atmospheres. 

In nickel the intrinsic pressure is 1*4x10* dynes per square centimetre or 1400 
atmospheres; in cobalt 4*4 x 10* dynes per square centimetre or 4400 atmospheres, in 
cast iron 4x 10* dynes per square centimetre or 4000 atmospheres. These internal 
stresses ai*e a measure of the forces binding the molecules together and should give 
an estimate of the ultimate tensile strength or tenacity of the medium. Moreover 
the tenacities of ferro-magnetic, paramagnetic and diamagnetic media should he 
roughly of the same order. That this is so is seen from the following valuest : — 


Ferro-magnetic 


Material. 

Iron, (wire) 

Iron, wrought 

Iron, cast 

Nickel (wire) 

Mild steel (0*2 per cent, carbon) 

High carbon steel 

Nickel steel (5 per cent.) . . . 


Tenacity 

(dynes per square centimetre). 
5-0-6-0x10* 
2-9-4-5X 10* 
1-2-1-9X 10* 

5-3 X 10* 

4-3-4-9X 10* 
7*0-7*7x10* 
6*2x10* 


* This, as we have seen in Part III., p. 93, is compatible with the values of the latent heat of fusion of 
diamagnetic crystalline media. See also infra, pp. 253-4, p. 256. 
t Kayk and Laby, ‘ Physical and Chemical Constants,' 1918, p. 28 . 
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Diamagnetic . 


Paramagnetic 


Material. 


Tenacity 

(dynea per square centimetre). 


Lead 0*16x10“ 

Zinc 1*1 -1*5x10“ 

Glass (sometimes paramagnetic) . 0*3— 0*9 x 10“ 

Quartz 10 x 10“ 

Copper 1*2— 2*5x10“ 

Silver (wire) 2*9x10“ 

-Gold (wire) 2*6x10“ 

Aluminium 0 *6 — 1*5 x 1 0“ 

Tin 0*16-0*38x10“ 

Glass (sometimes diamagnetic) . . 0*3—0*9x10“ 

Platinum (wire) 3*3 x 10“ 


We may conclude that the intrinsic stress due to the local inolticnlar field, 
calculated as above, gives a satisfactory interpretation of* the \iltinmte. tensile strength 
of crystalline media, as observed experimentally, irrespective of the natui-e of their 
magnetic pi’operty. 

The energy jussociated with the medium, in virtue of this intrinsic pre88Ui“e of 
crystallization, is consistent to the right order with the value of the latent heat of 
fusion of the material.* 

The energies per cubic centimetre of various diamagnetic and paramagnetic media, 
calculated from the latent heats of fusion, are given below : — 


1. Organic Compounds Investigated in Parts T. and III. 


Substance. 

Magnetic 

nature. 

Latent heat. 

Density. 

Energy 

(ergs per cubic 
centimetre). 

Benzene 

diamagnetic 

30 (calories per gramme) 

0-88 

1-1 xl0» 

Xylene 

n 

39 

— 

— 

Chlorobenzene . . . 

n 

30 

112 

1-4 xlO* 

Broraobenzene . . . 


20 

1-49 

1-3 xlO'* 

Aniline 


21 

102 

0-9 xl09 

Acetophenone . . . 


33 

— 

— 

Benzophenone . . . 

1 

n 

23 

110 

1-0 xlO" 

Phenvlhydrazine . . 

jj 

36 

110 

1-6 xl09 

IVridine 


22 

0-985 

0-9 xl09 

Nitrobenzene . . . 


22 

1-19 

1-1 xl0» 

Naphthalene .... 

1 n 

36 

1-15 

1-7 xlO' 

Naphthylaniine . . . 


22 

— 

— 

Acetic acid .... 


44 

105 

1-9 xlO* 

Glycerine 


42 

1-26 

2-2 xl0» 

Carbon tetra-chloride . 

}) 

4 

1 

1-58 

0-26 X 109 


* See also Part III., p. 93. 
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2. Elements and Inorganic Compounds, 


Substance. 

Magnetic 

nature. 

Latent heat. 

Density. 

Energy ! 

(ergs per cubic j 
centimetre). 

1 

Bismuth 

diamagnetic 

l.'l (ciilories {)6r gramme) 

9-8 

6-3 xlOo 

Cadmium 

14 

8-6 

5 0 X 10» 

Lead 

>> 

a 

11-4 

2-4 xlO'* 

Silver 

n 

22 

10-5 

9-7 xl0» 

Zinc 

n 

28 

71 

8-3 xlO** 

Phosphorus .... 


5 

1-8 

0- 38x10® 

Mercury 

n 


13-6 

1-7 xlO® f 

Copper 


43 

8-9 

16-0 xlO® 1 

Sulphur 

1 ” 

9 

2-0 

0-8 xlO® i 

Ice 

” 

80 

0-9 

3 0 X 10» ' 

Aluminium .... 

paramagnetic 

77 

2-7 

8-7 xlO® 

Tin 

' 14 

7-3 

t-3 X 10® 

Palladium 

n 

36 

111 

17 0 x lO® 

Platinum 


! 27 

21-5 

24-0 xlO® 

Potas.sium .... 

11 

1 

0-86 

0-56x 10” 

! Iron* (transformation 
ft -y at Aa point) . 

I 

i 

1 11 (calories per granimc) 

i 

7-9 

i 

0-46 X 10® 

In the case of iron 

at the A;, point, the transformation is from one cubic crystalline 


form to another, and we should expect the change of internal energy to l)e smaller 


than in the general ctvse of actual crystallization from the liquid state. 

We can obtain a measure of intrinsic pressures in crystalline media in another way, 
which depends on extrapolation of the relation contjecting the temperature of the 
freezing point with applied pressure. 

Tf 

Vi — volume of 1 gramme of liquid, 

= volume of 1 gramme of crystal, 

^ = temperature of fusion, 
p = pressure, in atmospheres, 

L — latent heat, 

we know that 

r> L L ‘ 

If the applied pressure be such that I'l = then dV = 0, and if we can determine 
th<! pressure v for which this condition exists, we have determined the intrinsic 
pressure due to the crystalline grouping, for if the latter were greater than, or less 
than, TT there would be a change of volume on crystallization. If v, = since, as 

the curve of fusion shows, both and L are finite, — must be zero, i.e., we have to 

dp 

* A. E. Oxley, ‘ Trans. Faraday Society,’ vol. XL, Part 2, February, 1916. 
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determine the value of the applied pressure corresjwnding to the maximum of the closed 
area on the 3-, p diagram. We cannot expect this method to give us anything hut an 
approximate value of ir because the extrapolation beyond laboratory pressures is 
considei-ahle, but the results of the calculation are suggestive. 

The relations between the temperature of fusion (&) and applied pressure (jt>) in 
atmospheres, for the substances* here referred to are taken from ‘ Kristallisieren und 
Schmelzen’ by G. Tammann, Leipzig, 1903, p. 204, el seq. 

Kor water Tammann found 


^-22 = 0-00438 . (jo-2200)-77x 10- «. (j[>-2200)®. 

Differentiating and equating ^ - to zero, 

;5Cl 

= 0-00438-1 54 X 10"“ . (p-2200) = 0, 

dp 

or 

- ^1 004 38 + 1 54 X 2 200 x 1 0 -** 

154 x10 “ 

== 5000 atmospheres =% 5x 10* dynes/s<{uare centimetre. 

Benzoplienotui — 

^ = 48-11 +0-02757j[>-0-00000136 
Differentiating and equating^ to zero we find the inti'insic pressure 

vp 

TT = 10,000 atmospheres. 

A ce.topli e.rtone — 

^ = 19-2 + 0-023.5j[>-0-00000l52 . JO® 

IT ^ 7700 atmospheres. 

Aniline — • 

Si = -6-l4-0-0203jr)-0-000001 12 . JO® 

TT = 9000 atmospheres. 

Nitrobenzene — 

^ = 5-67 4 0-02344JO- 0-000001 16.JJ® 
ir^ 10,000 atmospheres. 

Xylene — 

^ = 13-240-03438^>-0-00000171 .jo® 

7r= 10,000 atmospheres. 

Benzene — 

^ = 5-43 + 0-0283JO-0-00000198JO* 

IT = 7100 atmospheres. 

* Most of those substances show a change of diamagnetic susceptibility on crystallization. See Part I., 
pp. 120-131 ; Part III., pp. '.)6-97. 

VOL. eeXX. — A. 2 N 
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Naphthalene — 

& = 79-95 + 003657/>-0-00000180y 
7r== 10,100 atmospheres. 

, Carhon tetra-cMoride — 

-2.r0 + 0*0350jp-0-00000147p=' 
TT == 11,900 atmospheres. 

Ethylene di- hromide — 

= 9-85 + 0-0252jo-0-00000125y 
TT = 10,000 atmospheres. 

Formic acid - — 

^ = 775 + 0-01276p-0-00000080/)‘' 

TT % 7980 atmospheres. 

Potassium — 

= 59-5 + 0-0146 -0-0000007jt>=‘ 

TT % 10,000 atmo.spheres. 

Phosphoms — • 

a = 43-93 + 0-()27.57?-0-00000050p» 

TT ^ 27,500 atmospheres. 

Sulph ar, rhonihic-monocUnic* 

^ = 95-4 + 0-0.3725^ + 0-00000213^=* 

TT — 87 00 atmospheres. 

Solid (X)^— 

= - 56 -8 + 0-01999p-0 -0000007 5jo" 
TT == 13,300 atmospheres. 


3’hese values, it is true, appear rather high whcui comptirecl with those found from 
other considerations, but due imjwrtance must be attached to the difficulties of 
experimental work of this nature and to the fact that the experimental data have 
been extrapolahid over a consideiuble pressure interval (several thousands of 
atmospheres). 

Comparing these results with those given on pp. 252 to 254 it is considered that a 
mean value of the intrinsic stress in diamagnetic crystalline media, viz., 2x 10® dynes 
per square centimetre is representative of the true order of magnitude of the forcive 
which binds the molecules in the space lattice of a crystalline medium. This implies 
that the energy per unit volume of the diamagnetic crystalline medium, in virtue of 
the crystalline grouping, is comparable with 2x10® ergs. 


* This transition of sulphur from the rhombic to the mouoclinic form is accompanied by thermal 
absorption. Since ^ is positive the transition line for different pressures will be eonvex to the ^axis. 
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As the correspoiidinjf stresses and energies are of* the same order in the ferro- 
magnetic metals, end, further, since it has l>!eu shown (see Part IT., pp. 143, 145 and 
Part III., pp. 84-87) that the local molecular ftn’cive in diamagnetic media is of the 
same order as that in the feri'o-magnetic metels, we may conclude that the local 
intensities of magnetization in the two types of media are comparable. 

Since 

^ . He . I == 2 X 1 O'* ergs, 

and 

U)^ gauss (see Part TIT., p. 80), 

we find 


and 


I ^ 400, 


a', = = 2-5 X 10^ 


In a diamagnetic crystallin(3 medium the local forcives are comp)ai-ahle with those 
in iron, and, since the latter medium shows hysteresis in a magnetic field, we may 
enquire whether a similar phenomenon will be shown by diamagnetic media. If the 
diamagnetic molecules are magnetically unsymmetrical, the application of an external 
magnetic field will tend to orientate them.* But this will be a differential effect on 
our concepition of a diamagnetic molecule, and thus the tendency of the applied field 
to produce new molecular groupings will he small. We should therefore expect that 
hysteresis due to magnetization will be lnap)preciable in diamagnetic media. In Iron, 
on account of tlie unbalanced magnetic nature of th»' molecules or atoms, new 
groupings are actually produced under fields of moderate intensity and the 
formation of these implies a loss of energy which is measured by the area of the 
hysteresis loop. 

If, however, we take a. diamagnetic copp*r wire and subject it to mechanical strain, 
the medium shows mechanical hysteresis. If sufliciiMitly large stresses are employed, 
a p)ermanBnt set is produced within the individual crystalline grains, new groupings of 
tlie molecules are formed, and a certain amoiint of energy is dissipated. All media, 
whether they are ferro-, para-, or diamagnetic, will show mechanical hysteresis. *rh(3 
difference from a magnetic pwint of view lies merely in the corapujiisated nature of the 
diamagnetic molecule as compared with the uncompensated nature of the ferro- 
magnetic molecule, but the local forcives ar(3 compDarabk*, so that under mechanical 
stress the mechanical hysteresis effects will be comparable. 

(B) a CoMPAllISON OF THE ELASTICITIES OF SOME DiAMAONETIC CRYSTALS WITH 
THOSE OF Crystalline Paramagnetic and Ferro-maonetic Media. 

It is well known that the ap^plication of an external magnetic field altei-s the 
distribution of stress in a mass of iron crystals. On our theory we see how the 

* This orientation in a diamagnetic liquid gives rise to the induced magnetic double refraction. See 
Part III., p. 87. 


2 N 2 
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molecules orientate themselves during crystallization under the influence of’ the local 
forcives which are characteristic of the molectilar configuration. The influence of these 
local forcives will prinluce in the crystalline medium a distribution of internal stress 
which will in general be different across different planes, and in this way the planes 
of chiavage can Ik) defined. In the direction where the stress is greatest, we should 
exp(ict the elastic properties of the crystal to be abnormally high, comparable in fact 
with the elastic properties of steel. 

In other directions we should expect the elastic properties to be less pronounced, 
and indeed the shearing* of crystals, merely by the insertion of a, knife blade and the 
application of small pressure parallel to a plane of cleavage, is evidence of this. 

The following values of YoUN(}’s Modulus of Rigidity for various ferro-niagnetic, 
paramagnetic, and diamagnetic media show that the power to resist distortion is of 
the same ord<u' whatever the. magimtic nature of the crystalline medium. 


Substiuice. 


Magnetic nature. 


[ Iron (O' 1 per cent, carbon) | ferro-magnetic 

Steel (1 per cent, carbon) . „ 

Nickel ; „ 

Aluminium paramagnetic 

Tin ; 

Glas-s (sometimes diamagnetic) 


*< 


I’latinum 
Lead . . . . 

Zinc . . . , 

Copper . . 

Silver . . 

Gold . . . 

Bismuth 
Quartz (fibre) 


paramagnetic 

diamagnetic 


Yoi'No’s modulus 
(dynes per square 
centimetre). 


•1 

1 

1 

7 

s 

5 


i;$x lO’-'i 
01) X 10^2 
02 X lO’-* 

05x 10” 
■13 X 10” 
-7'8x 10” 
1-G8x IQi’ 

62 X 10” 




) X 


10 ‘- 
23 X 1012 
9 xlO” 
0 X 10” 
It) X 10” 
18x 10” 


Principal Yoting’s 
moduli (dynes per 
.square centimetre). 


Quartz (crystalline) . . . 

diamagnetic 


I'OOxlOi--' 

5-7 xlO” 

Beryl 

' paramagnetic 


2'06xl0in 

6'54x 10” 


i 


2'25x 10’2/ 

9'6 xlO” 

Topaz 

diamagnetic 


2'2r>xlO'2T 

— 


j 


2'83x 10'2 1 

— 


i 


2'60x 10>2 J 



Rock salt 

»> 


O' 41 X 1012 

1-27x10” 

I’ot.assium chloride . . . 

1 >> 


0-36 X 10” 

0-64 X 10” 

Fluor spar 

’ : >» 1 


l'44x 10” 

3-4 XlO” 

Pyrites 

' 


3'46x 10” 

10-5 xlO” 

Kaye and Laby, ‘ Physical and Chemical Constants,’ p. 

to 

pc 



Rigidity (dynes per 
s([uarc centimetre). 


8-3 X 10” (calc.) 

8-1 X 10” 

7-7 X 10” (calc.) 

2 '67 X 10” 

2'0 X 10” (calc.) 

2- 6 xlO” 

61 X 10” 

O' 56 X 1011 (calc.) 
5 X 10” 

4 -.55 X 10” 

2 '87 X 10” 

2 -77 X 10” 

1-2 X 10” (calc.) 

3- 0 xlO” 


Principal rigidity 
(dynes per square 
centimetre). 


■I 


t A. H. Love, “The Mathematical Theory of Elasticity,” ‘ Camb. Univ. Press,’ p. 160. In the 
cases of Ijoryl and topaz the different values correspond to bars whose lengths are in the directions of the 
different axes of symmetry. 
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As Love points out, the values of these elastic constants for In^ryl and topaz are 
remarkable in that they are greattsr than tlu^ corres})on(ling constants in ordinary 
steel. The values of the ekistic coefficients for most of the other substances in the 
above table are comparable with the constants for steel, and it is considered that these 
residts give very strong evidence in favour of the large in ter molecular forcive 
operative in diamagnetic crystalline media and co?iflrm the suggestion made in 
Part II., p. 143, that this local forcive is comparable with that in ferro-mjignetic media. 

If a crystalline medium be heated, then as long as the crystalline state ])nn'ail8, 
rotational vibrations of large amplittide are prevented, so that the specific h(!at of 
the crystalline medium is lower than that of the .supercooled liquid.* In tin* latter 
casti, the liquid at low temptiratures passes into a rigid gel, and when this is heated, 
the molecules acquini rotational vibrations gradually until finally the ordinary liquid 
state is reached, possessing no appreciable rigidity. It is important to note that the 
molecules are vibrating under a local forcive to which we are ascribing the elastic 
properties of the medium, and therefore the theory is consistent with the theory of 
specific heat developed by Dejiyk, in which the forces which control the tlaanial 
vibrations of the molecules are identical with those which determine the elastic 
coTistants of the medium. Madeltjno and Sutherland hava* similiirly suggested 
that the elastic forces resisting mechanical strain are just tliose forces which determine 
the infra-red optical vibrations of tiie atoms in tlie solid substance. It lias been found 
{xissible to calculate the infra-red frequencii^s from a knowledge of the mechanical 
properties. In tlu< pnjsent researches it Inis been .shown that w»; can calculati! both 
the optical frequenciest and the mechanical stresses from the local molecular forcive. 
Within the core of the atom the local controlling force may lie more intense, and 
although such an intense forcive would not directly operative in detennining the 
.state of crystallization, yet it might lie respon.sible for determining frequencies on 
the ultra-violet side comparable with X-ray frequencies. (See infra, pp. 273 and 278.) 


(4) The Ciianhe of Density on thiYSPALLizATioN Tnterfretkh as a Maoneto- 
STiiKmoN Effect of the Molecular Field. 


If we subject a liquid to a magnetic field, a change of volume occurs to such an 
extent that the internal pressure is reduced by an amount equal to the p<itential 
energy per unit volume of the magnetic field. This change of internal pre.ssure (see 
Part III., p. 9l) is 

( 2 ) 

where 


ki is the susceptibility of the liquid per unit volume, 
a constant equal to l/3, 


H, the applied field intensity. 

* Part III., p. 94. 

t A. E. Oxley, ‘ Roy. Soc. Proc.,’ A, vol. 95, p. 58, 1918, and Part III., p. 84. 


and 
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As ki for diamagnetic media is of the order —7x10“^, the second term in (2) is 
insignificant in comparison with ^ . A;, . 

If c be the compressibility of the liquid, the change of volume in cubic centimetres 
per cubic centimetre will be given by 

= (3) 

This relation has been exjKjrimentally verified by Quinokb.* The compressibility c is 
of the order lO"'", particular values for different substances being : — 


Subvstance. c x 10^^. 

Benzene . . ' 0‘8 

(Jhlorobenzene 07 

Toluene 0’8 

Xylene 07 

Water 0‘5 

(larl>on tetrachloride .... O'O 

Acetic acid 0‘4 

(W'bon bisnlpliide 0*9 

Substance. cxlO*-. 

Mercury 37 

Potassium 3 1 ‘5 

Sodium 15 '4 

Lead 2 ’2 

Tin 17 

Bismuth 2 '8 

Iron 0'4 


Since the largest magnetic field at our disposal is 50,000 gauss, the largest value of 
h) is 

-l-x l()-*"xrx 10-^x2’5x 10” =-8x10-'* =-i0-’ c.c./c.c. 

Now we have shown (Part III., p. 90) that the potential energy term corresponding 
to (2) for a crystalline medium is 

per unit volume, where a'* is the constant of the local molecular field and I is the 
aggregate of the local intensity of magnetization per unit volume. The term 
^ . F is associated with each cubic centimetre of the crystalline structure whether 


* See G. T. Walker, “ Aberration and the P]loctromagnetic Field,” ‘ Camb. Univ. Frees,’ pp. 72-83. 
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H be zero or not. It is really due. to the spontaneous local intensity of magneti- 
zation per unit volume and corresponds to the similar energy term, ^-NP (Weiss), 
due to the spontaneous magnetization in iron. Using the values wliich have already 


been assigned to a'* and T,* viz., 


a', = 2*5 X ion 
i ^ 400 


. ( 4 ) 


we see at once that this term is large in comparison with ki . H** and therefore the 
change of volume to which the potential energy term ^ . aV I* gives rise will he large 
in comparison with that which we can prodiice artificially in a liquid by applying the 
largest field available in the laboratory. 

When a diamagnetic substance crystallizes, the alteration of internal pressun; will 
be . P and therefoi'e the accompanying change of volume in cubic centimetres per 
cubic centimetre will he 

<W = A . c . a ', . P, , 

and substituting from (4) we find 

= I. 0 - 8 x l0-’‘’x I 6 x 10‘x2-5x 10* = O’lG c.c./c.c. 


to the appropriate order. 

Some values of (W in cubic centimetres ixn* cubic centimetre are : — 


Substance. 

SV. 

Benzene 

. . O'lO 

Naphthalene .... 

. . 014 

Benzophenoiu^ .... 

. . O’lO 

Ui-phenylaminc . . . 

. . 0-10 

Formic acid .... 

. . 010 

Sodium 

. . 0-03 

Potassium 

. . 0-03 

Mtn’cury 

. . 0-036 

Lead 

. . 0-03 

Tin . 

. . 0V3 

Bismuth 

. . 0-03 

Iron (at A 3 point) . . 

. . 0-003 


The values calculated agree as well as could l)e expected with the experimental deter- 
minations, since we know the orders of magnitude only of a'g and I, for these are 


* See p. 267 supra. 

t A physical explanation of this large value of a'c and of the corresponding constant N in ferro- 
magnetism is given on p. 267 infra. 

t G. Tammann, ‘ Kristallisieren u. Schmelzen,' Leipzig, 1903, pp. 204 et seq. 

§ Desoh, ‘ Metallography,’ p. 242. 
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unknown functions of the molecular structure and space lattice of each substance. It 
will be noticed that those substfinces showing a small value of SV have low compressi- 
hilities. 

The case of iron at the A;, transformation is particularly interesting. From the 
curves given by CiiAiii*Y and Grenet,* dealing .with the expansion of iron and iron- 
carbon alloys between 200° C. and 1000° G., we can show that the extexit of linear 
contraction which occurs suddenly at the point (900° C.) is of the order 0'003 centi- 
metre per centimetre. The chaxige of volume will be of this order of magnitude, 
which is small in comparison with the change of volume accompanying the crystalliza- 
tion of many organic compounds, but is very large compared with the magneto- 
striction effect which can be induced in either a ferro-magnetic or diamagixetic 
substance with a field of ."xO.OOO gauss. 

Taking into account the small compressibilty of irou,t which is only 0'4x 10“**, or 
about 1/200 that of the liquids above referred to, this change of volume may Ix^ inter- 
pretiid as due to a change oi‘ internal energy represented by ^ . N . T* where N is the 
constant of the ferro-magnetic field, of the order O’OB x 10*, J T the satxiration intensity 
of magnetization, of the order 1760. For we Imve 

.^V = ^ . c . N . P 

= I X 0-4 X 1 0“’* X 0-38 X 10* X 1 76* x 10" 

= 0-002 (4) C.C./C.C. 

which is of the order of magnitude found expei’imentally. The molecular field exists 
in an unmagnetized piece of iron and is accompanied by the large spontaneous 
magnetization of that element thx’oughovit axx ixxdividual graixx, but as these giuins 
have all type-s of oriexitatioxi, the Isirge molecular field axid tlie accompaxiying 
spontaixeoxxs nxagixetization ai'e hiddexx iix xi piece of iron large enough to contaiix many 
giaiixs. The molecxxlar field will ixevertheless produce the magneto-strictioix effect 
referred to above.§ Let us suppose thsit such xi piece of iron is subjected to axx external 
mxignetic field. The molecules of all the graixxs will tend to come into alignment with 
the applied field axxd thex’e will be a nevv distx’ibutioxi of stress. In an unmagnetized 
piece of iron, takexi as a whole, the stx'ess may be regaixled as equal iix all directions, 
but whexi iiix extenxxil field is xxpplied, this is no loxiger the case axxd the iron shows a 
ixew mxigneto-strictioix effect consisting of an expaixsioix iix one direction and a 
coxxtrxxction in the other. The extent of the redistribution of stress should be deter- 
mined by a term of the form ^ . «', . t* where a'^ is the constant of the molecular field 

* Loc. eit. 

t Richards, ‘ Journ. Chem. Soc.,’ vol. 99, p. 1201, 1911. 

f Weiss and Beck, ‘ Journ. de Phya.,’ s^r. iv., vol. 7, p. 249, 1908. 

§ See infra, p. 265. It is assumed here that the molecular field disappears just above the As point, at 
least in so far as it is effective in causing spontaneous magnetization. This is in accordance with the 
small paramagnetic susceptibility of iron above As. 
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and I is the resultant intensity of magnetization induced in the direction of the 
external field. The compressibilities will now l)e different along and perpendicidar to 
this directioti, and the change of volume should be projwrtional to i’‘ for the particiilar 
valu(} of the applied field. This result agrees with experiment.* 

We can see in a general way how the sign of SV on crystallization may sometimes 
Ije positive and sometimes negative. Usually the molecular packitig in the crystalline 
state will be close-r than that in the liquid state, but it may happen that the 
configuration of the molecule is such that, when thi; parts which have the strongest 
magnetic attraction for each other are in the position of minimum potential energy, 
the packing is more open than in the liquid state, ^fhe appearance of the internal 
forcive on crystallization will in this cjisii be accompanied by expansion. In the former 
ca8«3 the appearance of the internal forcive will Iw accompanied by contraction. 

The region of stability of the crystalline state is represented on the pressure 
temperature diagram by a closed area (fig. 2). 



This area will in general be divided into four quadrants by the loci of the lines 
= 0 and L = 0, where SV is the change of volume on crystallization and L is the 
latent heat. 

In the four quadrants the following conditions hold : — 




0V. 

3^ 


Quadrant. 

L. 

dp 

f)//“ 

1 

+ 

-h 

-b 

— 

2 

+ 

- 

- 

- 

3 


1 

\ + 

4- 

4 


+ 


+ 


If the melting-point is at some point along the arc AH of the first quadrant, 
increase of pressure raises the m.p. and SV and L are positive. This corresponds 


* Naoaoka and Honda, ‘ Phil. Mag.,’ vol. 46, p. 268, 1898. 
VOL. CCXX. — A. 2 O 
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vitli the case for Ix^nzophenone. In the Wise of water the diagram is as in fig. 3 and 
or p = 1 atmosphere, JV is negative and L is positive. The m.p. is in this case 
ocated on the arc A'B' in the second quadrant. A similar case is that of pure iron as 
he knnpiirature is raised through the critical point A;, (see fig. 4). At Ag, SV is 


legative and L is positive, while ^ is negative. 
Now 


^ . S’ 

~ L “ L 


therefore > Vy which gives a shrinkage in iron on heating through the Ag point at 
.bout 900° C. 


av=o 




The application of the ndation 


dp L L 


s interesting in connexion with some abnormalities of heats of recalescence in ferro- 
nagnetic media. The change of volume JV, both expansion and contraction ; the 
ibsorption or evolution of lieat of the amount L, depend solely upon the shape of the 
•egion of crystalline sta])ility and its position relatively to the p axes. 

Thus nickel steel with no carl)on and pure cobalt show no recalescence at the 
nagnetic change fK>ints. In these cases L is very small and since and ^ are finite, 

will b(} large (fig. 5). In other words, under the pressure of one atmosphere, the 
P 


[lath of the crystallizjition curve cuts the line AB at a steep angle in the neighlxjurhood 
,)f the intersection of the fusion curve with the neutral line L = 0, 
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The apparent discontinuities of the susceptibility temperatui’e curve ai'e suggestive 
in this connexion (fig. 6). The upper branch of the curve AB for the so-called /8-irou 
is practically continuous with the branch CD for the 5-rauge alx)ve 1400“ C. Between 
B and C there is a break, the bmnch BE representing /9-iron over a somewhat narrow 
range just below the critical temperature 3^, and the branch Ef' representing 
paramagnetic y-iron. The locus BEFC corresponds to a crystalline modification of 
iron which is more stable over this temperature interval than the crystalline grouping 
or groupings over the ranges AB and CD. 

If this view is correct, the molecular field is operative in iron over a temperature 
interval from 1400° C. upwards as well as l)elow the critical temp<irature. The 
existence of this forcive above 1400° C. implies a crystalline symmetry involving an 
appreciable mutual action Ijetween the molecules consistent with the enhanced 
susceptibility found by CuRiK* and by Weiss and FoExf over this range. In the 



Fig. 6. Fig. 6. 

intermediate range, between 900° C. and 1400° C., iron shows a paramagnetic quality 
only. Perhaps we may regard the molecular state in this range as more allied to a 
gel, consisting of very small interlocked grains, each with relatively few molecules, | 
rather than to a coarse grain crystalline JU'rangement of the molecules, /flie orientations 
of the molcicular axes as we pass from one small grain to another will Ik; different, so 
that each grain is, as it were, surrounded by a surface of vitreous material. As stated 
on p. 251 the molecular field would then l)e non-ettective in so far as the prcxhiction of 

* ‘ Annales de Chimie et de Physique,’ ser. iv., vol. v., p. 289, 1895. 

t ‘Archives des Sciences, Genfeve,’ s^r. 4, vol. xxxi., p. 88, 1911. 

t This smallness of grain structure above As in wrought iron or mild steel is consistent with the 
experiments of J. E. Stead, ‘Iron and Steel Institute,’ 1898, No. 1, p. 145. The reverse effect, that of a 
coarse structure on cooling from above Aa, observed by Stead and Carpenter (‘ Iron and Steel Institute,’ 
No. 11, p. 119, 1913) in the case of thin strips of electrolytic iron, may possibly be attributed to surface 
forces. See also a paper “ On the Part Played by the Amorphous Phase in the Hardening of Steels,” by 
J. C. W. Humerey, ‘Trans. Faraday Soo.,’ May, 1915. 

2 O 2 
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spontaneous magnetization is concerned, but the tenacity might even surpass that of 
the chaotic /S-state since the transition jS— y is accompanied by shrinkage. Such an 
increase of tenacity was actually found by Rosknhatn and Humfrey.* 

The effects of prolonged heating on the plasticity of mild steel are interesting in 
this connexion. EwiNO and RoSENHAlNf have shown that the plasticity of a material 
is caused by slips occurring on cleavage or “gliding” surfaces within each of the 
crystalline grains, although the elementary portions of the crystals retain their 
primitive form and tin; crystalline structure of the metal as a whole is preserved. In 
the case of mild steel, exposure to a temperature of 1 200° C. or higher temperatures 
for 8(iveral houi’s may cause the material to lose much of its plasticity, while some 
specimens of soft iron after pi-olonged expostire at 700° C. to 800° C. (less than the 
criticiil temperature) have l)een made brittle. These resxilts are consistent with a 
similarity of molecular configuration for temperatures above 1200° 0. and below the 
critical teinperatiire (about 850° C.). On the other hand an exposure at 000° C. or 
1000° C, {i.e., in the region of the parjftnagnetic state), followed by a slow or fairly 
rapid cooling, induces considerable plasticity in tbe material, and this ti'eatment may 
even b(.( ihsed to i-emove brittleness originating from heating to the higher or lower 
ranges of temperature mentioned alx)ve. As the plasticity is produced by slipping on 
cleavage surfaces within the crystalline grains, this smallness of the grain stnicture 
may, under stress, determine a molecular rotation. Ewing and 11osenhain| have 
shown that in some metals, in addition to slips or motions of pure translation, theni 
results a molecular I’otation from strain which gives rise to twin-crystals. It is 
interesting to note that the formation of twin-crystals is common in iron through the 
y-range, but has not been observed in the /Q and a ranges. 

As the ttunpei’ature falls l)e,low 1400° C. there is some modlficaitlon of the crystalllim 
cubic arrangement, resulting in a closer packing of tlie molecule.s, and accompanied by 
an interlocking of the fine grains. Thus iron in the y-range (1400° C, to 900° C.) will 
be paramagnetic. At a lower temperature than 900° C., this state is unstable and 
anotht'r 'modification of the crystalline grouping occurs, accompani(*d by expansion, 
thermal <n-olution, and the appearance of spontaneous magnetization. This latter effect 
seems inconsisttmt with a more open packing of the molecules, biit an analogy is found 
in the case of water, where the molecular influence iri the liquid just above 0° C. is 
small compared with that in ice just l)elow freezing point, although the packing of 
the molecules in the liquid state is closer than that in the crystalline state (see supra 
p. 264). As the temperature is lowered the transformation progresses rapidly until 
a })olnt B is reached, after which the increase of magnetic quality is somewhat less 
i-apid. On continued cooling, the iron passes into the a-range where the magnetic 
proptirty is capable of attaining a saturation value. 

* ‘ Roy. Soc. Proc.,’ A, vol. 83, 1909 ; ‘ Iron and Steel Institute,’ No. 1, 1913, 

t ‘ Phil. Trans. Itoy. Soc,,’ A, vol. 19.3, p. 279. 

J See Ewing, ‘The Strength of Materials,’ p. 47, 1906. 
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(5) Fukther Discussion op the Nature of the Local Molecular Field 
IN Ferro-magnetic and Diamagnetic Media. 


This subject has already been discussed in Part III., pp. 85) and 100, but no 
interpretation was then given to the magnitudes of the constants N and of the 
local ferro-raiignetic and diamagnetic fields. The values of N given by W EISS and 
Beck* are 0'38x 10* for iron, and 1'27 x 10* for nickel. For diamagnetic crystalline 
media a\ is of the order 2x10*. 

Ewing and Lowf have shown that in very strong magnetic fields the relation 
between induction (B) and applied field (II) may be reprcisented by the liquation 

B = H -h a constant (l) 


This con.stant has the value 47rl (where I is the satiu’ation intensity) and is ecpial 
to 21,360 in wrought iron, 6470 in nickel and 16,300 in cobalt. 

In the case of wrought iron 

B = 11 + 21 360 (2) 


Suppose we could apply a field equal to the molecular field, 6’53xl0* gauss for 
iron. The limiting value of the permeability /*!, for this field will be from (2) 

21360 


^‘'’6-53x 10“’ 
and th(! limiting suscitptibility per unit volume 


and 


21360 
Air 471x6-53x10' 


- = 2-60 X 10-*, 


= 0-38 X 10*. 


XL 


This is (iqual to the value of N, the coefficient of the molecular fndd, as we should 
expect. 

Similar calculations may be made for nickel and cobalt, the limiting susceptibilities 
being resptsctively 

Xl = 0'81 X 10~* for nickel, 

Xl = 2-0 X 10“* for cobalt. 


Now we may ask the question, why is it that, in spite of tlu* fact that all the 
molecules are ordered into a definite space lattice under the influence of the respective 
molecular fields, the, materials still show a finite susceptibility to magnetization? The 

* ‘ Journ. de Phys.,' s^r. iv., vol. 7, p. 249, 1908. 
t ‘ Phil. Trans. Roy. Soc.,’ A, p. 212, 1889. 
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explanation, I think, is to l)e found in the finite thougli small angular oscillations 
which constitutt! a portion of the thermal energy of the molecules. The molecules 
are fixed relative to one another and form a definite space lattice but they are 
oscillating witii small amplitude under the molecular field. This allows them to 
retain a finite susceptibility. Suppose we could double the molecular field, the 
limiting susceptibility would iM^come one-half its former value and the saturation 
intensity of magnetization would be slightly increased. If we could increase the 
molecular field indefinitely, the susceptibility would get indefinitely small, the product 
of the two however tending to a finite limit equal to the true saturation intensity of 
magnetization. The amplitude of the molecular oscillations would, under the 
influence of this indefinitely large forcive, be indefinitely small. This state might be 
attain(?d in a practical manner by cooling the substance, say in liquid hydrogen, when 
the limiting susceptibility would l)ecome vanishingly small. 

As N is the reciprocal of the limiting susceptibility the constant of the molecular 
field will become indefinitely large. Weiss, however, supposes N to be constant.* 
'fhe tendency of xl to approach a small limiting value as the temperature is lowered 
is confirmed experimenbilly for ferro-magnetic substancesf and is particulaily noticeable 
in the case of weak magnetic fields. 'JTie reduction of the amplitude of vibration of 
the molecules as the absolute zero is approached merely implies a higher frequency of 
aiigular oscillation under the increasing molecular field and does not necessarily iniply 
that the rotational energy l)ecomes vanishingly small. In this case it should be noti*d 
that th(? saturation intensity of magnetization we are considering is smalku’ than that 
wliich would b(^ given by the simple summation of all the magnetic moments of the 
molecules in unit volume. In other words, the difficulty of protlucing this latter 
saturation l)y an external field Ixscomes Increasingly difficult on account of the largtsr 
molecular ftu'clve at low ttsmperatures, in agreement with the vanishingly small 
susceptibility referred to above. At higher temperatures the susceptibility to an 
external field is far greater ; the molecules are, as it were, helped over their difficulties 
with respect to the molecular field, when the external field is appll(!<l, by the increased 
energy of the rotational oscillations, and having passed this critical point they are lield 
in new coinl)ination.s. Beyond the critical point the molecular state is chaotic, the 
molecules l>eing interlocked {cf. p. 265), and the external field has sufficient control to 
produce a paramagnetic effect only. 

* Following \\'^Kiss, wo have tiiken the molecular field proportional to I. Weiss writes the molecular 
field NI and assumes N to be constant. This applies with sufficient accuracy in a temperature region just 
holow the critical temperature, but cannot be true over the whole region down to absolute zero, because, 
as the molecular translational vibrations die down, the molecules approjich one another more closely and 
the molecular field must necessarily increase considerably although I remains practically consUint. This 
increase is accounted for by the increase of the coefficient N, which is the reciprocal of the limiting 
susceptibility. 

t Ewino, ‘ Magnetic Induction in Iron and other Metals,’ p. 172 et seq., where curves are given for iron, 
hard steel, nickel and various nickel steels. See also p. 269 infra and Ewing, loc.. cit., p. 6.04. 
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The fall off in the value of x a® fhe temperature is reduced, may, in part, be 
explained by the increased value of the molecular field, due to the nearer approach of 
the molecules. As the local molecular field tecomes very big, the induced diamagnetic 
effect in each molecule will become big, in the same proportion, and this will tend to 
reduce the value of x ^^nd make this quantity tend to a limiting value. If the 
molecular field is of the order 10^ gauss at ordinary temperatures, we have seen that the 
ratio of the induced diamagnetic moment AM to the magnetic moment of the ehictron 
orbit M, is of the order l/lOO. If the molecular field at low temperatiires approaches 
10* gauss, owi?\g to closer proximity of the magnetic elements in neighbouring 
molecules, the diamagnetic effect would be comparable with the ferro-magnetic effect.* 
On our view this does not imply that diamagnetic substances should acquire a large 
diamagnetic susceptibility at very low temperatiires. For hiking the molecides in 
pairs, locally they are paramagnetic and the action of the local molecular field is to 
reduce this paramagnetic effect so that the local magnetic moment becomes smaller 
and the susceptibility to an external field tends to zero lus in iron. 

According to EwiNGt experiments carried out to test this effect have neither proved 
nor disproved this theory, probably l)ecause the external fields were not sufficiently 
strong. But during crystallization we are applying unconsciously to each molecular 
current a magnetic field 500 or 1000 times stronger than the largest field we can 
apply externally, and probably even gx*eater local intensities are attained at low 
temperatures, since the interacting magnetic elements in adjacent molecules may be 
almost touching one another. The mutual induction and temj)erature effects combine to 
cause X to approach the limit zero at the absolute zero or in very powerful external fields. 

In diamagnetic media we have seen that the constant of the local molecular field a\ 
(whlcli corresponds to N in Weiss’s ferro-magnetic field) is of the order 2’5x 10* and 
the reciprocal of this, viz., +4x10“®, is the order of magnitude of the local positive 
limiting susceptibility of a diamagnetic crystalline medium. (At ordinaiy temperatures 
the diamagnetic susceptibility per unit volume is of the order — lO"®). The pjirts of 
molecules adjacent to one another in a diamagnetic crystalline medium attract in a 
similar manner to the adjacent parts of molecules of a ferro-magnetic or paramagnetic 
medium. 

In a ferro-magnetic medium, as the temperature is raised, the susceptibility increases 
up to a certain point just below the critical temperature and then falls off rapidly. 
The temperature controls the susceptibility in two ways ; first, by helping the molecules 
to overcome the difficulties of orientation, produced by the neighbouring molecules, to 
a point just lielow the critical temperature ; second, by overdoing this effect and by 
giving the molecules too much rotational energy, at the critical temperature and above, 
so that the susceptibility to magnetization falls very rapidly. 

* In tiickel the molecular field is 6 * 3 x 10® gauss. An applied field of 10* gauss would make a substance 
as diamagnetic as bismuth have a saturation value equal to that of nickel. 

t * Magnetic Induction in Iron and other Metals,’ p. 353. 
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In a diamagnetic crystalline medium, as the temperatui'e is raised, the local positive 
susceptibility will obey a similar law, the temperature of fusion now corresponding to 
tlie critical temperature in the ferro-magnetic case. Although locally the relation 
betwc^en susceptibility and temperature is the same in the two ctises, the effect passes 
unnoticed in the diamagnetic case Injcause the molecule has a totiil zero magnetic 
moment. Nevertheless, the effect of temperature acts in its two antagonistic ways in 
diamagnetic as well as in ferro-magnetic media. When the temjx'irature is above the 
melting jx)int, the rohitlonal energy of the molecules annuls the locjil forcive (licpiid 
state), when it is very low the molecules become interlockc'd and cannot readjtist 
themselves in a space lattice (gel state). There is an intermediate region of 
temperatures where opjiortunity is off<!n;d for the tendtmey of self-orientation under 
the mutual local forciviis to display it.self, and over this range crystallization may 
tak«^ place. This intermediate temperature range defines tlie closed region of stability 
of the crystalline form on the pressure temperature diagram of equilibrium of the 
crystalline and amorphous states (see p. 263). 

A discussion as to how far we may regard it as proved that the local molecular field 
in crystalline media is of magnetic nature was given in para. 8, of Part TIT. The 
conclusion reached was that the molecular field is certainly in part magnetic. It is 
possible to bihig forward further evidence of the truth of this deduction. In some 
noteworthy r«*.searcbe.s* published by Tyndall, as long ago as 1870, it was shown that 
magnetic properties of crystalline media l)ear a closti relation to molecular aggregation. 
About 100 different crystals were examined and from the deportment of these, when 
subjected to a magnetic field, Tyndall found that “ if the arrangement of the 
coinjjonent particles of any body be such as to prisseiit different degrees of proximity 
in different directions, then the line of closest proximity, other circumstanct's being 
equal, will be that chosen by the respective forces for the exhibition of their greatest 
energy. If the mass be magnetic this line will stand axial, if diamagnetic, 
equatorial.”t 

The exactness of the dependence of magnetic deportment on the position of cleavage 
planes is remarkably shown in these experiments. Whatever the crystal examined, it 
was found that the magnetic deportment disclosed accurate information of the planes 
of cleavage. Tyndall describes the re.sults of his Important experiments in such 
elegant language; that it may be permissible to quote some of them at length. Thus 
lu; continues : — “ From this point of view, the deportment of the two classes of crystals 
represented by Iceland spar and carbonate of iron, presents no difficulty. This 
crystalline form is the sanu;, and as to the arrangement of the particles, what is tiaxe 
of one will be tnu; of the other. Supposing then, the line of closest proximity to 
coincide with the optic axis ; this line, according to the principle expressed, will stand 
axial or expiatorial, according as the mass is magnetic or diamagnetic, which is 

* ‘ On Diamagnetism anti Magnecrystallic Action,’ 1870. 

t Lo(. cU,, p. 23. 
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precisely what the experiments with these crystals exhibit. Analogy as we have seen 
justifies the assumption here mad^ It will, however, be of interest to enquire, 
whether any discoverable circumstance connected with crystalline structure exists 
ipon which the difference of proximity depends and knowing which, we can pronounce 
vith tolerable certainty, as to the position which the crystal will take up in the 
Magnetic field. 

“ The following experiments will perhaps suggest a reply. 

“ If a prism of sulphate of magnesia Ix^ suspended Ixitwecn the pol(>s with its axis 
lorizontal, on exciting the magnet the axis will take up the equatoi-ial position. ITiis 
s not entirely due to the form of the crystal ; for even when its axial dimension is 
jhortest, the axis will assert the equatorial position, thus behaving like a magnetic 
setting its longest dimension from pole to pole. 

“ Suspended from its end with its axis vertical, the prism will take up a determinate 
>blique position. When the crystal has come to rest, let that line through the mass 
vhich stands exactly equatorial 1x3 carefully mai’ked. Lay a knife-edge along this 
ine, and press it in the direction of the axis. The crystal will split lx 3 fore the 
pressure, disclosing shining surfaces of cleavage. This is the only cleavag (3 the 
srystal possesses and it stands equatorial. Sulphate of zinc is of the same form as 
sulphate of magnesia, and its cleavage is discoverable by a process exactly similar to 
}hat just described. Both crystals set their planes of cleavage equatorial. Both are 
liamagnetic. 

“ Let us now examine a magnetic crystal of similar form. Sulphate of nickel is, 
perhaps, as good an example as we can choose. Suspended in tlie magnetic field with 
ts axis horizontal, on exciting the magnet the axis will set itself from pole to pole, 
ind this position will be persisted in, even when the axial dimension is shortest, 
suspended from its end, the crystalline prism will take up an oblique position with 
ionsiderable energy. When the crystal thus suspended has come to rest, mark the 
ine along its end which stands axial. Let a knife edge be laid along this line and 
)re8sed in a direction parallel to the axis of the prism. The crystal will yield before 
ihe edge and discover a perfectly clean plane of cleavage, 

“ These facts are suggestive. The crystals here experimented with are of the same 
>utward form ; each has but one cleavage, and the pt)sition of this cleavage with 
egard to the form of the crystal, is the same in all. The magnetic force, however, 
\,t once discovers a difference of action. The cleavages of the dianutgnetic specimens 
•land equatorial ; of the magnetic, axial. 

“ A cube cut from a prism of scapolite, the axis of the prism l)eing perpendicular to 
wo of the parallel faces of the cube, suspended in the magnetic field, sets itself with 
he axis of the prism from pole to pole. 

“ A cube of beryl of the same dimensions with the axis of the prism from which it is 
aken also perpendicular to two of the faces, suspended as in the former case, sets itself 
jith the axis equatorial. Both these crystals are magnetic. 

VOL. COXX. — A. 2 P 
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“ The former experiments showed a dissimilarity of action between magnetic and 
diamagnetic crystals. In the present instances, l^th are magnetic, but still there is a 
difference ; the axis of the one prism stands axial, the axis of the other equatorial. 
With regard to the explanation of this, the following fact is significant. Scapolite 
cleaves parallel to its axis, while Injryl cleaves perpendicular to its axis ; the cleavages 
in both cases, therefore, stand axial, thus agreeing with sulphate of nickel. The 
cleavages hence appear to take up a determinate position regardless of outward form, 
and they seem to exercise a ruling power over the deportment of the crystal. 

“ A cul)e of saltpetre, suspended with the crystallographic axis horizontal, sets 
itself Ixitween the poles with this axis equatorial. 

“ A cube of topaz, suspended with the crystallographic axis horizontal, sets itself 
with this axis from pole to pole. 

“We have here a kind of complementary case to the former. Both these crystals 
are diamagnetic. Saltpetre cleaves parallel to its axis ; topaz jKu-pendic\ilar to its 
axis. The planes of cleavage, therefore, stand in both cases equatorial, thus agreeing 
with sulphate of zinc and sulphate of magnesia. 

“ Where do these facts point ? A moment’s speculation will perhaps be allowed us 
here. May we not supjx)se these crystals to be composed of layers indefinitely thin, 
laid side by side, within the range of cohesion, which holds them together, but yet not 
in absolute contact ? This seems to be no strained idea ; for expansion and 
contraction by heat and cold compel us to assume that the particles of matter in 
general do not touch each other ; that there arc unfilled spaces Ixstween them. In 
such crystals as we have described these spaces may be considered as alternating with 
the plates which compose the crystal. From this point of view it seems very natural 
that the magnetic lamium should set themselves axial, and the diamagnetic equatorial. 

“ Our fundamental idea is, that crystals of one cleavage are made up of plates 
indefinitely thin, separated by spaces indefinitely narrow. If, however, we suppose 
two cleavages existing at right angles to each other, then we must relinquish the 
notion of plates and substitute that of little parallel bars ; for the plates are divided 
into such by the second cleavage. If we further suppose these bars to be intersected 
by a cleavage at right angles to their length, then the component crystals will be 
little cul)es, as in the case of rock-salt and others. By thus increasing the cleavages, 
the original plates may lie sulxlivided Indefinitely, the shape of the little component 
crystal bearing special relation to the position of the planes. It is an inference which 
follows immediately from our way of viewing the suVqect, that if the crystal have 
several planes of cleavage, but all parallel to the same straight line, this line, in the 
case of magnetic crystals, will stand axial ; in the case of diamagnetic, equatorial. It 
also follows that in the so-called regular crystals, in x'ock-Siilt, for instance, the 
cleavages annul each other, and consequently, no directive power will be exhibited, 
which is actually the case.” 

The above quotation from Tyndall’s work clearly shows how closely allied are the 
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different forces of crystallization in different directions (which forces determine the 
planes of cleavage) with the magnetic behaviour of the crystallized medium and lead 
us to suspect that the forces of cohesion are probably of magnetic nature. The fine 
points are so completely explained by the magnetic deportment that it is difficult to 
dissociate the crystalline forces from a magnetic origin. If we assume that these 
forces are of an electrostatic nature, then it must l)e admitted that tin? ehjctrostatic 
axis of the molecule must coincide with the magnetic axis if the action of a magnetic 
field is to be decisive, as Tyndall proved it to be, in isolating the planes of cleavage. 
But if the electrostatic and magnetic symmetries of the molecules are coincident the 
appllcation of a field of either nature should induce a double refraction of the same 
kind in a given liquid. This, however, is not true experimentally, the electric iiubiced 
doiible refraction in liquid carbon bisulphide lieing opposite in sign to the magnetic 
induced double refraction.* Moreover, in crystalline media, the greatest axes of the 
ellipsoids representing the magnetic a^nd electric proptu’ties of the moleicule do not in 
general coincide. We may therefore say that the evidence jwints to the conclusion 
that the forcive which holds the molecules together in a crystalline space lattice is 
magnetic in nature and not electrostatic, t 

l)iiUDE,J in his experiments on the relation l)etween valency and disptu’sion, 

* Cotton and Mouton, ‘Comptes Rendus,’ vol. 165, p. 12;12, December, 1912. 

t [Notii (ulih'Al April 1919 . — After the present communication hwl passed out of my bands, an 

important paper “On the Origin of Spectral Series” was published by Sir J. J. Thomson (‘Phil. Mag.,’ 
April, 1919). In this a new theory of atomic structure is suggested in which the atomic nucleus and the 
revolving electrons play .similar rdles to those described on p. 274. Within the contour of the atom, 
according to Prof. Thomson, the electrostfitic forcive <lue to the nucleus is of a periwlic character and 
determines a series of spherical or approximately spherical surfaces where the electric force vanishes and 
over which the periodic motion of the boundary electrons is determined solely by the magnetic field of the 
atom. I'his magnetic field is supposed to be radial. If this is the case, these intra-atomic fields must bo 

of the order of magnitude 10* gauss ^ as a simple ciilculation shows, since v = to account for the 

frequencies of the visible spectrum. Still larger intra-atomic fields will exist nearer to the nucleus, of the 
order 10“ gauss. These will be s>ifficient to account for the frequencies of the K scries. The infra-red 
series will be accounted for by fields of the order 10" gauss. But this latter value is of the order of the 
in termol ocular magtietic field which has been deduced independently in various ways in the present 
rc.searches. Moreover, it is to this local field thiit wo have ascribed the rigidity and other properties of 
crystalline media in general. The frequencies of the infra-red series will, on this view, correspoml with 
the clastic vibrations of the rigid medium in conformity with the (piantum theory of specific heats of 
Einstein and Debye as already, stated (see Part III., p. 94, and .svpra, p. 2.59). Reasons have already been 
given for assigning a magnetic nature to the intermolecular field in crystalline media (see Part III., 
pp. 101-3, and supra, pp. 270-276). This intermolecular magnetic field, which is of the order 10" gauss, is 
suggestive in connexion with Prof. Thomson’s theory, referred to above. On p. 274 (footnote) it was 
suggested that the forces determining crystiilline cohesion are magnetic in nature, the symmetry of the 
magnetic forces being determined, however, by the electrostatic action of. the nucleus. Therefore, in 
this fundamental sense, the present theory and that of Sir J. J. Thomson are identical.] 

t ‘ Ann. der Phys.,’ vol. 14, p. 677 and p. 936, 1904. 

2 P ^ 
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suggested that the electron couples constituting the molecule were of two kinds : 
(l) those of the atoms themselves, the sum of which presumably determine the atomic 
weight ; (2) those of valency which alone are sufl&ciently free to vibrate synchronously 
with light waves and hence are particularly concerned in the refraction and dispersion 
of light. 

The valency or boundary electrons are vibrating under the control of the nucleus, 
but are less firmly held in the system than those near the nucleus. These valency 
electrons which have periods corresponding with luminous vibrations are affected by 
an external magnetic field in accordance with the well-known Zeeman and 
diamagnetic effects. The highly constitutive nature of the magnetic susceptibility is 
consistent with this view that the origin of the magnetic property is partly located 
near the molecular boundary. 'I’he nuclear electrons in the free atom will determine 
symmetry of the molecule, and are directly responsible, by their magnetic effect, for 
the symmetry of the crystalline grouping. This latter will therefore be determined 
by the nucleus, which controls the nuclear and lx)undary electrons, in an indirect 
manner and the distrihution of atomic nuclei in accordance with crystalline symmetry 
as disclosed by X-ray methods is apparimt. 

W. H. and W. L. Bkaoo have shown the difficulty, even in simple cases, of 
defining the molecular houndarii's in a crystalline spact? lattice, although in some 
cases this is possible. But to deteiiuine by the X-ray method whether in any given 
crystal any atom has a special relation to a n(‘ighl)ouring atom would he practically 
impossihh^ The X-ray elfects which they inve.stigate are determined only by the 
nucleus or core of the atom and the outer electrons of the atom which contribute to 
its magnetic pioperty, though they are controlled by the nucleus, are probably 
distorted by the infinetices of neighbouring magnetic elements. This distortion, which 
explains a large number of observed phenomena, defines the molecular boundary within 
the space lattice and deteianines Ji detinite chtnnical molecule. These outer regions of 
the atom or molecule remain \mdetected by the X-ray experiments.* 

* A. E. Oxi.KY, ‘ Natiiro,’ No. 4, IDlo. The core or electrostatic part of the atom is at a much greater 
distance from the atomic boundary than are the circular currents which give rise to the magnetic 
properties. As the intensity of the magnetic field due to a circular current varies inversely as the cube of 
the distance, and as in a crystalline struct\ire two such circuits may approach so as almost to touch, each 
electron describing a mmiU circle, the local magnetic forcive may be sufficiently largo to account for the facts. 

The view that the cohesive force in crystalline media is of a magnetic nature was expressed in Part II. 
of this research, pp. 83-86. It was there stated that in :i diamagnetic crystalline medium the molecules 
are held together by the local magnetic forces due to the revolving electrons. It is possible that each 
electron is completely ImhukI to its own nucleus by a narrow tube of force, when the molecules would be 
capable of attracting or repelling one another electromagneticidly according to their directions of rotation. 
The advantage of an electromagnetic cohesive force lies in the fact that by it we can readily see how 
similar molecules will cling together. Electrostatically such attraction implies an electron transfer 
which, we know, does not always take place. Reasons are given on p. 277 that the atomic forces which 
determine the structure of the molecule are in part at least of a magnetic nature. The advantage of 
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The theory propounded by Tyndall was called by him the “ theory of reciprocal 
induction,” and the direction within the crystalline medium where the molecules had 
the closest proximity and along which the greatest energy was displayed, he called the 
“ line of elective polarity.” This theory is identical with our hypothesis of mutual 
molecular distortion enunciated at the l)eginning of Part I. and subst'quontly confirmed 
in a variety of ways by other physical phenomena. The direction of closest approach 
of the molecules, i.e., the line of elective polarity is the line along which the crystal 
shows the maximum elastic properties. Tyndai.l’s explanations of the phe'iioinena he 
had discovered were prophetic. The diamagnetic forces were known to be so mimite 
that the theory of reciprocal induction appeared incredible, and, as a convspondence 
between Lord Kelvin and Tyndali. shows,* the fonrier expressed emphatically his 
view that this theory was quite incapiible of accounting for the eft’ects observed. 
On our modern conception of the magnetic structui’e of juatter, this doul)t is dispelled 
and the smallness of the diamagnetic property is no barrier to the theory of reciprocal 
induction. The effect of applying pressure to a diainagnetic medium, ])roduced, in the 
direction of the pressui’e, an increase in the diamagnetic property. This was 
attributed by Tyndall to the mutual actions of the diamagnetic polarities which 
are so minute that their effects, as then understood, would l)e of such a small order 
of magnittide that they could not be det(;cte:d by exj)eriment. On our view of 
a diamagnetic molecule, which maintains that such a molecule is parainagjietic 
locally, the effects observed by Tyndall can be accounted for (pianiitatively for 
the local molecular forcives are comparable with those in para- and ferro-magnetic 
media. 

But even in the wise of ferro-nuignetic media it is not obvious that the magnetic 
forces are sufficient to explain the mechanical phenomena uidess we realise the 
localised nature of the forcive. If we take, for example, a crevasse of the usual 

assigning a magnetic nature to the forces of valency is clear, for in this way, without .admitting an 
electron transfer between the various .atoms forming the molecule, we can secuic the nccess.ary attraction, 
and this by a fixed or directed force which at the sfime time is compatible with a characteristic orbital 
frequency such as appears to bo necessary to account for ordinary absorption, magnetic rotation, and 
diam.agnctic phenomena. The possibility of a satisfactory interpretation of many problems suggested by 
stereochemistry, in terms of the magnetic force duo to revolving electrons, has been ably expounded by 
A. L. Parson (‘Smithsonian Miscelhaneous Collections,’ vol. 65, No. 11, a paper to which, on account of 
war service, I have only recently had access). Though Parson’s theory involves new difliculties in 
connexion with the distribution of positive electricity in the atom, the advantages from a chemical stand- 
point which he secures by the introduction of magnetic forces of chemical combination cannot be denied. 
Granting this, it is natural to suppose that the cohesive forces, which hold the molecules in position in a 
space lattice, will be residual m.agnetic forces, and that they will closely resemble, in distribution at least, 
the atomic forces determining the configuration of the molecule. It will be of great interest to see how 
far such magnetic cohesive forces are capable of interpreting the spacing of molecules in a crystalline 
lattice in accordance with the distribution disclosed by X-ray analysis. Magnocrystollic action, as we 
have seen, is explicable in this way. 

* Various letters, ‘ On Diamagnetism and Magiiecrystallic Action,’ 1870. 
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conventional dimensions, within an iron crystal where the saturation intensity is 
I, the mechanicjil stress is 2?rl*, which is far smaller than the ultimate tensile strength 
of the iron. Indeed, Ewing* remarks “ we may, if we please, regard the magnetic 
molecules sis pulling at one another across any imaginary interface, while the stress 
with which they pull is bahinced by thrust in the framework of the iron, but neither 
the pull nor the thrust is competent to explain the mechanical strains.” The above 
value of the stress, viz., 27rP is obtained by taking a crevasse whose gap, although 
“ physically small,” is sufficiently wide to accommodate several molecules in line. If 
we take a narrower crevasse, approaching “ mathematical smallness ” in width of gap, 
we obtain a measure of the forcive acting between the molecules, and this includes 
the localised forcive NI or which is of the order 10^ gauss. The localised stress 
across this interface is or ^'^P, which we have seen to lie of the order 2x 10* 
dynes per square c^jntimetre. This is of the same order as the ultimate tensile 
strength of crystalline media lioth ferro-magnetic and diamagnetic. 

The magnetic resistance of joints is intei’esting in connexion with the localised 
nature, of the molecular field in h’on. It has l)een shown by Sir J. J. Thomson and 
H. F, NewallI that the susceptibility of an iron bar is much reduced if it is 
severed and the two parts put in contiict. Later, Sir James PIwing and W. Low| 
Investigated this effect in a more exhaustive manner when the joints were carefully 
trued up and also for rough joints, under varying pressures. They found that for a 
carefully planed joint a compressive stress of 226 kilogrammes per square centimetre 
restored almost completely the loss of magnetic propei-ty produced by cutting, but 
that this stress had only a small restoi'ative effect in the case of a rough joint. In 
the latter case, we may suppose that the number of points of contact between the two 
parts of the bar is small, in the former that the two portions are in contact over a 
large percentage of the available area of contact. Under a compressive stress of 226 
kilogrammes per square centimetre, it appears that in tlie trued-up specimens the order 
of contact of the molecules is the same as in the uncut metal and therefore this stress 
is a measure of the internal stress within the material. As 226 kilogrammes per square 
centimetre is equal to 0'5 x 10* dynes per square centimetre, this stress, although 
lower, is comparable with that calculated on p. 252, and we nuiy regai-d the width of the 
resulting crevasse as approaching mathematical smallness, the spheres of influence of 
the molecules on either side of it overlapping to an extent comparable with the over- 
lap in the interior of the uncut bar (see also Part III., p. 89). But eveii with the most 
carefully faced junction there will be irregularities, coarse compared with molecular 
dimensions, and in such regions the localised nature of the molecular field will 
determine a finite air gap which would account for the difference of stress mentioned 
above. Perfectly faced surfaces of soft iron or mild steel (annealed) might be 

* ‘ Magnetic Induction iti Iron and other Mctids,’ p. 254, 

t ‘Proc. Camb. Phil, Soc.,’ 1887. 

I ' Phil. Mag.,’ September, 1888, 
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expected, under the influence of an external magnetic field, to form a perfect junction, 
in other words to become welded together. 

Taylor Jones* has obtained an induction as high as 74,200 Maxwells in soft iron 
under strong fields. The tension necessary to pull the surfaces apart in this case will 



7-4^xl0 » 
” Srr ’ 


or 2x 10® dynes/square centimetre, which is alx)ut a twenty-fifth 


of the tensile strength of the material. 


(6) On a Magnetic Theory of Chemical Combination. 

On the theory of chemical action developed by Sir J. J. Thomson,! the determining 
feature of an atom from the point of view of chemical combination is the numl)er of 
positive valency electrons it possesses. These electrons are dragged from their loose 
attachment to the nucleus, during chemical combination, and pass from one atom to 
another. The two originally neutral atoms thus become oppositely charged and so 
attract one another and form, as it were, an electric doublet. Let us look at this 
problem from the magnetic standpoint. Each electron orbit is equivalent to a small 
magnetic doublet and it is interesting to enquire how far the magnetic forces of such 
doublets may represent the force of chemical affinity. Recent work on radio-activity, 
the wide deflections of /9-rays, and the diffraction of X-rays, all point to a localisation 
of the electrostatic charges in a minute core or nucleus. Hound this nucleus, and 
under its control, the valency electrons (in part responsible for the magnetic properties) 
rotat(?. It is conceivable, therefore, that the magnetic forces, in addition to the 
important role they play in crystallization, may also in part he responsible for the 
forces of chemical affinity. J 

If, during chemical combination, there is a definite transfer of valency electrons from 
one atom to another, we should expect to find an abrupt change in the magnetic 
behaviour of an atom before and after chemical combination. If, on the other hand, 
there is no such electron transference, we might expect that the atoms would preserve 
their magnetic properties, which would be more or less of an additive nature. In a 
remarkable series of investigations, Pascal§ has shown that in a very large numlier 
of organic compounds, the molecular susceptibility is the sum of the atomic 
suscMiptibilities of the component atoms, provided the molecule contains no peculiarity 
of molecular configuration — ^such, for instance, as the ethylene linkage, unsaturated 
atom, or complex nucleus. Thus if xm Is the molecular susceptibility, and xa the 
atomic susceptibility of a component atom, we have 

Xm = 2:xa + X 

where the summation extends to all the atoms in the molecule and \ is a positive or 

* ‘ Phil. Mag.,’ vol. xli;, p. 166, 1896. 

t ‘ The Corpuscular Theory of Matter,’ 1907, Chap. VI. 

t See footnote p. 274. Also W. M. Hicks, * Roy. Soc. Proc.,’ A, vol. 90, p. 366. 

§ * Ann. <le Chim. et do Physique,’ s^r. 8, vol. 19, p. 6, 1910. 
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negative constant for a certain type of peculiarity of molecular configuration. In 
normally saturated comjwunds X = 0. The elements carbon, hydrogen, chlorine, 
bromine and iodine have constant atomic susceptibilities in a large variety of simple 
aiid complex organic compounds. This suggests that the origin of the valencies of 
these elements is also the origin of a definite amount of diamagnetism, under the 
influence of a definite magnetic field. In other words, a hydrogen atom, in whatever 
organic compound it is found, has a constant atomic susceptibility equal to — 30'5 x 10"^ 
while the carbon atom has a constant atomic susceptibility equal to — 62‘5x 10“^, and 

t 

so on. 

Tliis result of Pascal’s, in conjunction with — 

(1) Tile enormous magnitude of the local molecular field in diamagnetic media, and 

(2) The conception of diamagnetism as due to an induction effect in oppositely 
spinning electrons (as developed in Parts I., II. and III.), led me to suspect that the 
magneton may he a constituent of the diamagnetic hydrogen molecule. The calculation 
showed* that if there is one electron in each hydrogen atom whose period is equal to 


* ‘Roy. Soe. Proe.,’ A, vol. 95, p. 58, 1918. 

At the time this paper was written, I was out of touch with the latest available data concerning the 
values of Avauaduo’s constant (N) and the ratio «//«. The calculation was to determine M from the 
relation ^ 

■'N.«.<.t' 


Taking X = molecular susceptibility of hydrogen, 

- - 61 -OxlO'* (Pascal), 

N ^ 6-06 X lO'^® (Mili.ikan), 
c/w 1-77 X 10" e.m.u. (Buchkuek), 
w = 2, the number of electrons per molecule, 

T = = 2 • 19 X 10'^® see., the period of revolution for the line Ha, 

we find on calculation 


M = 16-3x10- 


lor me moment) oi me magneton. 

•2 


TTC/'^ 

This gives for r, as calculated from M — , the value 0-85 x 10“® cm. 


In this connexion it should be pointed out that, on PiANCK’s theory of quanta of energy, the constant 
h is consistent with the existence of a unit of magnetism. Assuming, as Nicholson and Bohr have 

done, that the angular momentum of the electron is an integral multiple of ~ , CliAlJlEKS showed that 
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the magnetic moment of the electron orbit is 

M 


1 . A. 

TO 4)r 


This gives M ^ 92'4x 10~®® o.m.u., which is 5 times the experimental value of the moment of the 
magneton. If we leave aside Planck’s theory of energy quanta and adopt instead Sommbrfeld’s theory 
of quanta of action, Lanqevin showed that a remarkable relation between h and M exists. He found 


M 


£. 

TO 24ir’ 


when the law of attraction between the nucleus and the electron is the inverse square. This gives for the 
magnetic moment of the electron orbit M = 15-4 x 10"®® e.m.u., a value nearly equal to the most recent 
experiiiicntiil value of the moment of the magneton, viz., 18-5 x 10"** e.m.u. 
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that of the line H„, then the molecular diamagnetic susceptibility of hydrogen 
( — 61'()x 10“’) can he accounted for, and each electron orbit of radius 10“** cm. has a 
magnetic moment + 16“3 x 10“**, nearly equal to that of the magneton, + 18'5 x 10“**. 

The atomic susceptibility of carbon in combination is shown by Pascal to be 
— 62‘5x 10“’, and in connexion with the additive law this value is consistent with the 
experimental values of the molecular susceptibilities. The mean e.\ peri mental value 
of the atomic susceptibility of diamond is —59 Ox 10“’.* The mean of these values 
is — 60’7 x 10“’, which is probably as accurate a value as is available at present. But 
this value is almost exactly twice that of the atomic susceptibility of hydrogen 
— 30’5x 10“’. Probably therefore the atom of carbon contains two magnetons. As to 
the period of revolution we have 

7r«-->’* 

T 

where 

M = moment of orbit, 
e = electron cliarge in e.ni.u., 
r = radius of orbit, 

T = period, 

and this implies that the period t for the carbon atom is not tH|ual to that of the line! 
Ha unless r = 10 for the carlwn atom. 

The sum of the atomic susceptibilities of the atoms in the group (JH^, is 

-123-5x10-’. 

Exjierimentally, Pascal sliowed that the difference of moL'cular susc(>ptibility in a 
number of comjiouuds wlios(' constitution differed by this group was 

-I 18-7 X 10“’. 

The mean of these two values is —121 'lx 10“’ which is probal)ly very near the true 
value. But this is almost exactly foui’ times the value of the atomic susceptibility of 
hydrogen, viz., — 30’5xl0“’, and in this combination, CHj, we may say that each 
hydrogen atom has one magneton and the carl)on atom has two magnetons. 

An ethylene linkage, according to Pascal, lowers the diamagnetic molecular 
susceptibility of the compound by +57 x 10“’, while two or more such linkages lower 
it by +110x 10“’. These values are respectively nearly equal to twice and four times 
the atomic susceptibility of hydrogen. 

As the additive law holds in the case of the simpler liquid hydrocarbons, it will hold 
for all the others which differ only by CH^ groups, and therefore, taking tlm vahuis of 
\ into account, any member of tbe tbree homologous series 

C„ . H2„_2 

* Honda, ‘Ann. der Phys.,’ vol. 32, p. 1044, 1910, gives -59‘5x 10“'; Owen, ‘Ann. der Phys.,’ 
vol. 37, p. 693, 1912, gives -58 5 x 10“’. 

VOL. OCXX.— A. 2 Q 
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may l)e considered as containing respectively 

4n + 2, 4w— 2, 4n— 6 magnetons. 

Moreover, Pascal has shown that the magnitude of xcii, is quite independent of the 
presence of nitrogen, oxygen, or sulphur in the compound, so that, where the additive 
law holds for such complex molecules, it will hold for the whole series of additive 
compounds foi’med with the group. 

Pascal also investigated the halogens, fluorine, chlorine, bi'omine and iodine. The 
atomic susceptibilities of these elements, as dedxiced from the molecular susceptibilities 
of organic comjK)unds in which they are contained, are given in column 2, the 
approximati? numlKU- of magnetons pt;r atom is given in column 3. 


Substftiioe. 

i ! 

n. 

Fluorine 

- C.'>-5 

2 

Chlorine 

-209- 5 

7 

Bromine 

-319-2 

10 

Iodine 

-465-0 

15 


It must l)e admitted, however, that these last four results do not warrant an 
extension of the magneton theory to these (elements. Moreover, altliough the results 
for the hydrocarbons mentioned above are very sxiggestive, yet there i-emain 
difficulties, such for example as the values of X, which for the Iwiiizene ring is 
equal to — 15x10“^ the interpretation of which does not fall into line with 
the magneton view. Further difiiculties are met with in the cases of nitrogen and 
oxygen. 

Perhaps these difficulties should be expected, since it has been proved that the 
additive law brciaks down for many atoms, especially as regards the metallic elements. 
When, in addition, we take into consideration that the mutual disturbances of the 
electron orbits, in atoms containing a relatively large number of electrons, have been 
neglected, the agreement is probably as good as could be expected. Thus in the case 
of the hydrocarbons considered above, compounds which show no electrolytic 
dissociation and in the formation of which no transfer of electrons takes place from 
one atom to another on combination, we might expect that the addition of a 
hydrogen atom or a group would add a definite amount of diamagnetism 

to the compound. But in the case of the metals and some other elements, chemical 
combination may be accompanied by the transference of electrons, i.e., by a break- 
down of the magnetic elements of the atoms. In such cases the additive law could 
not hold. 
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Thus iron-carbonyl (Fe (CO)8) and nickel-carbonyl (Ni ( 00 ) 4 ) are diamagnetic* * * § ; 
potassium ferri-cyanide is paramagnetic, while potassium ferro-cyanide is diamag- 
netic.! It would appear that in these? cases the loss of magnetic property of the iron 
and nickel atoms is due to a transfer of valency electrons, i.e., it involves an electric 
charging up of the atoms. The liehaviour of the oxygen atom in organic compounds, 
in compounds with chlorine and in metallic oxides, where it acts always as an 
electronegative element, may possibly Ijo accounted for in the same way. Free oxygen 
and ozone are strongly paramagnetic, but no semblance of an iidditive nature of the 
magnetic property is found in any of the oxygen compounds. 

The appearance of strong magnetism in the lleusler alloys and its disappearance in 
manganese steels, are similar (ittects, dep(?ndent on the formation of intermettillic 
chemical compounds accompanied by an electron transfer. 

There are many paramagnetic substances which jwssess molecular magnetic 
moments comparable with, and in some Ciises much siiperior to, those shown by ferro- 
magnetic substances. The apparent feeble susceptibility they possess is due to the 
fact that, with the largeist magnetic fi(?ld whicli can be applied, we can newer produce 
anythitig like a saturation effect. In fact, according to Weiss, the molecule of cobalt 
chloride, Co.Ch contains 25 magnetons, while an atom of cobalt below the critical 
temperature contains 9 magnetons. We may well ask ourselves — what is the nature 
of the process by which the addition of a diamagnetic substance, H.(J1 to cobalt, 
produces such a large increase in the numlxir of magnetons per molecule.^ Assuming 
the work of Weiss holds good, and there is certainly a very considerable amount of 
evidence in favour of liis theory, we can interpi’et this result either hy supposing that 
the atom of cobalt really contains more than 9 magnetons, § or else that the 
dmmagnetic acid supplies the addition.al magnetons when it acts on the cobalt to form 
the chloride. In eithei' case, it seems that we must admit that a molecule may 
possess systems of magnetons which, in certain circumstances, are so airanged to 
counterbalance one another, producing no additional moment of the molecule. || These, 
magnetons would contribute nothing to the paramagnetic or ferro-magnetic property 
of a substance and could not be Included in Weiss’s theory. The grouping of these 
“ latent ” magnetons, according to our exhuided view, would lx? perturbed hy the 
union of th(; co^)alt atom with the Cl ion, in a mannesr similar to that by which an 
external field reveals the sponttineous magnetization in iron (as interpreted on Ewing’s 
theory) by orientating groups which were, formerly so constituted as to show no 
magnetic effect externally. If this is si), then we are only justified in assuming that 
purely diamagnetic molecules contain groups of magnetons so arranged that the 

* A. E. Oxley, ‘ Proc. Oamb. Phil, Soc.,’ vol. 16, p. 102, 1911. 

t J. S. Townsend, ‘ Phil. Trans. Roy. Soc.,’ A, vol. 187, p. 547, 1896. 

I The specific susceptibility of cobalt chloride is 90 x 10”®, that of hydrochloric acid -0‘80 x 10“®. 

§ Some of which are self-compensated. 

II of the molecule as a whole. 


2 Q 2 
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molecule possesses no resultant magnetic moment. For example, while iron below the 
critical temperature possesses, according to Weiss, 11 magnetons to the atom, the 
mol(!Ctil(^ f)f ferric sulphate possesses 30, ferric chloride 28, sodium ferro-pyrophosphate 
20, sodium ferrous oxalate 27 * Again, nickel IhjIow the critical temperature possesses 
3 magnetons to the atom, alx)ve the critical temperature either 8 or 9 magnetons to 
th«; atom, while a molecule of nickel sulphate contains 16 magnetons. In general the 
numlxir of magnetons, per molecule of a salt of a ferro-magnetic element, is large 
compared with the numl)er of magnetons associated with an atom of the pure 
ferro-magnetic. The fact that cupric salts are paramagnetic while cuprous ones are 
diamagnetic is interesting from our point of view. Although copper is diamagnetic, 
yet a molecule of cupric sulphate contains 10 magnetons. It seems as if the large 
local atomic fields, which have lieen recognised in diamagnetic and ferro-magnetic 
molecules, have the power, when the niolecules approach so that their fields overlap, 
to upset the equilibrium of the atoms in combination and redistribute their magnetic 
(dements. This is easily possible wh(m the great intensity of the local molecular 
field is borne in mind. Tn most cases a diamagnetic molecule, on account of its 
symm(dry, would, under the influence of such a field, remain diamagnetic, but each 
orbit would be distorted by the field and the susceptibility of the substance would he 
slightly modified. 


(7) On some Anomalies in the Maonktio Rotation Effect. 


Diamagnetic media aiv in general dextro-gyric. Th(f only exception is titanium 
chloride which is la3vo-gyric. t Paramagnetic media are sometimes dextro-gyric and 
sometimes hevo-gyric, while the ferro-magnetic elements, iron, nickel and cobalt are 
all dextro-gyric. At present no theory seems capable of accounting for these 

• 1 11 /Jkivi *1 1 1 ii tl/'l iF ICS 4" » 1 1 1 » » m* 4-/'\ titVi f 1 4* #iv4-/irx4- 4-1-X/X Iz-X/iril YVX/\1 / X/inl <X Y* 

i.'-'t I Y( (Ai-xx!. iv i(:> \ji yk \.‘ t\ rt \ 1 1 1 c'l « vvf V' lil I JLx_^ vvy AJ.i.v/Xvyv.»x«.lctjjL 

field may cause the effects observed. At one time it was thought that the direction 
of rotation probably depended merely on the diamagnetic or paramagnetic property 
of the molecule, but experiment soon disproved this generalisation. Voiai’l suggested 
that tlie production of an intense revei’se field, when the external field was applied, 
would account for the (iffects, but no physical explanation of a possible origin for this 
inten.se reverse field was given. 

On the views of diamagnetic and paramagnetic polarity developed in these 
reseuiches, the necessary fields demanded by VoiGT are found in the immediate 
neighl)ourhood of the molecular boundary. In diamagnetic liquids the molecules have 
zeix) magnetic moments and their axes are distributed at random. The application of 


* ‘Journal do Phys.,’ vol. 1, 8(^r. v., p. 974, 1911. 

t For solutions of salts in water it should bo noted that Vkrdet’s constant for the solute is to he 
regarded as negative if Veroet’s constant for the solvent is less than O' 01 30, which is the value of the 
constant for pure water at 20° C. 

t See P. Zeeman, ‘Researches in Magneto Optics,’ p. 185. 
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an external field produces a minute diamagnetic polarity, which differential effect 
determines the magnitude and sign of the rotation. When a polarised ray passes 
over such molecules, it will be rotated considerably locally, but only to be rotated in 
the opposite direction to an almost eqtial extent in a neighbouring molecule or in 
another part of the same molecule. 

This will also be true if the diamagnetic medium is crystalline. Hence the final 
rotation will be a relatively small diffei'ential effect compatible with the diamagnetic 
effect of the medium in hulk. We shall omit the exceptional case of titanium chloride 
for the present and pass on to consider the ferro- magnetic media iron, nickel and cobalt. 

In ferro-magnetic media, on account of the continuity of magnetic induction, there 
is an enormous reverse local field, and if this acts over regions of the molecule 
containing magnetically active electrons, a large rotation will be produced, \\'hich will 
not be compensated in neighlwuriiig molecules, when the ferro-magnetic material is 
saturated. Hence we should expect a very larg(i rotation to lx*, produced by such 
media. This has Ix^en confirmed experimentally, in the cases of iron, nickel and 
cobalt, by Kundt. 

Paramagnetic solutions lie in an intermediate category. The application of an 
external magnetic field causes a ctu'tain amount of molecular orientation (h^pending 
on th(i t(*mp(n’ature. Such orujntation causes a rciverse field ovei’ a part of the system, 
but over the neighbouring molecules in combination with the one considered, the field 
depends upon the difference between the reverse local field and the applied field, 
which difference may be positive or luigative. If, in sucb regions, there are electrons 
capable of orientating the polarised beam, the rotation may be dextro- or Isevo-gyric, 
according as the resultant field is oppt)site to, or in the same direction as, the applied field. 
This will not explain the exceptional case of titanium chloride unless this molecule 
possesses some peculiar dissymmetry, whereby, in spite of its dia, magnetic nature, it 
becomes orientated under the applied field. Such orientation is the basis of the 
magnetic double refraction theory developed by Langevin* and confii-med experi- 
mentally in some respects by Cotton and MoutonI (see Part 111., p. 87). An 
alternative explanation of tbe behaviour of the titanium chloride molecule may be 
found in a rotation of the paramagnetic titanium atom relative to the compound 
molecule. 

Beoquerel has deduced an interesting relation^ connecting the magrujtic rotation 


(r) with the Zeeman coefficient 
refractive index /*, viz.. 


r 

where c is the velocity of light. 


Z = - 

47rw/ 


= —'IlT. 


'j , the applied field H, wave-length X and 
ZHx fV 


dX 


( 1 ) 


* Langevin, ‘ Le Radium,’ vol. 7, p. 251, 1910. 
t ‘ Ann. de Chini. et de Phys.,’ s^r. viii., vol. 19, p. 155, 1910. 
t Schuster, ‘ Theory of Optics,’ p. 307. 
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We shall assume that this relation applies to all media. On our theoiy H will be 
the sum of the applied and local fields and will 1* considered positive if it is in 
the direction of the external field. Z we shall take to be negative, i.e., the negative 
electron is always responsible for the Zeeman effect. 

In diamagnetic media, in general, H is positive, ^ is luigative, and therefore r is 

CA 

negative, or clockwise looked at along the direction of II. The rotation is dextro- 
gyric. 

In ferro-magnetic media, H is the resultant of the applied field and a very large 

reverse molecular field, so that H is very large and negative ; is positive. Hence 

dA 

again r is negative and the rotation is dextro-gyric as in diamagnetic media. 

hi paramagnetic solutions, H may Iwi positive or negative over magnetically active 
atoms, and thcirefore the sign of r may 1x3 positive or negative. Hence some para- 
magnetic solutions will be dextro- and some Imvo-gyric. 

In the ferro-magnetic elements the magnitude of the rotation is remarkably bigh. 
Thin films of saturated iron show a rotation of the order 260 million times that of 
carlx)u bl-sulphide subjected to an external field of one gauss. To test this we may 
write 

• H^ . 

~ ^ * ax 


• ...... O \ 

^ Fo (HRturatcMl) • • A • 


— for iron, 


r, 


CS-i (H s* 1 krush) 


= — 27r . . X . for carbon bisulphide. 


where 11^ is tht; reversed moleculai' field, of the ordcsr — G‘.5x 10® gauss, H = 1 gauss. 
The ZeemaJi coefficients Zr„ and Z(.g^ we shall take to be of the same order, hence : — 


Fe (KRturatiMl) _ ^ 


H, 


ax ■ 


For iron* 


^ CS'j (II = 1 rrukh) 

H . 


dA 

Xx lO*. 

r- 

2570 

roi 

4410 

1-28 

5890 (D) 

1-51 


Near 


X = 5890 X i0“®, a/ipe/ax = + 


0*23 

1480 xTo-® ‘ 


. ( 2 ) 


* ‘ Smithsonian Physical Tables,’ p. 196 . 
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A X 10*. 

4340 (H^) 
4860 (H^) 
5890 (D) 


1-6920 

1-6688 

1-6443 


Near 


X = 5890 X 10-«, a^csyax = - 


0-0255 


~8 • 


From (2) 


1030 X 10 

»-Fo(«itur.te.i) ^ . 6’53 >< 1 0*'x0 -23 >^1030 X 10-» ^ 
res. (H = 1, «..«.) 0-0255x 1480x 10-* 


For nickelt 


Ax 10*. 
2750 
4410 
5890 (D) 


Near 


and 


H- 

109 

116 

1-30 

0-14 


_ , 

ax 1480x 10-“’ 


^Nl (SHturatc<0 


X = 5890 X 10-*, 

. 6-35 X 10* X 0-14x1030x 10-* 


CS. (H = 1 kruhh) 


0-0255 X 1480 X 10-* 


= 25x1 0*. 


For cobalt^ 


A X 10*. 

t‘- 

2750 

1-41 

5000 

1-93 

6500 

2-35 


Near 


X = 5890x10-*, 


_ 


+ 


0-42 


ax ' 1500x 10-*' 

Taking the reverse molecular field equal to that in iron 

rco(saturate .) ^ . 6 -53x10* X 0-42x10 30 X iq:* ^ 87 ^ 10* 

0-0255x1500x 10-* 


rc8j(H = 1 Kauaa) 


These values, although rather small, are comparable with the enormous ratios of 
the rotations of saturated ferro-raagnetics to diamagnetics, as actually observed 


* Fjoc . cU ., p. 192. 
t Loc. at., p. 196. 
t Loc. cit., p. 196. 
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experimentally, and point to the importance of the local molecular forcive in magneto- 
optic phenomena. It should be noted that the value of the reverse field we have 
taken is that of the intermolecular field. Within the atom the reverse field will 
probably Ixj greattjr than — 6'5x 10® gauss. If it is of the order — 5x 10’ gauss, the 
above ratios become 320x 10® for iron, 200x10® for nickel and 700x10® for cobalt. 
Intra-atomic fields of the order 10® gauss are required by Humphries* to explain the 
pressure shift of spectral lines and by RiTzt in his theory of spectral series (see also 
Part III., p. 100, and supra, p. 273, footnote). 

(8) Summary of Conclusions. 

(I.) The applications .of the local molecular forcive, in diamagnetic, paramagnetic and 
ferro -magnetic media, have in the present research been extended to interpret the 
ultimate tensile sti-ength of crystalline and vitreous media. It has been shown by 
Ewing and Kosenhain that the permanent set which occurs prior to breaking is due 
to slipping along the cleavage- planes ivithin the Individual crystalline grains. We shoidd 
therefore expect that the material would be fractured when the applied mechanical 
stress is t^qual to that produced intenially by the local molecular forcive. The internal 
strciss within the material is shown to lie of the oi’<ler 2x10" dymss per square centimetre 
which is approximately the mean value of the ultimate tensile strengths of crystalline 
and vitreous media (pp. 250-259). 

(II.) As a consequence of this internal stress, the (mergy per unit volume will be 
2x 10" ergs, and this energy, which is over and above that which exists in the fluid 
state, should lie a measure of the latent heat of fusion per cubic centimetre. This test 
which was applied in Part lit. to test the order of the local forcive, has been extended 
to a variety of organic and inorganic media, including the metals and is found to 
accord with the experimental values to the riglit order (pp. 253-4). 

(III.) Since the forces under which the molecules vibrate are those to which we 
asciibe the elastic properties of crystalline media, the results obtained are consistent 
with the theory of specific heats developed by Debye, in which the specific heat is 
attributed to purely translational vibration, and it has been shown (Part III.) that, 
near the fusion point, the rotational energy acquired by the molecules will give a 
measurable departure from this theory which is actually observed experimentally. 
As we should expect, it is found that the elastic constants of a variety of ferro- 
magnetic, diamagnetic and paramagnetic media are of the same order, several 
diamagnetic and paramagnetic media even surpassing steel in their power to resist 
distortion (pp. 257-259). 

(IV.) Any change of internal pressure will be accompanied by a change of volume 
defined by the compressibility of the medium and dependent as to sign upon 

* ‘ Astrophysical Journal,’ vol. 23, p. 232, 1906; vol. 3.5, p. 268, 1912. 
t ‘ Ann. dcr Pliys.,’ vol. 25, p. 660, 1908. 
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peculiarities of the molecular configuration. Tt has l)een shown tliat the energy 
change which occurs on crystallization is compatible with a volunui change of the 
same order of magnitude as that accompanying crystallization, and we may therefore 
interpret the change of volume on cryshdlization as a magneto-striction eftect of the 
local molecular forcive. The magneto-striction effect d**pends on molecular orientation 
which is projx)rtional to the square of the magnetic forcive (pp. 259-2(33). In Part 111. 
it was shown that the double refraction i)f crystalline media can Ije interpieted as 
due to the magnetic double refraction effect of the local molecular forcive which 
orientab^s the molecultis into a crystalline space lattice. This eff«^ct is alsij pi<>jK)r- 
tional to the squaie- of th(^ magnetic forcive and the two eftects mutually support 
one another. 

(V.) The above results are interesting in connexion with Tammaxn’s theory of the 
closed region of stability of the crystalline stab^, as rcipresenb^d on the pressure 
temperature diagram. Tammann’s experimental work gives an altern.ative method of 
determining intrinsic presstires, but the results are notably higher than thostj found in 
other ways. Possibly this is due to extrapolation over a wide pre.ssure range. The 
pressure temperature diagrams showing the fusion curve are instructive in dealing 
with problems relating to thermal evolution (or absorption), and volume chatiges and 
possible interpretations of these peculiarities in the ferro-magnetic elements, iron, nickel 
and cobalt, have been given (pp. 2(53-26(3). 

(VI.) A physical interpretation has iHien given of the large values of the 
coefficients, N and of the molecular fields in ferro-magnetic and diamagnetic 
crystiilline media respectively. These coefiicients are the reciprocals of the limiting 
local susceptibilities of the media under field strengths equal to the respective 
molecular fields. The local su.sceptibility of a diamagnetic molecule is comparable 
with that of a ferro-magmitic molecule and the two vary in the same way with field 
strength and temperature. In diamagnetic media, however, magnetic hysteresis will 
be inappreciable, since the moleciile as a whole po.ssess(‘S a y.(U'0 magnetic monamt. 
Nevertheless, mechanical hysteresis in diamagiHstic nuidia will be of tbe same order as 
in ferro-magnetic media (pp. 267-270 and p. 257). 

(VII.) Frojn Tyndall’s experiments on the deportment of paramagnetic and 
diamagiietic crystals in a magnetic field, the po.sitions of the planes of cleavage Ciin be 
traced. Thes(.i results show that the forces responsible foi' crystalline symmetry are 
very probably of a magnetic nature. If the forces are of an electrostatic natun;, then, 
since an electric field must disclose the .sjime planes of cleavage, tlu^ electric and 
magnetic symmetries must coincide. This is not the case, howt'ver. The magnetic 
forces are partly due to the valency or l)oundary eh.'ctions whose orbits ai'e 
controlled by the atomic nuclei. The nuclei determiiK*. the crystalline symmetry, 
indirectly, through the medium of the magnetic forces of the electrons. This 
conclusion is not at variance with the results of X-ray diffraction experiments ; 
the latter determine only the positions of the diffuse diffracting cores and give no 
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Indication as to the outer regions of the atom whicli determine the valency forcives. 
Hence, in spite of the disclosure of the X-ray methods, it is maintained that within a 
crystalline medium the molecules, though distorted, are still essentially integral units 
and that it is possible to imagine a surface enclosing each (pp. 270-277). 

(VTIL) The smallness of the nucleus disclosed by recent work on radio-activity 
suggests that in addition to the part played by the magnetic forces in crystallization, 
these forces are in part resjxmsible for chemical combination (footnote, p. 274). 
The theory of chemicixl combination develojjed Ijy Sir J. J. Thomson implies the 
transference of electi’ons fi'om one atom to another whereby the atoms become 
opjwsitely charged. Such a transference of the valency electrons Implies a com- 
plete readjustment of tlu^ magiuitic property and therefore this property could not 
be of an additive nature. This is Ijorne out by a large amount of experimental 
evidence. 


If the chemical combination takes place without a transference of the valency 
electrons from one atom to another, which probably happens in many organic 
compounds in which electrolytic dis.sociation does not take place, we might expect the 
magnetic properties to be more or le.ss of an additive nature. Pascal’s work confirms 
this view (pp. 277-281). 

(IX.) The author has ])reviou.sly shown that the magneton may be a con.stituent of 
the diamagnetic hydrogen molecule. It appears that this idea may be extended to 
carbon and tlie hydrocarbons in general, Avbere the molecular susceptibility can be 
directly calculated from tbe atomic susceptibilities of the component atoms. The 
residts, however, are not so convincing when extended to other (dements, but the fact 
that departur((S from the additive law occur in such cases leads us to .snpjjose that 
some di.stui l)ing inliuence has been neglected. Weiss’s work on salts of the ferro- 
magnetic elements, taken in conjunction with our present conception of diamagnetism, 
suggests that diamagnetic substances contain magnetons, compensated so as to 
produce a diamagnetic effect of the m(*dium in bulk. The forces of chemical 
combinaticm may, liowever, pertui b tliis state, and l)y reari'anging the magnetic elements 
giv(* ris(( to a compound possessing mor(( magnetons than are C(uitained in an unbalanced 
state in a ferro-magnetic (dement. Examples of this are given and also of tlie reverse 
ertect which may tHjually wtdl ari.se (pp. 281-282). 

(X.) The principle of the continuity of magiadic induction, as applied to the local 
mok'Cular forcive, suggests a possible interpretation of known anomalies of the 
magnetic rotational effect. In paramagnetic solutions, the dextro-gyric or Uevo-gyric 
property is attributed to a differential effect of the, reversed local field and the applied 
field over rotationally active electrons, the sign of the effect depending on the 
direction of the resultant field acting over these electrons. 

The Aiery powerful rotational effect of thin films of iron, nickel and cobalt, in 
comparison with that shoAvn by carbon bisulphide, has also receiA'ed an interpretation 
in terms of the local molecular forciA'e (pp. 282-286). 
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(XL) It is considered that the above conclusions when conjoined with those 
•obtained in Parts I., II., IIL, which bi’ing the theory into line with the magnetic atom 
fields of Ritz and probably suggest an origin of spectral series, amply justify the 
importance of the magnetic forcive in crystalline and vitreous media. The magnitude 
of this local magnetic forcive, first calculated to interpret the change of diamagnetic 
susceptibility ol)8erved on crystallization of a large number of organic compounds 
experimented upon in Parts I. and IIL, has bt^eii found capable of correlating a 
number of additional physical phenomena of wide difference of origin. It is lioped to 
continue these applications to other branches of optics including sjX'ctial series and 
•optical activity. 

(XI 1.) {^Added Fehi'^iary ^ lOiiO . — It has l)een established that the intermolecular 
field, in all ciystcalline media, is of the order 10’ gaiiss. The electrons, within the free 
atom, are controlled by electrostatic, and p<^>ssibly also by magnetic, forces, whose 
origin lies in the core. When the atoms are grouped into a definite space lattice, the 
cohesive force between them is of a magnetic nature, and the I’igidity of such media 
is due to the localised mechanical stress, exerted at definite points across the atomic 
“ surface” ; the electrons revolving in small circles in adjacent atoms (p. 274). This 
mechanical stress, due to the’ local magnetic forces, is responsible for the change of 
specific susceptibility, and other properties, on crystallization ; and is balanced by the 
stress due to the distortion of the internal electrostatic configuration of the atoms. 
In this way, a balance is secured between the electrostatic and ijiagnetic stresses; 
the.se stresses ]>redominating alternately, as we pass through the crystalline structure, 
thus giving rise to a system in equilibrium. 

The rotation of electrons in small circles, at definite i)oints near the atomic 
“ .surface,” is suggestive in connexion with the theory of directed valencies required 
to explain .stereo-chemical phenomeJia (p. 274, footnote). | 
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I. Purpose op the Expeditions. 

1. The purpose of the expeditions was to determine what effect, if any, is produced 
by a gravitational field on the path of a ray of light traversing it. Apart from possible 
surprises, there appeared to be three alternatives, wliich it was especially desired to 
discriminate between — 

(1) The path is uninfluenced by gravitation. 

(2) The energy or mass of light is subject to gravitation in the same way as ordinary 
matter. If the law of gravitation is strictly the Newtonian law, tliis leads to 
an apparent displacement of a star close to the sun’s limb amounting to 0"'87 
outwards. 

(3) The course of a ray of light is in accordance with Einstein’s generalised relativity 
theory. This leads to an apparent displacement of a star at the limb amounting 
to l"-76 outwards. 

In either of the last two cases the displacement is inversely proportional to the distance 
of the star from the sun’s centre, the displacement under (3) being just double the 
displacement under (2). 

It may be noted that both (2) and (3) agree in supposing that light is subject to gravita- 
tion in precisely the same way as ordinary matter. The difference is that, whereas (2) 
assumes the Newtonian law, (3) assumes Einstein’s new law of gravitation. The slight 
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deviation from the Newtonian law, which on Einstein’s theory causes an excess 
motion of perihelion of Mercury, becomes magnified as the speed increases, until for 
the limiting velocity of light it doubles the curvature of the path. 

2. The displacement (2) was first suggested by Prof. Einstein’'' in 1911, his argument 
being based on the Principle of Equivalence, viz., that a gravitational field is indis- 
tinguishable from a spurious field of force produced by an acceleration of the axes of 
reference. But apart froni the validity of the general Principle of Equivalence there 
were reasons for expecting that the electromagnetic energy of a beam of light would be 
subject to gravitation, especially when it was proved that the energy of radio-activity 
contained in uranium was subject to gravitation. In 1916, however, Einstein found 
that the general Principle of Equivalence necessitates a modification of the Newtonian 
law of gravitation, and that the new law leads to the displacement (3). 

3. The only opportunity of observing these possible deflections is afforded by a ray of 
light from a star passing near the sun. (The maximum deflection by .Tupiter is only 
(>"•017.) Evidently, the observation must be made during a total eclipse of the sun. 

Immediately after Einstein’s first suggestion, the matter was taken up by Dr. E. 
Freundlich, who attempted to collect information from eclipse plates already taken ; 
but he did not secure sufficient material. At ensui ng eclipses plans were made by various 
observers for testing the effect, but they failed through cloud or other causes. After 
Einstein’s second suggestion had appeared, the Lick 01)servatory expedition attempted 
to observe the effect at the eclipse of 1918. The final results are not yet published. 
Home account of a preliminary discussion has been given,t but the eclipse was an 
unfavourable one, and from the information published the probable accidental error is 
large, so that the acc.uracy is insufficient to discriminate between the three .alternatives. 

4. The results of the observations here described appear to point quite definitely to 
the third alternative, and confirm Einstein’s generalised relativity theory. As is well- 
known the theory is also confirmed by the motion of the perihelion of Mercury, which 
exceeds the Newtonian valiui by 43" per century- -an amount practically identical 
with that deduced from Einstein’s tlieory. On the other hand, his theory predicts a 
displacement to the red of the Fra\inhofer lines on the sun amounting to about 0*008 A 
in the violet. According to Dr. St. JohnJ this displacement is not confirmed. If this 
disagreement is to be taken as final it necessitates considerable, modifications of 
Einstein’s theory, which it is outside our province to discuss. But, whether or not 
changes are needed in other parts of the theory, it appears now to be established that 
Einstein’s law of gravitation gives the true deviations from the Newtonian law both 
for the relatively slow-moving planet Mercury and for the fast-moving waves of light. 

It seems clear that the effect here found must be attributed to the sun’s gravitational 
field and not, for example, to refraction by coronal matter. In order to produce the 

* ‘ Annalen der Physik,’ vol. XXXV, p. 898. 
t ‘ Observatory,’ vol. XLII, p. 298. 
t ‘ Astrophysical Journal,’ vol. XLVI, p. 249. 
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observed effect by refraction, the sun must be surrounded by material of refractive index 
1 + •00000414/r, where r is the distance from the centre in terms of the sun’s radius. 
At a height of one radius above the surface the necessary refractive index 1 •00000212 
corresponds to that of air at atmosphere, hydrogen at atmosphere, or helium at 
aV atmospheric pressure. Clearly a density of this order is out of the question. 

II. Preparations for the Expeditions. 

5. In March, 1917,* it was pointed out as the result of an examination of the photo- 
graphs taken with the Greenwich astrographic telescope at the eclipse of 1905 that tliis 
instrument was suitable for the photography of the field of stars surrounding the sun 
in a total eclipse. Attention was also drawn to the importance of observing the eclipse 
of May 29, 1919, as tliis afforded a specially favourable opportunity owing to the unusual 
number of bright stars in the field, such as would not occur again for many years. 

With weather conditions as good as those at Sfax in the 1905 eclipse and these, 
were by no means perfect -it was anticipated that twelve stars would be shown. Their 
positions are indicated in the diagram on next page, on which is also marked on the 
same scale the outline of a 16 X 16 cm. plate (used with the astrographic telescopes of 
3*43 metres focal length) and a 10 X 8-inch plate (used with a 4-inch lens of 19 feet 
focal length). 

The following table gives the photographic magnitudes and standard co-ordinates 
of the stars, and the gravitational displacements in x and y calculated on the assumption 

of a radial displacement 1"*75 where r is the distance from the sun’s centre and r„ 

the radius of the sun. 

Table I. 





Co-ordinates. 

Gravitational displacement. 

No. 

Names. 

P ho tog. 
Mag. 

Unit 

= 60'. 

Sobral. 

Principe. 



X, 

y- 

X, 

y- 

x. 

y- 

1 

B.D., 21", 641 . . . . 

in. 

7-0 

-f 0-026 

—O' 200 

H 

— 1'31 

ft 

4 0-20 

-lOd 

// 

•1 ()'()9 

2 

Piazzi, IV, 82 ... . 

6-8 

-1-1 -079 

-0-328 

-1-0-86 

-0-09 

4-1-02 

-0-16 

3 

K- Tauri 

5-5 

-f 0-348 

-f 0-360 

-0-12 

4-0-87 

-0-28 

4-0-81 

4 

k‘ Tauri 

4-6 

-t-0-334 

-1-0-472 

-0-10 

4-0-73 

-0-21 

4-0-70 

5 

Piazzi, IV, 61 ... . 

60 

-0-160 

-1-107 

-0-31 

-0-43 

-0-31 

-0-38 

6 

V Tauri 

4-6 

-1-0-687 

-1-1-099 

4-0-04 

4 0-40 

4-0 -01 

4-0-41 

7 

B.D., 20°, 741 . . . . 

7-0 

-0-707 

—0-864 

-0-38 

-0-20 

-0-35 

-0-17 

8 

B.D., 20°, 740 . . . . 

7-0 

-0-727 

—1-040 

-0-33 

-0-22 

-0-29 

-0-20 

9 

Piazzi, IV, 63 ... . 

7*0 

-0-483 

-1-303 

—0-26 

-0-30 

-0-26 

-0-27 

10 

72 Tauri 

6-5 

-fO-860 

-f 1-321 

4-0-09 

4-0-32 

4-0-07 

4-0-34 

11 

66 Tauri 

6-5 

-1-261 

-0-160 

-0-32 

4-0-02 

-0-30 

4-0. 01 

12 

63 Tauri 

6-6 

-1-311 

-0-918 

-0-28 

-0-10 

-0-26 

-0-09 

13 

B.D., 22°, 688 . . . . 

8-0 

-1-0-089 

-f 1-007 

—0-17 

4-0-40 

-0-14 

4-0-39 


* ‘ Monthly Notices, R.A.S.,’ LXXVII, p. 446. 
2 S 2 
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It may be noted that No. 1 is lost in the corona on the photographs taken at Sobral. 
The star, No. 13, of magnitude 8*0, is shown on some of the astrographic plates 
at Sobral. 



6. The track of the eclipse runs from North Brazil across the Atlantic, skirting the 
African coast near Cape Palmas, passing through the Island of Principe, then across 
Africa to the western shores of Lake Tanganyika. Enquiry as to the suitable sites and 
probable weather conditions was kindly made by Mr. Hinks. It appeared that a station 
in North Brazil, the Island of Principe, and a station on the west of Lake Tanganyika 
were possible. A station near Cape Palmas did not seem desirable from the meteoro- 
logical reports though, as the event proved, the echpse was observed in a cloudless sky 
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by Prof. Pauer, who was there on an expedition to observe magnetic effects. At the 
station at Tanganyika it was thought the sun was at too low an altitude for observations 
of this character, owing to the large displacements which would be caused by refraction. 

A circular received from Dr. Morize, the director of the Observatory at Rio, stated 
that Sobral was the most suitable station in North Brazil and gave copious information 
of the meteorological conditions, mode of access, &c. 

7. Acting on this information the Joint Permanent Eclipse Committee at a meeting 
on November 10, 1917, decided, if possible, to send expeditions to Sobral in North 
Brazil, and to the island of Principe. Application was made to the Government Grant 
Committee for £100 for instruments and £l,000 for the expedition, and a sub-committee 
consisting of Sir F. W. Dyson, Prof. Eddington, Prof. Fowler and Prof. Turner 
was appointed to make arrangements for the expeditions. This sub-committee met in 
May and June, 1918, and made provisional arrangements for Prof. Eddington and 
Mr. CoTTiNGHAM to take the object glass of the Oxford astrographic telescope to 
Principe, and Mr. Davidson and Father Cortik to take the object glass of the Greenwich 
astrographic telescope to Sobral. It was arranged for the clocks and mechanism of the 
ccelostats to be overhauled by Mr. Cottingiiam. Preliminary inquiries were also set 
on foot as to shipping facilities, from which it appeared very doubtful whether the 
expeditions could be carried through. 

Conditions had changed materially in November, 1918, and at a meeting of the sub- 
committee on November 8, it was arranged to assemble the instruments at Greenwich, 
and make necessary arrangements with all speed for the observers to leave Engla7id by 
the end of February, 1919. Tn addition to the astrographic object glasses fed by 16-inch 
ccelostats. Father Cotitie suggested to the sub-committee the use of the 4-inch telescope 
of 19-feet focus, which he had used at Hernosaiid, Sweden, in 1914, in conjunction with 
an 8-inch coelostat, the property of the Royal Irish Academy. It was arranged to ask 
for the loan of these instruments. As Father Cortie found it impossible to spare the 
necessary time for the expedition liis place was taken by Dr. Crommelin of the Royal 
Observatory. 

8. In November, 1918, the only workman available at the Royal Observatory was the 
mechanic, the carpenter not having beejv released from military service. In these 
circumstances Mr. Bowen, the civil engineer at the Royal Naval College, was consulted. 
He kindly undertook the construction of frame huts covered with canvas, which could 
be easily packed and readily put together. These were generally similar to those used 
in previous expeditions from the Royal Observatory (see ‘ Monthly Notices,’ Vol. LVII., 
p. 101). He also lent the services of a joiner who worked at the Observatory on the 
woodwork of the instruments. 

It was found possible to obtain steel tubes for the astrographic objectives. These 
were, for convenience of carriage, made in two sections which could be bolted together. 
The tubes were provided with flanges at each end, the objective being attached to one 
of these, and a wooden breech piece to the other. In the breech piece suitable provision 
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was made for the focussing and squaring on of the plates. The plate holders were of a 
simple construction, permitting the plate to be pushed into contact with three metal 
tilting screws on the breech piece thus insuring a constancy of focal plane. Eighteen 
plate-carriers were obtained for each of the astrographic telescopes, made according 
to a pattern supplied. 

With the 4-inch lens Father Cortie lent the square wooden tube used by him in 1914. 
This was modified at the breech end to secure greater rigidity and constancy of focus. 

It was designed for dark slides carrying 10 X 8 inch plates, and four of these, carrying 
eight plates, were lent with the telescope. The desirability of using larger plates was 
considered, but the time at. disposal to make the necessary alterations was insufficient. 

The 16-inch coelostats which had been overhauled by Mr. Cottingham were mounted 
and tested as far as the unfavourable" weather conditions of February, 1919, would permit. 
The 8-inch coelostat was constructed for these latitudes. To make it serviceable near 
the equator a strong wooden wedge was made on which the coelostat was bolted. 

Tlio 8-inch mirror was silvered at the observatory, but owing to lack of facilities for 
maintaining a uniform temperature approaching 60° F. in the wintry weather of February, 
the larger mirrors were sent away to be silvered. 

Photographic plates, suitably packed in hermetically scaled tin boxes, were obtained 
from the Ilford and Imperial Companies. The Ilford plates employed were Special 
Rapid and Empress, and those of the Imperial Company, Special Sensitive, Sovereign 
and Ordinary. 

The instruments were carefully packed and sent to Liverpool a week in advance, 
with the exception of the objectives. These were packed in cases inside hampers and 
remained under the personal care of the observers, who embarked on the “ Anselm ” on 
March 8, 


III. The Expedition to Sobral. 

{Observers, Dr. A. C. D. Crommelin and Mr. C. Davidson.) 

9. Sobral is the second town of the State of Ceara, in the north of Brazil. Its 
geographical co-ordinates are: longitude 2h. 47m. 25s. west; latitude 3° 41' 33" south; 
altitude 230 feet. Its climate is dry and though hot not unhealthy. 

The expedition reached Para on the “ Anselm ” on March 23. There was a choice 
of proceeding inuuediately to Sobral or waiting for some weeks. It was considered 
undesirable to go there before we heard from Dr. Morize what arrangements were 
being made, so we reported our arrival to him by telegram and decided to await his 
reply. As we had thus some time on our hands we continued the voyage to Manaos 
in the “ Ajiselm,” returning to Para on April 8. 

By the courtesy of the Brazilian Covernment our heavy baggage was passed through 
the customs without examination and we continued our journey to Sobral, leaving 
Para on April 24 by the steamer “ Fortaleza ” and arriving at Camocim on April 29. 
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Here we were met by Mr. John Nicolau, who had been instructed to assist us with 
our baggage through to Sobral. We proceeded from Camocim to Sobral by train 
on April 30, our baggage following the next day. 

We were met at Sobral station by representatives of both the Civil and Ecclesiastical 
Authorities, headed respectively by Dr. Jacome d’Oliveira, the Prefect, and Mgr. 
Ferreira, and conducted to the house which had been placed at our disposal by the 
kindness of its owner. Col. Vicente Saboya, the Deputy for Sobral. We were joined 
there nine days later by the Washington (Carnegie) Eclipse Commission, consisting 
of Messrs. Daniel Wise and Andrew Thomson. 

We are greatly indebted to Dr. Leocadio Araujo, of the State Ministry of Agri- 
culture, who had been deputed to interpret for us and to assist us in our ])reparations. 
His services were invaluable, and contributed greatly to our success, as also to our 
well-being during our stay. 

10. A convenient site for the eclipse station offered itself just in front of the house ; 
this was the race-course of the Jockey Club, and was provided with a covered grand 
stand, which we found most convenient for unpacking and storage and in the pre- 
paratory work. We laid down a meridian line, after which brick piers were constructed 
for the coelostats and for the steel tube of the astrographic telescope. Whilst this was 
in progress the huts were being erected. 

The pier of the small coelostat was constructed so as to leave a clear space in the 
middle of one end for the fall of the weight, which was thus below the driving barrel 
of the clock. By continuing the hole below the foundations of the pier, space was 
provided for a fall of the weight permitting a run of 25 minutes. In the case of the 
16-incli ccelostfit, the clock was mounted on the top of a long wooden trunk, nearly 
4 feet in length, wliich was placed on end, and sunk in the earth to a depth of about 
2 feet. The weight descended inside the trunk directly from the driving barrel, and 
had space for a continuous run of over half-an-hour. 

The 16-inch coelostat had free adjustment for all latitudes ; but the 8-inch one, 
constructed for European latitudes, was mounted on a wooden base, inclined at an angle 
of about 40 degrees, constructed before leaving Greenwich. The clock had to be 
separated from the coelostat, mounted on a wooden base and reversed, to adjust to the 
Southern Hemisphere. It performed very satisfactorily, and no elongation of the star 
images is shown with 28 seconds’ exposure. 

To provide for the changing declination of the sun the piers of the astrographic 
telescope were made with grooves in the top, in which the wooden V-supports of the 
tube could shde, thus allowing for the change of azimuth. 

The tube of the astrographic telescope was circular in section, and could rest in any 
position in the Vs ; for convenience it was adjusted so that the directions of R.A. and 
declination were parallel to the sides of the plate ; this involved a tilt of the plate 
holders of about 4 degrees to the horizontal. 

The 4rinch lens was taken as an auxiliary ; we used the square wooden tube, 19 feet 



298 SIR F. W. DYSON, PROF. A. S. EDDINGTON AND MR. C. DAVIDSON ON A 


in length, originally used by Father Cortib at Hernosand in 1914, together with the 
10 X 8-in('h plate carriers. Study of the star-diagram showed that seven stars could 
be photographed by turning the plate through 45 degrees. The tube was therefore 
placed on its angle, large wooden V-supports being prepared to fit the tube ; these 
rested on strong wooden trestles. 

The focussing was at first done visually on Arcturus, using an eyepiece fitted with 
a cobalt glass (after the plate supports and object-glass had been adjusted for per- 
pendicularity to the axis). A series of exposures was then made, the focus being varied 
slightly so as to cover a sufficient range. Examination of these photographs showed 
at once that there was serious astigmatism due to the figure of the mirror of the 16-inch 
coelostat. By inserting an 8-inch stop this was reduced to a large extent, and this 
stop was henceforth used throughout ; but the defect was of such a character that it 
was clear that it would be necessary to stay at Sobral and obtain comparison plates 
of the eclipse field in July when the sun had moved away. 

The focus of the 4-inch was determined in a similar manner. The images, though 
superior to those of the astrographic, were not quite perfect, and here again com- 
parison plates in July were necessary. Once the focus had been decided on, the breech 
end was securely screwed up to avoid any chance of subsequent movement. 

A few check plates of the field near Arcturus were taken, but have not been used. 

11. The following is a summary of the meteorological conditions during our stay. 
The barometer record was interesting in that it showed very little change from day to 
day, in spite of changes in the type of weather ; there was, however, a very well marked 
semi-diurnal variation, with range of about 0’15 inch. The temperature range was 
fairly uniform, from a maximum of about 97° F. towards 3 p.m. to a minimum of about 
75° F. at 5 a.m. The relative humidity (as shown by a hygrograph belonging to the 
Brazilian (.Jommission) followed the temperature closely, varying from 30 per cent, in 
the afternoon to 90 per cent, in the early morning. 

May is normally the last month of the rainy season at Sobral, but this year the rainfall 
was very scanty ; there were a few afternoon showers, each ushered in by a violent gust 
of wind ; and on May 25 there w’as very heavy rain, which was welcome for its moistening 
effect on the ground, the dust hitherto having been troublesome to the clockwork 
although every care had been taken to protect it. There was a fair amount of cloud 
in the mornings, but the afternoons and nights were clear in the majority of oases. 
Mt. Meruoca, 2,700 feet high, about 6 miles to the N.W., was a collector of cloud, its 
summit being frequently veiled in mist. In spite of its cooler climate, the summit 
would thus not have been a suitable eclipse station, and, in fact, nothing of the total 
phase of the eclipse was seen from it. 

12. Although water was generally scarce, we were very fortunately situated as we 
enjoyed an unlimited supply of good water laid on at the house. This was of great 
benefit in the photographic operations. Ice was unobtainable, but by the use of earthen- 
ware water-coolers it was possible to reduce the temperature to about 76°, and by working 
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only at night or before dawn development of the plates was fairly easy. Formalin 
was used in every case to harden the films, and thereby minimise the chance of distortion 
due to the softening of the films by the warm solutions. 

We had provided ourselves with two brands of plates, but it had become apparent 
from photographs taken and developed before the eclipse that one of these brands was 
unsuitable in the hot climate, and it was decided to use practically only one brand of 
plates. 

In taking the experimental photographs it was noticed that the clocks and ccelostats 
were very sensitive to wind. We had reason to fear strong gusts about the time of 
totality, such as had occurred in other eclipses ; and as the conditions of our locality 
seemed to render them specially probable, protective wind screens were erected round 
the hut openings at every point where it was possible without interfering with the field 
of view. Happily dead calm prevailed at the critical time. Screens also protected all 
projecting parts of the telescope tubes from direct sunlight. 

The performance of the 16-inch coelostat was unsatisfactory in respect of driving. 
There was a clearly marked oscillation of the images on the screen in a period of about 
30 seconds. For this reason exposure time was shortened, so as to multiply the number 
of exposures in the hope that some would be near the stationary points. 

13. The morning of the eclipse day was rather more cloudy than the average, and the 
proportion of cloud was estimated at at the time of first contact, when the sun was 
invisible ; it appeared a few seconds later showing a very small encroachment of the 
moon, and there were various short intervals of sunshine during the partial phase which 
enabled us to place the sun’s image at its assigned position on the ground glass, and to 
give a final adjustment to the rates of the driving clocks. As totality approached, the 
proportion of cloud diminished, and a large clear space readied the sun about one 
minute before second contact. Warnings were given 688., 22s. and 12s. before second 
contact by observing the length of the disappearing crescent on the ground glass. When 
the crescent disappeared the word “ go ” was called and a metronome was started by 
Dr. Leocadio, who called out every tenth beat during totality, and the exposure times 
were recorded in terms of these beats. It beat 320 times in 310 seconds ; allowance 
has been made for this rate in the recorded times. The programme arranged was carried 
out successfully, 19 plates being exposed in the astrographic telescope with alternate 
exposures of 6 and 10 seconds, and eight in the 4-inch camera with a uniform exposure of 
28 seconds. The region round the sun was free from cloud, except for an interval of 
about a minute near the middle of totality when it was veiled by thin cloud, which 
prevented the photography of stars, though the inner corona remained visible to the 
eye and the plates exposed at this time show it and the large prominence excellently 
defined. The plates remained in their holders until development, which was carried 
out in convenient batches during the night hours of the following days, being completed 
by June 6. 

14. No observation of contact times was made, but it is known that these times were 

VOL. coxx. — A. ' 2 T 
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somewhat before those calculated. As the times recorded were reckoned from second 
contact, it is assumed that this occurred May 28, 23h. 68m. 18s. G.M.T. 

The details of the exposures are given in the following tables : — 


Exposures with the i 3-inch Astrographic Telescope stopped to 8 inches. 


Ref. 

No. 

G.M.T. at 
Coinniencernent of 
Exposure. 

Exposure. 

Plate. 

Ref. 

No. 

G.M.T. at 
Goinmencement of 
Exposure. 

Exposure. 

Plate. 


d. h, m, H. 

s. 



d. li. in. s. 

s. 


1 

28 23 58 23 

5 

0. 

11 

29 0 1 7 

6 

S.R. 

2 

37 

10 

E. 

12 

22 

10 

E. 

3 

67 

5 

E. 

13 

36 

5 

E. 

4 

59 n 

10 

S. 

14 

61 

10 

S.R. 

5 

30 

5 

8.R. 

15 

2 10 

5 

S.R. 

6 

45 

10 

S.R. 

16 

25 

10 

S.R. 

7 

29 0 0 4 

5 

S.R. 

17 

44 

5 

E. 

s 

19 

10 

E. 

18 

68 

10 

E. 

9 

39 

5 

E. 

19 

3 18 

6 

0 . 

10 

53 

10 

S.R. 




1 


lilxposuRES with the 4-inch Telescope. 


Ref. 

No. 

G.M.T. at 
OoimiKUiceiuent of 
Exposure. 

Exposure. 

Plate. 

Kef. 

No. 

G.M.T. at 
Commencement of 
Exposure. 

Exposure. 

Plate. 


d. h. m. s. 

H. 



d. h. m. 8. 

s. 


1 

28 23 58 21 

28 

S.R. 

5 

29 0 0 56 

28 

S.R. 

2 

59 0 

28 

S.R. 

6 

1 34 

28 

S.R. 

3 

38 

28 

S.R. 

7 

2 13 

28 

S.R. 

4 

29 0 0 17 

28 

S.R. 

8 

52 

28 

S.R. 


In the fourth coluiiui the letter 0 stands for Iiujierial Ordinary. 

.K ,, Empress. 

S ,, ,, Sovereign. 

SR ,, ,, Ilford Special Rapid. 


With the astrographic telescope 12 stars are shown on a number of plates, and seven 
stars on all but three (Nos. 13, 14 and 19). Of the eight plates taken with the 4-inch 
lens, seven show seven stars, but No. 6, which was taken through cloud, does not show 
any. 

The following table of temperatures, communicated by Dr. Morize, and converted 
into the Fahrenheit scale, shows how slight the fall was diiring totality, probably 
owing to the large amount of cloud in the earlier stages which checked the usual daily 


rise. 
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G.M.T. 

Ther. 

G.M.T. 

Thcr. 

G.M.T. 

Ther. 

G.M.T. 

Ther. 

d. h. m. 

o 

d. h. m. 

o 

d. h. m. 

O 

d. h. m. 

O 

28 22 45 

82-4 

28 23 30 

80-6 

29 0 16 

82-0 

29 1 0 

83-8 

23 0 

84-2 

46 

82-4 

30 

82-4 

15 

84-2 

16 

82*4 

29 0 0 

80-6 

45 

83-1 

30 

84-2 


16. On June 7, having completed the development, we left Sobral for Fortaleza, 
returning on July 9 for the purpose of securing comparison plates of the eclipse field. 

Before our departure we dismounted the mirrors and driving clocks whicih were brought 
into the house to avoid the exposure to dust. The telescopes and coilostats were left 
in situ. Before removing the mirrors we marked their positions in their cells so that 
they could be replaced in exactly the same position. 

After our return to Sobral the mirrors and clocks were remounted ; the photography 
of the eclipse field was commenced on the morning of July 11 (civil). The difficulty of 
finding the field with the coelostats was overcome by making a rough hour circle on the 
heads of the coelostats out of millimetre paper. 

The following is the list of exposures made on the field for comparison with the eclipse 
photographs ; — 


Astrographic Telescope. 

1-incli Telescope. 

Ref. 

No. 

Date. 

G.M.T. 

No. of 
expo- 
sures. 

Dura- 

tion. 

Altitude. 

Ref. 

No. 

Date. 

G.M.T. 

No. of 
CXJ)0- 
sines. 

Dura- 

tion. 

Altitude. 



h, ni. 


s. 

0 







Ill 

July 10 

20 5 

3 

5 

28-9 







II2 


20 IG 

2 

5 

31 1 



h. ni. 


s. 

0 

II3 


20 21 

1 

5 

32-2 

I'b 

July 13 

20 7 

2 

2.5 

32-4 

111 

.Tuly 13 

20 13 

3 

5 

.33-7 

14a 


20 10 

2 

20 

.34-3 

14a 


20 17 

2 

5 

.34-6 







II3 


20 19 

2 

5 

.34-9 

1!>, 

July M 

20 17 

2 

20 

.36-4 

15j 

July 11 

20 15 

3 

5 

34-9 

152 


20 22 

2 

20 

36*1 

ISa 


20 20 

2 

5 

.36 1 







I 63 


20 23 

2 

6 

36-6 

17i 

July 16 

20 6 

3 

15 

34-7 

17i 

.July 16 

20 2 

4 

3 

33-8 

172 

1 

20 24 

2 

15 

38*6 

17a 


20 15 

3 

3 

.36-6 







173 


20 23 

2 . 

3 

.38-3 







174 


20 25 

2 

5 

38-8 

I81* 

July 17 

19 57 

3 

20 

33-6 

I81 

.July 17 

19 60 

3 

4 

32-8 

I 82 


20 24 

2 

20 

39-2 

I82 


20 1 

' 2 

4 

34-4 







18, 


20 20 

3 

4 

38-6 







I84 


20 25 

2 

3 

39-6 








The reference numbers follow the civil dates. 


* The 4-inch plate, No. 18i, was taken through the glass (see § 17, infra) to facilitate the measurement, 
and is referred to as the scale plate. 


2 T 2 
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Thermometer readings, July 10, 74®*4; July 13, 73'’*7; July 14, 7r*9; July 16, 
72°'3 ; July 17, 72°-3. 

By July 18 we had obtained a suflScient number of reference photographs. Dis- 
mantling of the instruments was commenced, and the packing was completed on July 21. 
We left Sobral on July 22, leaving the packing cases in the hands of Messrs. Nicolau 
and Carneiro to be forwarded at the earliest opportunity, and arrived at Greenwich 
on August 25. 

The observers wish to record their obligations to Mr. Charles Booth and the officers 
of the “ Booth ” Line for facilitating their journeys to and from their station at a 
difficult time. 


Photographs Taken with the 4-inch Object Glass. 

16. These photographs were taken on 10 X 8-inch plates. By suitably mounting 
the camera it was made possible to obtain seven stars on the photographs, viz.. Nos. 2, 
3, 4, 5, 6, 10 and 11 of the table in § 5. Of the eight photographs taken during the 
eclipse seven gave measurable images of these stars, the other plate (No. 6) taken 
through cloud only showing a picture of the prominences. 

Plates of the same field taken under nearly similar conditions as regards altitude were 
taken on July 14, 15, 17 and 18 (civil date). Of these photographs, the second taken on 
July 14 with two exposures (referred to as 142„ and. 14oj), two photographs taken on 
July 15 (referred to as 16, and 15,,), two on July 17 (17, and 17^), and the second 
photograph on July 18 (18,,) were measured for comparison with the eclipse plates. 

17. The micrometer at the Royal Observatory is not suitable for the direct com- 
parison of plates of this size. It was therefore decided to measure each plate by 
placing, film to film upon it, another photograph of the same region reversed by being 
taken through the glass. A photograph for this purpose was taken on July 18. This 
plate is regarded merely as an intermediary between the eclipse plates and comparison 
plates and is referred to as the scale plate, being used simply as a scale providing 
points of reference. In all cases measurement was made through the glass of the 
scale plate, adjusted on the eclipse or comparison plate which was being measured, so 
that the separation of the images on the two plates did not exceed one-third of a 
millimetre. The plates were held together by clips which ensured contact over the 
wJiole surface. Tliis method of measurement was found to be very convenient. Each 
plate was measured in two positions, being reversed through 180 degrees, and the accord- 
ance of the result showed that the method of measurement was entirely satisfactory. 

The measures, both direct and reversed, were made by two measurers (Mr. Davidson 
and Mr. Furner), and the means taken. There was no sensible difference between 
the measurers, which is satisfactory, as it affords evidence of the similarity of the images 
on the eclipse and comparison and scale plates. 

The value of the micrometer screwrs (both in R.A. and Deck) is 6" *25. 

18. The results of the measures are as follows : — 



Table II. — ^Eclipse Plates— Scale. 
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The numbers — 1*500, — 0*554, &c., given below the line, were taken out to make the values of Dx, Dy small and positive for arithmetical 
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19. The values of Da: and T>y were equated to expressions of the form 

ax 4- hy + c + oEx (== 

and 

da; + ey +/+ aE^ (= Dy), 

where x, y are the co-ordinates of the stars given in Table I., and E^., Ej, are coefficients 
of the gravitational displacement. 

The quantities c and / are corrections to zero, depending on the setting of the scale 
plate on the plate measured, a and e are differences of scale value, while 6 and d depend 
mainly on the orientation of the two plates. The quantity a denotes the deflection at 
unit distance (i.e., 50' from the sun’s centre), so that aE,^ and aEj, are the deflection in 
R.A. and Dccl. respectively of a star whose co-ordinates are x and y. 

The left-hand sides of the equation for the seven stars shown are : — 


No. 

Right Ascension. 

Declination. 

11 

c-O- 1606-1 -261o-0-587a 

/- 1 - 261rf-0 - 160C+0 - 036a 

5 

c ■ - 1 - 1 076- 0 - 1 60a -0 - 537a 

/-O - 1 60<i-l - 1 07e-0 - 789a 

4 

c f 0-4726 1 0-3340- -0-186a 

/+0 - 334d+0 - 472eh 1 • 336a 

3 

c f 0 - .3606 1 0 • 31 8o -0 • 222a 

/+0 - 348rf+0 • 360e+ 1 - 574a 

6 

c hi -0996 1 0-587o h0-080a 

/+0 - 687rf+ 1 - 099e+ 0 - 726a 

10 

c hi -3216 1-0 -860a f O-inSa 

/+0-860d+l -321e+0-589a 

2 

c -0 - 3286 + 1 - 079a + 1 - 540a 

/+ 1 - 079(i-0 - 328e-0 - 1 66a 


20. Normal equations formed from these equiations of condition arc as follows : — 


Table 111. — Eclipse Plates— Right Ascension. 


I. 

f7-()00c +1-6576 +l-787a l-0-226» == +2-159 
+ 4-664 +2-089 fO-335 -t. -0-063 

+4-094 + 2-534 -= +1-034 
+3-142 =:= f-0-712 

+4-2716 +l-666a +0-281a -0-575 

+3-683 +2-476 == fO-483 
+3-136 -= +0-643 

+2-988a +2-366a = +0-707 
+3-116 = +0-681 

+l-242a = +0-121 

a = +0-098 
o = +0-158 
6 = -0-203 


11. 

111. 

IV. 

V. 

VII. 

VIII. 

-h2-986 

+3-260 

+2-461 

+2-185 

+3-263 

+2-648 

1-0-986 

1-1-320 

-hO-866 

+ 1-051 

+1-464 

+1-130 

4 1-689 

1-1-866 

+1-469 

-t 1-480 

+1-972 

+1-723 

+0-919 

+0-924 

+0-860 

+0-844 

+0-930 

+0-973 

+0-278 

+0-550 

+0-283 

+0-633 

+0-691 

+0-602 

+0-928 

+ 1-037 

+0-841 

+0-923 

+ 1-140 

+1-048 

+0-823 

+0-820 

+0-781 

+0-774 

+0-826 

+0-888 

+0-820 

+0-822 

+0-731 

+0-716 

+0-871 

+0-862 

+0-806 

+0-784 

+0-762 

+0-739 

+0-780 

+0-866 

+0-166 

+0-133 

+0-183 

+0-173 

+0-090 

+0-180 

+0-126 

+ -107 

+0-148 

+0-140 

+0-073 

+0-146 

•h 0-174 

+0-189 

+0-127 

+0-128 

+0-233 

+0-169 

-0-011 

+0-048 

+0-007 

+0-042 

+0-066 

+0-042 
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Table IV. — Comparison Plates — Right Ascension. 





14..«. 

14.,,. 

15i. 

16a. 

lly 

17,. 

18,. 

+1-6576 

+1-7870 

+0-226a = 

= +1-190 

+0-364 

+1-463 

+0-214 

4 1-214 

+0-983 

+0-146 

+4-664 

+2-089 

+0-335 = 

= +0-700 

+0-017 

+0-992 

+0-078 

-0-340 

+0-603 

+0-083 


+4-094 

+2-536 = 

= +0-638 

+0-220 

+0-499 

+0-073 

-0-172 

+0-460 

4 0-086 



+3-142 = 

= +0-253 

+ 0-169 

-0-029 

+0-037 

-0-164 

+0-105 

+0-041 

+4-2716 

+ 1-6660 

+0-281a = 

= +0-418 

-0-069 

+0-645 

40-027 

-0-627 

+0-370 

+0-048 


+3-683 

+2-476 = 

= +0-334 

+0-127 

+0-126 

+0-018 

-0-481 

+0-199 

+0-048 



+3-135 = 

= +0-216 

+0-147 

-0-076 

+0-030 

-0-203 

+0-074 

+0-036 


+2-9880 

+2 -366a - 

- +0-172 

+0-164 

-0-126 

+0-007 

-0-236 

+0-056 

+0-029 


+3-116 -- +0-188 + 0-162 —0-119 +0-028 -0-162 +0-050 ^ 0-033 


+ l-242a = +0-062 +0-030 -0-019 +0-022 +0-025 +0-006 +0-010 

a = +0-042 +0-024 -0-016 +0-0J8 +0-020 +0-005 +0-008 

a = }-0-024 + 0-032 -0-030 - 0-012 -0-094 +0-014 ^ 0-003 

b +0-086 -0 030 +0-164 + 0-012 -0-111 +0-081 +0-010 


Table V. — Eclipse Plates — ^Declination. 


+7-000/ +1-787(1 +l-657« 
+4-094 +2-080 
+4-664 


+3-638(i +l-666e 
+4-271 


+3 -608c 


+3-316a = 

= +3-688 

+ 1-927 

+1-646 

+ 1-452 

+ 1-389 

+ 1-718 

+ 1-906 

+ 1-840 = 

= +2-200 

+ 1-168 

+0-719 

4 0-823 

40-555 

+0-610 

+ 0-840 

+3-694 = 

= +1-860 

+ 1-159 

+ 1-129 

-1-0-984 

40-874 

+ 1-023 

-1 1-193 

+6-784 = 

- +2-657 

+ 1-681 

+1-635 

+ 1-361 

+ 1-335 

-1 1-546 

+1-707 

+0-994a - 

- +1-260 

+0-677 

-1 0-299 

- 40-453 

+0-201 

+0-172 

+ 0-364 

+2-908 - 

- +0-986 

+0-702 

-1 0-739 

+0-640 

+0-545 

+0-616 

H 0-741 

+4-212 .. 

- +0-909 

-1-0-768 

+0-755 

+0-673 

+ 0-677 

40-731 

+0-804 

+2 -453a - 

-- +0-409 

-40-392 

+0-602 

+0-431 

+0-453 

40-637 

+0-679 

+3-911 - 

- +0-565 

+0-683 

+0-673 

+0-649 

+0-622 

40-684 

+0-707 

+2 -224a = 

= -40-279 

+0-309 

+0-252 

+0-247 

+0-306 

+0-308 

6 

-4 

a - 

= t-0-126 

+0-139 

-40-114 

+0-111 

+0-137 

+0-139 

+0-136 

e - 

= 40-029 

+0-015 

+0-092 

4 0-045 

+0-033 

+0-056 

+0-070 

d 

= +0-299 

+0-141 

+0-009 

4 0-074 

+0-003 

-0-016 

+0-028 


Table VI. — Comparison Plates — Declination. 

+7-000/ +l-787(/ +l-657e +3-316« -= +0-446 +0-661 +0-964 +0-343 +1-861 +0-752 +0-868 

+4-094 -1-2-089 +1-840 == +0-060 +0-120 -0-156 +0-140 +1-038 +0-041 +0-476 

+4-664 +3-694 -= +0-202 +0-394 -0-203 -0-117 +0-526 -0-110 +0-122 

+6-784 = +0-380 +0-482 +0-220 + 0-014 +1-004 +0-296 +0-419 

+3-638(1 fl-666c +0-994a = -0-064 +0-251 -0-402 +0-063 +0-663 +0-161 +0-266 

+4-271 +2.-908 = +0-096 +0-237 -0-431 -0-198 +0-086 -0-288 -0-084 

+4-212 = +0-168 +0-169 -0-2.37 -0-119 +0-122 -0-060 +0-008 

+3-608e +2-463a = +0-121 +0-122 -0-247 -0-222 -0 173 -0-219 -0-201 

+3-941 = +0-183 +0-100 — 0-127 -0-133 -0-032 -0-019 — 0-062 

+2-224a = +0-098 +0-016 +0-046 +0-022 +0-089 +0-134 +0-079 

« = +0-044 +0-007 +0-021 +0-010 +0-040 +0-060 +0-036 

e = +0-004 +0-030 -0-085 -0-070 -0-077 —0-104 -0-082 

d = -0-028 +0-054 -0-077 +0-044 +0-179 -0-010 +0-098 
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21. The values of a are collected in Table VII : — 


Table VII. 


Right ABcension. 

Declination. 

Eclipse - Scale. 

Comparison - Scale. 

Eclipse-- Scale. 

Comparison — Scale. 

r 

r 

r 

r 

+0-098 

+0-042 

+0-126 

+0-044 

+0-126 

+0-024 

+0-139 

+ 0-007 

+0-107 

-0-016 

+0-114 

+0-021 

-iO-M8 

+0-018 

+0-111 

+0-010 

hO-140 

+0-020 

+0-137 

+0-040 

+0-073 

+0-005 

+0-139 

H 0-060 

+0-146 

+0-008 

+0-136 

+0-036 

Mean +0*120 

+0-015 

+0-129 

+0-031 


By subtracting the a of the comparison plates the scale plate is eliminated, and we 
derive from right ascensions « ~ f O'^-lOS and from declinations a = 

Reference to the normal equations shows that the declination result is of double 
the weight of that from the right ascensions. 

Thus 

a == +0’--100 +0"'626. 

This is at a distance 60' fronx the sun’s centre. At the time of the eclipse the sun’s 
radius was 15' *8 ; thus the deflection at the limb is 1"'98. 

The range in the values of a is attributable to the errors inherent to the star images of 
the different plates, and cannot be reduced by further measurement. The mean values 
+0’’'015 and 0''*031 arise from the errors in the intermediary scale plate. 

22. The probable error of the result judging from the accordance of the separate 
determinations is about 6 per cent. It is desirable to consider carefully the possibility 
of systematic error. The eclipse and comparison photographs were taken under 
precisely similar instrumental conditions, but there is the difference that the echpse 
photographs were taken on the day of May 29, and the comparison photographs on 
nights between July 14 and July 18. A very satisfactory feature of the photographs 
is the essential similarity of the star images on the two sets of photographs. 

The satisfactory accordance of the eclipse and comparison plates is shown by a study 
of the plate constants. The following corrections for differential refraction and 
aberration are calculated from the times and dates of exposure. 
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a. 

e. 

b. 

d. 

Eclipse plates 

r 

+0-240 

r 

+0-168 

r 

+ 0-062 

r 

4-0-062 

Scale plate 

+0-423 

4-0-207 

+ 0-096 

1 0 - 0 % 

CompariHon 14i„ 

+0-40i) 

+0-207 

4-0-091 

1 0-091 

,, 14, ft 

+0-409 

■fO-207 

4 0-091 

4-0-091 

16i 

+0-390 

+0-207 

4 0-087 

+ 0-087 

,, 1 ^ . . . . . 

+0-370 

+ 0-202 

+0-087 

+0-087 

„ 17, 

+0-399 

+ 0-207 

+0-091 

+0-091 

17^ 

fO-337 

+ 0-202 

+ 0 077 

4 0-077 

„ I 82 

4 0-327 

+ 0-202 

-f- 0-072 

+0-072 


When these are applied to the values of the constants found fronr the normal equations, 
we find the following values of the scale of the several photographs and their orientation 
relative to the scale plate : — 



Scale Value. 

Orientation. 

A(loj)tecl Scale 


From X. 

From y. 

From X. 

From y. 

Orientation. 

Eclipse T 

r 

0-025 

r 

- 0-010 

--()'237 

- 0-265 

r 

0-000 -0-251 

„ II 

-0-009 

- 0-024 

- 0-046 

0-107 

0-000 

-0-076 

» III 

.+0-006 

+0-0.53 

1 0-014 

4 0-025 

0-000 

4 - 0-020 

„ IV 

-0-056 

+0-006 

- 0-027 

0-040 

0-000 

-0-0.34 

„ V 

-O-ODS 

-0-006 

4 0-008 

4-0-0.31 

0-000 

+ 0-020 

„ VII 

-fO-050 

f0017 

1 0-032 

+0-050 

0-('(X) 

+ 0-011 

» VIII 

—0-014 

+0-0.31 

+0-008 

+0-006 

r;-()(K) 

+ 0-(X)7 

Comparison 14.;„ .... 

+ 0 - 0 K) 

+0-004 

+0-081 

1 0-033 

+ 0-013 

+0-057 

„ 14, ft .... 

4 0 -(.K )8 

4-0 -0.30 

-0-035 

0-049 

i 0-01.3 

-0-042 

„ ir,, .... 

—0-063 

-0-085 

+0-1.55 

4 0-086 

- 0-084 

+ 0-120 

„ I62 .... 

-0-065 

0-075 

4 0-(X)3 

0-035 

0-084 

- 0-016 

„ 17, ... . 

-0-118 

-0-077 

-0-116 

0-174 

0-084 

-0-145 

. . . . 

-0-072 

-0^09 

-f 0-062 

t 0-029 

- 0-084 

4 0-046 

,, I 82 .... 

-0-093 

.-0-087 

- 0-014 

-0-074 

-0-084 

-0-014 


The agreement in the scale values obtained from x and y is satisfactory. There 
appears to be a small difference in the orientations as derived from the two directions 
in the comparison plates. This is, however, of small importance in the determination 
of a. There is a difference of scale value from July 15-18 shown in both co-ordinates. 
For the purpose of exhibiting the gravitational displacements, residuals have b.een 
computed using adopted values for the scale and orientation given above, along with 
the calculated corrections for differential refraction and aberration. This has the 
advantage of reducing the number of constants employed in the reduction of the plates, 
and lessens the possibility of masking any discordances, though greater irregularities 
necessarily appear when four arbitrary constants instead of six are used in the reduction 
VOL. coxx. — A. 2 u 
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of each plate. The quantities are converted from revolutions to seconds of arc, as the 

nxore familiar unit facilitates judgment of the results, 

« 

Table VTIT, — Comparison of the Eclipse and Comparison Photographs with the Scale 
Plate, after Correction for Differential Refraction and Aberration, Orientation and 
Change of Scale, 


No . of Star . 

I . 

11 . 

III . 

IV . 

V . 

VII . 

VIII . 

Mean . 


EcLir 

•SE Plat 

es— Rig 

lit Ascei 

ision. 




11 

- 0-18 

- 0-61 

- 0-46 

- 0-07 

- 0-04 

- 0-72 

- 0-43 

- 0-34 

n 

- 0-45 

- 0-81 

- 0-38 

- 0-58 

- 0-60 

- 0-36 

- 0-62 

- 0-54 

4 

+ 0-08 

4 - 0-11 

- 0-08 

- 0-11 

- 0-11 

- 0-16 

- 0-18 

- 0-06 

3 

- 0-23 

-Oil 

-0 19 

- 0-05 

- 0-02 

- 0-02 

- 0-01 

0 09 

() 

- 0-14 

4 - 0-23 

- 0-09 

- 0-11 

- 0-13 

4 0-13 

- 0-08 

- 0-03 

10 

-(- 0-17 

4 0-06 

4 - 0-14 

- 0-18 

- 0-11 

+ 0-14 

- 0-01 

4 - 0-03 

2 

+ 0-75 

4 - 1 -03 

4 - 1-06 

f 1-09 

- t - 1-01 

4 - 0-98 

+ 1-30 

4 1-03 


Eclipse Plates — ^Declination. 





// 

// 

// 

n 

ft 

tf 

tt 

tt 

11 

0-00 

- 0-08 

- 0-03 

4 - 0-02 

4 - 0-17 

+ 0-16 

+ 0-01 

4 0-03 

5 

- 0-38 

- 0-54 

- 0-61 

- 0-30 

- 0-39 

- 0-73 

- 0-81 

- 0-54 

4 

} M 9 

4 - 1-04 

-1 1 -03 

40-98 

+ 1-11 

4 - 1-19 

+ 1-24 

1 - 1-11 

3 

+ 1-42 

4 1-58 

4 - 1-50 

4 - 1-39 

1 1-55 

+ 1-49 

+ 1-49 

+ 1-49 

6 

4 0- 05 

4 - 0-79 

1 1 -01 

40-97 

+ 0*71 

4 0-05 

+ 1-01 

f 0-87 

10 

4 - 0-62 

4 - 0-46 

4 - 1-03 

4 - 0 -.54 

4 0-56 

+ 0-58 

+ 0-74 

+ 0-65 

2 

4 - 0-01 

4 - 0-25 

- 0-40 

- 0-09 

- 0-22 

- 0-14 

- 0-17 

- 0-11 











14 ,„. 

14 „,. 

16 ^. 

ISij . 

17 ,. 

17 ,. 

la ,. 

Moan . 


Com PAR 

ISON PI 

ates — R 

3 ^ 

> 

*-cnsion. 





tt 

n 

u 

A 

tt 


1 '' 

tt 

11 

— O ' 19 

- 0-24 

- 0-23 

- 0-28 

+ 0-11 

- 0-19 

- 0-02 

- 0-15 

5 

- 0-42 

1 0-16 

— 0-36 

- 0-.32 

- 0-24 

- 0-33 

- 0-26 

- 0-25 

4 

— 0-01 

4 0-03 

- 0-01 

+ 0-05 

-^ 0*04 

+ 0-23 

4 - 0-08 

+ 0-05 

3 

4 - 0-14 

-t 0-09 

4 - 0-28 

4 0-10 

- 0-03 

+ 0-21 

- 0-01 

4 - 0-11 

6 

1 0-02 

- 0-18 

40-26 

4 - 0-06 

+ 0-13 

+ 0-03 

+ 0-14 

4 0-07 

10 

”-}“0 ■ 1 7 

- 0-06 

4 - 0-20 

4 - 0-18 

+ 0-13 

- 0-02 

+ 0-15 

4 - 0-11 

2 

40-31 

4 0-18 

- 0-16 

4 - 0-22 

- 0-04 

+ 0-08 

- 0-06 

+ 0-08 


Comparison 

Plates - 

Declination. 




11 

- 0-07 

4 - 0-08 

- 0-26 

- 0-04 

- 0-26 

- 0-18 

- 0-16 

- 0-13 

5 

- 0-23 

- 0-03 

4 - 0-03 

0-00 

- 0-19 

+ 0-03 

- 0-20 

- 0-08 

4 

4 - 0-23 

4 - 0-05 

4 - 0-29 

40-18 

4 - 0-45 

+ 0-53 

+ 0-23 

+ 0-28 

3 

4 - 0-64 

- fO -41 

40-42 

4 - 0-36 

4 - 0-48 

+ 0-60 

+ 0-64 

+ 0-49 

(> 

4 0-22 

4 - 0-36 

40-33 

4 0-26 

+ 0-41 

+ 0-21 

+ 0-32 

4 - 0-30 

10 

- 1 - 0-28 

4 - 0-32 

4 - 0-31 

4 - 0-36 

+ 0-36 

+ 0-15 

40-29 

+ 0-30 

2 

4 - 0-26 

4 - 0-14 

4 - 0-18 

4 - 0-21 

-- j - 0 • 09 

— 0-03 

+ 0-27 

+ 0-16 
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Subtracting the results of the comparison plates, so as to eliminate the errors 
arising from the intermediary scale plate we find for the displacements of the different 
stars, as compared with those as given by Einstein’s Theory, with value l"-75 at the 
sun’s limb : — 


No. of Star. 

Displacement in 

Right Ascension. 

Displacement 

in Declination. 






Observed. 

Calculated 

Observed. 

Calculated. 

11 

n 

019 

M 

0-32 

tt 

+0-16 

n 

+0-02 

5 

0-29 

0-31 

-0-46 

-0-43 

4 

-Oil 

-0-10 

+0-83 

+0-74 

3 

-0-20 

-012 

+1-00 

+0-87 

6 

+0-10 

+0 04 

+0-57 

+0-40 

10 

-0-08 

+0-09 

+0-35 

-t;0-32 

2 

+0-95 

+0-85 

-0-27 

-0-09 


Photo(jraphs Taken with the Astrogkaphh; Object Glass. 

23. As stated above these photographs were taken with the astrographic object 
glass stopped down to 8 inches, mounted in a steel tube and fed by a I()-inch coelostat. 
From matiy years’ experience with the object glass at Greenwich it is certain that, when 
the object glass is mounted in a steel tube, the change of scale over a range of temperature 
of 10° F. should be insignificant, and the definition should be very good. It was realised 
that this high standard would not be obtained with the glass used in conjunction with 
the coelostat taken to Brazil, but nevertheless the results shown when the plates were 
developed were very disappointing. The images were diffused and apparently (uit of 
focus, although on the night of May 27 the focus was good.* Worse still, this change 
was temporary, for without any change in the adjustments, the instrument had returned 
to focus when the comparison plates were taken in July. 

These changes must be attributed to the effect of the sun’s heat on the mirror, but it is 
difficult to say whether this caused a real change of scale in the resulting photographs 
or merely blurred the images. 

The photographs were measured in the astrographic duplex micrometer, the eclipse 
photographs being directly compared with the comparison plates taken in July. All 

* The following note made at the time is quoted in full : — “ May 30, 3 A.m., four of the astrographic 
plates were developed, and when dry examined. It was found that there bad been a serious change of 
focus, so that, while the stars were shown, the definition was sj)oilt. This change of focus can only be 
attributed to the unequal expansion of the mirror through the sun’s heat. The readings of the focussing 
scale were checked next day, but were found unaltered at 11-0 mm. It seems doubtful whether much 
can be got from these plates.” 


2 U 2 
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the stars shown were measured. They were reduced by the same method as that 
employed for the “ 4-inch ” photographs. With the exception of plates Nos. 15 and 
16, taken through clouds, the stars numbered 3, 4, 6, 6, 10, 11 and 12 are shown on all 
the plates ; the fainter stars 2, 7, 8 and 9 are sometimes shown, but No. 1, which is 
very near the sun, is always drowned in the corona. These plates were only measured 
in declination, as the right ascensions were of little weight. 

24. In the following table is given the value of a, the constant of the gravitational 
displacement, as calculated from the measures ; the apparent difference of scale e 
between the eclipse and comparison plates ; d the difference of orientation of the plates 
given by the measures of y, and depending on the adjustment of the plates in the 
measuring machine. 

Taiu.e IX. 


(1^ ~ 12" -3). 


No. of 
PJoIipse 

Ref. No. of 
Com parison 

No. of 
Stars. 

1 

Values of d, e, a in Revolutions at 

60' Distance. 

OL at 

Sun’s Limb 

Plat(*. 

.Flak'. 

d. 


OL, 

in Arc. 

1 

I 84 

7 

r 

j 0-051 

r 

] 0-089 

T 

+0-033 

tf 

+ 1-28 

2 

18 , 

11 

-0-009 

-1 0-059 

-1 0-025 

+ 0-97 

.3 

18, 

8 

-0-074 

+0-101 

+0-028 

+ 1-09 

4 

18, 

11 

-0-1G8 

1-0-091 

+0-033 

+1-28 


11.3 

10 

-f 0-094 

+0-07G 

1-0-025 

+0-97 

6 

II 3 

11 

1 0‘J86 

+0-082 

+0-021 

+()-82 

/ 

Ha 

12 

1 0-0t)G 

-fO-119 

0-000 

0-00 

\ T 

18, 

14 

7 

-0-0.64 

+0-1GG 

0-000 

0-00 

8 

10 

1-0-093 

-1-0-064 

-t 0-021 

-10-82 

9 

174 

7 

~()-09() 

+0-129 

+0-008 

+0-31 

10 

174 

10 

H-O 090 

-1 0-046 

1 0-026 

1 1-01 

11 

11. 

10 

+0-073 

+0-061 

-10-032 

+ 1-21 

ri 2 

11. 

11 

-0-(X)9 

+0-102 

+0-049 

+ 1-91 

\12 

17., 

7 

-0 102 

+0-111 

+0-019 

+0-74 

15 

ir." 

(i 

+0 111 

+0-036 

1 0-018 

+0-70 

1(> 

ir,; 

7 

-0-002 

10-037 

I-0-0I8 

+0 - 70 

17 

172 

8 

-0-022 

+ 0-109 

+0-012 

+0-47 

18 

17, 

7 

+0-046 

0-000 

+0-030 

+1-17 



Mean 

+0-082 

+0-022 

+0-86 


Thus the mean value of a obtained from all the astrographic plates is 0" • 86, a figure 
considerably less than that obtained from the 4-inch photographs. 

25. Reference to the diagram shows that the measurement of displacement depends 
essentially on the position of the stars Nos. 3 and 4 relative to 5 on one side and 6 
and 10 on the other. These are all bright stars, and in this respect their images are 



DKTEKMINATION OF DEFLECTION OF LIGHT BY THE SUN’S GRAVITATIONAL FIELD. 


more comparable than are the images of the fainter stars. The measures of these 
are given in the following table : — 


No. of 
Eclipne 
Plate. 

Measured Values of Dyfot Stars Nos. — 

5 4 3 6 10 

No. of 
Eclipse 
Plate. 

Measured Values of Dy for Stars Not 

6 4 3 6; 

1 

-O^’OSl 4-0-175 -f0*-169 -fO-201 4-0%35 

9 

r r r r 

-0-059 40*121 40*109 40-205 4 O 

2 

4-0-558 4-0-656 -f 0-724 4-0-668 4 0-702 

10 

4-0-033 40-270 40-188 | 0-258 40 

3 

40-121 4 0-285 40-286 40-274 4-0-355 

11 

40*025 t 0-215 40-210 40-233 4-0 

4 

40-111 40-222 -1-0-247 1-0-231 4-0 167 

12 

-0-068 40-144 40*124 -(0-160 40 

5 

40-034 -t-0-228 40*232 40-218 40*308 

15 

—0*038 40*138 40*107 40-172 

6 

-t-0-lG4 40-488 -fO-478 ^<>-557 40-637 

16 

0-050 4 0-076 1 0-046 ( 0-127 40 

7 

-0*051 40-166 40-162 40-250 -|-0-279 

17 

-0-071 -1 0-104 4 0-081 40 - 186 40 

8 

4 0-108 40*330 40-314 40-376 40-397 

18 

4 0-01 6 40-092 40-109 1 0-099 40 


The equations given by these stars are 


— 

0*160d 

— 

1 

•107e 

— 

0*789a 

+ /- 


(1) 

+ 

0*334d 

+ 

0 

■472e 

+ 

l*336a 

+ / = 


(2) 

+ 

0*348d 

+ 

0 

•360e 

+ 

l*574a 

+ / = 

= 1)^3 

(3) 

+ 

0*587al 

+ 

1 

•099e 

+ 

0*726a 

+ / = 

= Bye 

(4) 

+ 

0*860d 

1 - 

1 

•321e 

4- 

0*589a 

+ / = 

= Byio 

(5) 


The mean of (4) and (5) added to (1) gives 

+ 0-564d + 0*103e — 0-131a + 2/ = Dyg + h + %io)- 
While the sum of (2) and (3) gives 

+ 0-682(i -I- 0-832e f 2- 910a + 2/-= Dy, |- T>y,. 

Subtracting these we get 

3 •041a + 0*7296 + 0-118d -= Dy, + - By. - h (By., + B//io). 

This equation has a small coefficient for e and a very small one for d. 

Calculating the quantities on the right-hand side, assuming c to be the? sam 


all the plates 

1 , and substituting the 

values of d fi 

•oin the previous table, 

\vc f 

a 

r 

1- 0*240e = 

1- 0 *056 

1 

a 

4- 

r 

0*2406 = 

4- 0*035 

9 

a 

+ 0*240e = 

4- 0*049 

2 

a 

4'“ 

0 * 2406 — 

-h 0*048 

10 

a 

+ 0*240e 

+ 0*047 

3 

a 

4 - 

0-2406 = 

4- 0*045 

11 

a 

4“ 0*240e — 

4- 0*059 

4 

a 

4 - 

!1 

0 

0 

4 - 0*059 

12 

a 

-j- 0 * 240e = 

-f 0*050 

5 

a 

4 - 

0*283e = 

4- 0*026 

15 

a 

+ 0*240e = 

4- 0*059 

6 

a 

4 - 

11 

0 

0 

-1- 0*024 

16 

a 

1- 0*240e = 

4 0*036 

7 

a 

4" 

11 

% 

0 

4- 0*028 

17 

a 

+ 0*240e = 

4- 0*046 

8 

a 

4- 

1! 

0 

0 

4-0*029 

18 
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In photograph No. 15, star 10 is not shoHn, and the equation is slightly modified. 
It may also be noticed that the values are somewhat smaller for Nos. 16 to 18. 

The means of the 16 photographs treated in tliis manner give 

a -f 243e = + 0^-0435, 

or with the value of the scale O’" *082 from the previous table 

a =.4 O’- *024 = 0"-93 at the limb. 

It may be noticed that the change of scale arising from differences of refraction and 
aberration is O'" *020. If this value of e bo taken instead of O’” *082 we obtain 

a — f- 0'-‘030 — + r'‘52 at the sun’s limb. 

The equations on p. 31 1 were also solved by least squares for etTch plate. There is a 
considerable range in the deduced values of «, as is to be expected when a and e arc 
determined independently for each plate. The mean result for a is 0"'99, or very 
nearly the same as that jilready found. / 

The photographs taken with the astrographic teles(!ope support those obtained by 
the “ 4-inch ” to the extent that they show considerable outward deflection, but for 
the reasons already given are of much less weight. 

IV. Thk Expedition to Peincipe. 

{Ohservers, Prof. A. 8. Eddinoton and Mr. E. T. Cottingham.) 

26. The expedition left Liverpool on the “ Anselm ” on March 8, and travelled in 
company with the Sobral expedition as far as Madeira. It was necessary to wait 
there until April 9, when the journey was continued on the “ Port ugal,” belonging to 
the Companhia Nacional de Navega^ao. The expedition landed at the small jiort of 
S. Antonio in the Isle of Principe on April 23. 

Vice-Admiral Campos Kodriouks and ]>r. E. Oom of the National Observatory, 
Lisbon, had kindly given us introdiuitions, and everytliing possible was done by those 
on the island for the success of the work and the comfort of the observers. We were 
met on board by the Acting Administrator 8r. VasconoFiilo.s, Sr. Carneiro, President 
of the Association of Planters, and Sr. Graokira, representing the Sociedade d’Agricul- 
tura Colonial, who made all ne(!essary arrangements. The Portuguese Government 
dispensed with any customs examination of the baggage. 

27. Principe is a small island l)elonging to Portugal, situated just north of the 
equator in the Gulf of Guinea, about 120 miles from the African coast. The extreme 
length aiul breadth are about 10 miles and 6 miles. Near the centre mountains rise 
to a height of 2500 feet, which generally attract heavy masses of cloud. Except for 
a certain amount of virgin forest, the island is covered with cocoa plantations. The 
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climate is very moist, but not unhealthy. The vegetation is luxuriant, and the scenery 
is extremely beautiful. We arrived near the end of the rainy season, but the gravana, 
a dry wind, set in about May 10, and from then onwards no rain fell except on the 
morning of the eclipse. 

We were advised that the prospects of clear sky at the end of May were not very 
yood, but that the best chance was on the north and west of the island. After in- 
specting two other sites on the property of the Societlade d’Agricultura Colonial, w'^e 
fixed on Ro§a Sundy, the headquarters of Sr. Carneiro’s chief plantation. We were 
3r. Carneiro’s guests during our whole visit, and used freely his ample resources of 
abour and material at Sundy. We learnt later that he had postponed a visit to Europe 
n order to entertain us. We were also greatly indebted to his manager at Smnly, 
5r. Atalaya, with whom we lived for five weeks ; his help and attention were 
nvaluable. Mr. Wright and Mr. Lew^is of the (’able Station kindly assisted us as 
nterpreters when necessary. 

Sundy is situated in the north-west of the islantl overlooking the sea at a height of 
>00 feet, and as far as possible from the cloud -gathering peaks. Our telescope was 
jrectcd in a small walled enclosure adjoining the house, from which the ground slopecl 
Jteeply down to the sea in the direction of the sun at eclipse. On the other side it was 
sheltered by a building. The approximate position was latitude 1° 40' N., longitude 
29m. 32s. E. 

28. The baggage was brought to Sundy on April 28 mainly by tram, but with a break 
)f about a kilometre, where it had to be transported through the wood by native 
jarriers. After a week spent on the preparations, we returned to S. Antonio for the 
veek. May 6-13, as it was undesirable to unpack the mirror so early in the damp 
dimate. On our return to Sundy the installation and adjustments were soon com- 
>leted, and the first check plates were taken on May 16. Meanwhile the gravana 
lad begun, which, although there is no rain, is generally accompanied by increased 
;loud. There were, however, some days of clear sky, and the nights were usually 
dear. 

The coelostat was mounted on a stone pier built for the purpose. The clock weight 
ell into a pit btlow the (dock deep enough to allow a run of 3(5 minutes without 
ewinding. Care was taken to use a particular part of the coelostat-sector, considered 
.0 be the most perfect, in photographing the eclipse and the check field. The telescope 
Oxford astrographic object-glass, see p. 296) rested on wooden V’s near the two 
snds, the V’s being supported on packing-cases ; the one at the breech -end could be 
noved laterally to allow of different declination settings, and was marked with an 
ipproximate declination scale. A series of exposures of one second was made on a 
)right star to test whether there was any shake of the telescope after inserting the 
date : no shake was detected even when the exposure was made immediately ; but 
ts a safeguard for the eclipse photographs a full second was allowed to elapse before 
)eginning the exposure. The exposure was made by moving a cardboard screen 
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unconnected with the instrument. The telescope pointed slightly downwards, and the 
tube was turned so as to give the right orientation to the plate, the lines of declination 
being two or three degrees inclined to the horizontal. A canvas screen was arranged 
to protect the tube and object-glass from the direct radiation of the sun. 

The adjustments call for little comment. In view of the purpose of the observations, 
it was desirable to adjust the tilt of the object-glass and plate with special care. It was 
also important that the setting on the field should be nearly exact. The sun appeared 
on the eclipse day in sufficient time to allow of the setting being made by means of 
the solar image ; but arrangements had been tested by which the correct field would 
have been obtained if it had been cloudy up to totality.* The telescope was focussed 
by trial photographs of stars, and owing to the uniform temperature of the island the 
focus was unchanged for day observations. 

The object-glass was stopped down to 8 inches for the eclipse photographs and for 
all check and comparison photographs used in the reductions. 

29. The days preceding the eclipse were very cloudy. On the morning of May 29 
there was a very heavy thunderstorm from about 10 a.m. to 11.30 a.m.— a remarkable 
occurrence at that time of year. The sun then appeared for a few minutes, but the 
clouds gathered again. About half-an-hour before totality the crescent sun was glimpsed 
occasionally, and by 1.55 it could be seen continuously through drifting cloud. The 
calculated time of totality was from 2h. 13m. 5s. to 2h, 18m. 7s. G.M.T. Exposures 
were made according to the prepared programme, and 16 plates were obtained. 
Mr. CoTTiNGHAM gavc the exposures and attended to the driving mechanism, and 
Prof. Eddington changed the dark slides. It appears from the results that the cloud 
must have thinned considerably during the last third of totality, and some star images 
were shown on the later plates. The cloudier plates give very fine photographs of a 
remarkable prominence which was on the limb of the sun. 

A few minutes after totality the sun was in a perfectly clear sky, but the clearance 
lid not last long. It seems likely that the break-up of the clouds was due to the eclipse 
itself, as it was noticed that the sky usually cleared at sunset. 

It had been intended to complete all the measurements of the photographs on the 
}pot ; but owing to a strike of the steamship company it was necessary to return by the 
irst boat, if we were not to be marooned on the island for several months. By the 
liter vention of the Administrator berths, commandeered by the Portuguese Government, 
ivere secured for us on the crowded steamer. We left Principe on June 12, and after 
transhipping at Lisbon, reached Liverpool on July 14, 

30. The following is a list of the photographs, including the comparison photographs 
kindly taken for us by Mr. F. A, Bellamy at Oxford, before the instrument was 
lismounted. All the eclipse photographs are given, though only W and X furnished 

* The method depended on setting the cross-wires of the theodolite (attached to the ccelostat) on a 
errestrial mark, and then starting the clock at a particular instant. 
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results. Of the other series, only the exposures actually oised in the reductions arc 
given. 


List of Plates. 


Check Field (R.A. 14h. 12ni. 47s., Declination -| 20"" 30') 


Ref. 

Place. 

Date. 

Loc. Sid, 

T. 

Exp. 

Approx. 

Z.D. 

Bar. 

Ther. 

Plate. 



1019. 

h. 

m. 

s. 

s. 

0 

m. 

o 


«] 

Oxford 

January 16 

12 

55 

10 

60 

35 

29-64 

37-0 

s. 



January 1 7 

13 

10 

40 

60 

34 

29-83 

35-3 

S. 


} » 


13 

54 

55 

60 

31 

29-83 

35-3 

s. 

'f, 

j } ! 


14 

9 

25 

60 

31 

29-83 

35*3 

s. 

^1 

- 

January 23 

13 

13 

30 

60 

33 

30-45 

29-0 

s. 




G.M.T. 






'h 

Principe 

May 22 

12 

25 

40 

40 

43 

29-45 

76-6 

S.R. 

’’i 

,, 


12 

31 

20 

40 

45 

29-45 

76-6 

S.R. 




12 

37 

50 

«0 

46 

29-45 

76-5 

S.R. 

’’t 


May 25 

12 

22 

20 

40 

45 

29-45 

76-5 

S.S. 

m;. 



12 

26 

20 

40 

46 

29-45 

76-5 

S.S. 


Notes. 

Ooluiuii 1. — Th(' letter is marked on the original plates (preserved at Cambridge Observatory). The 
number refers to the exposure, disregarding exposures taken without the 8-ineh stoj). 

Column 2. The co-ordinates of Oxford Obvservatory are bin. 3s. W., 51'^ 46' N., and of the site at 
Principe, 29ni. 32.s. E., 1° 40' N. 

(k)lumn 4. - The mid-instant of the exposure is given. Times for check plates at Principe were only 
noted roughly. Times for the eclipse plates are deduced from the calculated time of totality, the interval 
from the end of one exposure to the beginning of the next being assumed uniform. 

Column 7. Readings at Principe were taken with an aneroid recording instrument, and therefore 
automatically reduced to the latitude of England. The barometer during our visit was practically constant 
except for a regular semi-diurnal wave of amplitude about 0*05 in. 

Column 9. Brand of Plate : S. = Imperial Sovereign, S.S. — Imperial Special Sensitive, S.R. = Ilford 
Special Rapid, E. — Ilford Empress. Backed plates were used at Principe. 


VOL. eeXX. — A. 


2 X 
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Eclipse Field (R.A. 4h. 19m. 308., Declination +21° 43') 


Ref. 

Place. 

Date. 

Loc. Sid 

T. 

Exp. 

Approx. 

Z.D. 

Bar. 

Ther. 

Plate. 



1919. 

h. 

m. 

B. 

8. 

o 

m. 

O 



Oxford 

January 16 

3 

68 

1 

5 

30 

29-65 

39-0 

s. 

gJ 

?» 

January 22 

4 

4 

39 

6 

30 

30-30 

31-0 

s. 

Hi 

}) 

if 

4 

34 

28 

6 

30 

30-30 

31-0 

8. 

h 


if 

4 

48 

46 

10 

31 

.30-30 

31-0 

S. 

K, 


February 9 

4 

45 

24 

10 

30 

30-48 

24-5 

S. 




G.M.T. 






K 

Principe 

May 29 

2 

13 

9 

5 

46 

29-45 

77-0 

S.ll. 

L 


if 

2 

13 

28 

10 

46 

29-45 

77-0 

S.R. 

M 


a 

2 

13 

46 

3 

46 

29-45 

77-0 

S.R. 

N 

»> 

if 

2 

11 

1 

5 

46 

29-45 

77-0 

E. 

0 

' j 


2 

14 

20 

10 

46 

29-45 

77-0 

8.8. 

1* 


fi 

2 

14 

44 

15 

46 

29-45 

77-0 

8.8. 

Q 

if 

if 

2 

16 

6 

6 

46 

29-46 

77-0 

S.R. 

R 

if 


2 

15 

30 

20 

46 

29-45 

77-0 

S.R. 

S 

If 

if 

2 

15 

53 

3 

46 

29-45 

77-0 

s.s. 

T 

if 

if 

2 

16 

13 

15 

46 

29-45 

77-0 

E. 

U 

if 

ii 

2 

16 

37 

10 

46 

29-45 

77-0 

S.R. 

V 

if 

if 

2 

16 

66 

5 

46 

29-45 

77-0 

S.S. 

W 

if 

if 

2 

17 

16 

10 

46 

29-45 

77-0 

s. 

X 

if 

if 

2 

17 

33 

3 

46 

29-45 

77-0 

S.R. 

Y 

if 

if 

2 

17 

47 

2 

46 

29-45 

77-0 

S.R. 

Z 

if 

a 

2 

18 

1 

2 

46 

29-45 

77-0 

S.R. 


Notes. 

(Joluiuus 1 to 9. See |»revious page. 


The large proportion of Ilford Special Rapid plates used at the eclipse was due to 
the fact that experience in developing the (;heck plates showed that these suffered less 
than the others from the high temperature of the water (78° F.). Ice was generally 
available for the <;he(;k plates through the kindness of Sr. Grageira ; but the supply 
failed after the eclipse, and formalin was used to harden the films. This was un- 
satisfactory except for the I.S.R. plates, and so plates P, S, T, W were brought home 
undeveloped. The developing at Principe was done at night, and the drying was 
accelerated by use of alcohol. 

The use of an 8-inch stop in front of the object-glass was suggested to us by 
Mr. Davidson, who showed that a great improvement of the images resulted ; it was 
originally intended, however, to use the full aperture for part of totality. Early 
measures of check plates made at Principe soon convinced us that the results from the 
full aperture were greatly inferior, and we decided to rely entirely on the 8-inch 
aperture. 
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The Check Plates. 

31. In addition to the eclipse field, a check field was photographed both at Oxford 
and at Principe. TJie field chosen included Arcturus, so that it was easily found with 
the ccelostat. Its declination was nearly the same as that of the eclipse field, and it 
was photographed at the same altitude at Principe in order that any systematic error, 
due to imperfections of the coelostat mirror or other causes, might affect both sets of 
plates equally. The primary purpose was thus to check the possibility of systematic 
error arising from the different conditions of observation at Oxford and Principe, and 
from pos.sible changes in the object-glass during transit. Unlike the 8obral expedition, 
we were not aide to take comparison photographs of the eclipse field at Principe, 
because for us the eclipse occurred in the afternoon, and it would be many months 
before the field could be photographed in the same position in the sky before dawn. 
The check plates were therefore specially important for us. 

As events turned out the check plates were important for another purpose, viz., to 
determine the difference of scale at Oxford and Principe. As shown in the report of the 
Sobral expedition, it is not necessary to know the scale of the eclipse photographs, since 
the reductions can be arranged so as to eliminate the unknown scale. If, hownver, a 
trustworthy scale is known and used in the reductions, the equations for the deflection 
have considerably greater weight, and the result depends on the measurement of a 
larger displacement. On surveying the meagre material which the clouds permitted us 
to obtain, it was evident that w^e must adopt the latter course ; and accordingly the 
first step was to obtain from the check plates a determination of the scale of the Principe 
photographs. 

32. All the measures were made by Prof. Eddington with the Cambridge measuring 
machine.* An Oxford and a Principe plate w'ere placed film to film so that the images 
of (iorresponding stars nearly coincided — this was possible because the Oxford plates 
were taken direct, and the Principe plates by reflection in the cadostat mirror. 

The small differences Ax and Ay, in the sense Principe- Oxford, were then measured 
for each star. Eight settings were made on each image ; for half of them the field was 
rotated through ISO degrees by the reversion prism. Five pairs of plates ivere 
measured, and the measures arc given in Table XT. 


* ‘ Monthly Notices, R.A.S.,’ vol. LXI, p. 44L 


2x2 
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Table XI. — Check Plates, Measures. 


Star. 

Approx. Co-ords. 

'll- 

«!- 


-h- 

^2‘ 

-Cj. 

>i 

-d,. 


-Pj. 

X. 

y- 


Ay, 

Ax. 

Ay. 

Ax. 

Ay. 

Ax. 


Ax. 

Ay. 

1 

1-41 

20-31 

4346 

7180 

3199 

4259 

6012 

7375 

3921 

8796 

.5435 

4399 

2 

5*89 

12-74 

386.5 

6405 

3.394 

4129 

4922 

6132 

.3039 

7440 

5978 

4170 

4 

!)-46 

11-13 

3640 

5932 

3408 

4118 

4369 

5366 

2638 

6776 

5966 

4441 

.>5 

12 00 

6-84 

3311 

5590 

— 

— 

3831 

4752 

1938 

6156 


4314 

6 

12-80 

27-33 

5415 

6561 

3192 

5140 

7689 

5925 

5379 

7580 

.5032 

5794 

7 

13-7D 

13-78 

4076 

5630 

3496 

4290 

4891 

4805 

3101 

6461 

5906 

1826 

8 

l.^)-.50 

21-38 

5125 

6300 

— 

— 

— 

— 

— 

— 

5139 

.5412 

10 

20-13 

10-19 

3965 

4940 

3679 

4505 

4656 

3568 

2866 

5370 

6398 

5229 

11 

20-81 

0-93 

2874 

4352 

3876 

3759 

2815 

2815 

1238 

4758 

7268 

4482 

12 

22-91 

6-23 

3685 

4436 

3931 

41.58 

4039 

2738 

2270 

4551 

6765 

.5076 

13 

26 -4f) 

8-96 

4222 

i 

4288 

4045 

4326 

1721 

2232 

2720 

4120 

68.36 

5561 


The unit for x and y is 5 millimetres, which is approximately equal to 5'. The 
differences Jx, Jy are given in units of the fifth place of decimals — 0"'003. The 
centre of the plate is near x — 14, ^ = 14. 

Plate-constants were then calculated in the usual way, by the formula; 

/lx = ap; -j- % -4- c 
/1y = dx -f ey +/ 

These were applied, and the residuals /IjX, Aiy converted into arc are as follows 


Table XT I. -Check Plates, Kesiduals. 




-«i- 

«’r 

-K 

■^2- 

-c,. 

h- 

-dy 


-«j- 

Mean. 

Star. 

A^x, 


A^:r. 

\y- 

AjX. 

\y- 

AjX. 

\y- 

A^x. 

^ly- 

A^x. 



n 

n 

n 

It 

H 

99 

n 

ft 

it 

ft 

tt 

ft 

1 

-0-02 

-0-02 

+0-29 

-0-34 

+0-02 

-0-07 

-0-03 

fO-22 

+0-49 

+0-01 

+0-15 

-0-04 

2 

1-0 -.39 

+0-15 

+0-16 

+0-14 

-t 0-69 

0-00 

+0-69 

-0-29 

+0-10 

-0-23 

+0-41 

-0-05 

4 

- 0-14 

0-01 

0-16 

+0-09 

-0-38 

-0-12 

-0-02 

-0-37 

-0-54 

1 0-12 

0-25 

-0-06 

5 

-0-08 

+0-.3.5 

— 

— 

+0-25 

1-0-19 

-0-21 

-0-21 

— - 

■0-01 

— O-Ol 

+0*08 

6 

-0-06 

-0-10 

-0-28 

+0-27 

- 0 -09 

+0-14 

—0-10 

+0-12 

+0-15 

+0-49 

-0-08 

+0-18 

7 

-0-06 

-0-28 

-0-10 

-0-16 

-0-71 

-0-09 

-0-31 

+0-02 

-0-39 

-0-12 

-0-32 

-0-13 

8 

-0-.30 

+0-.34 

— 

— 

— 




-0-38 

-0-68 

-0-31 

-0-17 

10 

-0-02 

-0-10 

-0-21 

+0-52 

0-15 

+0-16 

+0-08 

+0-25 

-0-08 

+0 - 34 

-0-08 

+0-23 

11 

-0-16 

-0-01 

-0-13 

-0-22 

-0-13 

+0-11 

-0-1.3 

+0-71 

+0-30 

-0-28 

-O-ll 

+0-06 

12 

-fO-16 

-0-14 

+0-13 

-0-04 

+0-19 

-0-06 

+0-17 

-0-09 

-0-13 

-1-0-08 

■1 0-10 

-0-05 

13 

-fO-.59 

-0-12 

+0-32 

-0-26 

+0-34 

-0-25 

-0-13 

-0-38 

+0-48 

+0-28 

+0-32 

-0 15 


The mean residual without regard to sign is ±0''*21, from which the probable error 
of a determination of Ax or Ay is ±0"‘22. 
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Star 7 is much the brightest. Stars 1,6, 11, 13 are rather bright. Stars 2, 4, 10, 12 
are fainter and more comfortable to measure. Stars 5 and 8 are very faint. Arcturus 
is on the plates but is much too bright to measure. No measures have been rejected. 

The determination of the deflection on the eclipse plates is based on the declinations 
(y), and the last column of Table XII. shows that on the check plates tlie ^-comparisons 
arc free from any serious systematic error. 

Star 7 is of particular interest ; its position near the ceritre of the fmld corresponds to 
that of If,, Ka Tauri in the eclipse field, from which the greatest deflection is expected. 
The images (which are not quite round) have the same characteristic shape. Furtlier, 
the brightness of No. 7 corresponds with, but exaggerates, the luightness of k, Tauri 
which is the brightest star in the eclipse field. It is therefore a valuable clu'clc to find 
that its systematic error in declination is insignificant comparetl with the displacement 
(of the order of 1") afterwards found for k, and k.^ Tauri. 

The systematic errors in right ascension are larger (probalily through imperfect driving 
of the clock). They may affect the displacement indirectly through the orientation 
constant, but with much reduced effect. Allowing for this redu(;tion in importance there 
appears to be nothing to trouble about. 

The primary purpovse of tlie check plates is thus fulfilled. They show that photographs 
of a check field of stars taken at Oxford and Principe show none of tlie displacements 
which are exhibited by the photographs of the eclipse field taken under precisely 
similar instrumental conditions. T’he inference is that the displacements in the latter 
case can only be attributed to preseiuje of the eclipsed sun in the fieUl. 

33. We turn now to the differences of .siiale lietween Oxford and Princijie, which are 
given by the plate-constants h, d, e determined from the measures. As determined, 
these include the effects of differential refraction and aberration. The latter corrections 
were ealendated for each plate by the usual formula* and applied, so as to determine 
the corrected plate-constants, o', ?/, d’ , c' free from differential refraction and aberration. 
Due allowance was made for the change in the coefficient of refraction owing to the 
difference of barometer and temperature (about 40'^) between Oxford and Principe. 
The results are as follows (in units of the fifth place of decimals) 


Table XI II. Check Plates, Plate-Constants. 



Um'oiTccted. 

Corrected. 

Coinjiarison. 

a. 

b. 

li. 

e. 

a'. 

b'. 

d\ 


6'+(/'. 

h ~ «i 

-t32-7 

-I-IOI-O 

- 87-8 

458-2 

4-32-7 

4- 98-4 

- 90-4 

+32-1 

+ 8-0 

M>i - bi 

H 26-2 

-- 16-0 

-t 25-9 

H 53-6 

430-4 

- 22-5 

4- 19-4 

+31-4 

- 3-1 

.Vg - 1^1 


-1 102-.5 

-17.3-6 

4-64-8 

-t 35-8 

-t-182-6 

-183-4 

+42-1 

- 0-8 

rj - ci, 

+28-2 

-t-16.')-0 

-146-8 

469-8 

-P32-1 

4-157-8 

-154-0 

+45-0 

+ 3-8 


4-21-6 

- 76-2 

4- 70-6 

-f61-4 

-t-25-2 

~ 80-6 

4- 66-3 

+35-7 

-14-2 

Mean 

-f31-2 

— 

— 

+37-3 

- 1-3 
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The sign of the results shows that the scale of the photographs is larger at Principe 
than at Oxford ; in fact the focus must have been set about 1*2 mm. further out 
(apart from any change of length compensated by expansion of the photographic plates). 
As the error in focussing was probabfy not more than 0-5 mm., the greater part of this 
shift must be due to the focal length of the lens combination increasing with temperature 
more rapidly than the linear expansion of the glass. 

If the only difference were a change of focal length, we should have a' = e'. There 
is a fairly strong indication that e' is greater than a'. This is no doubt due to a change 
in the definition caused by the cmlostat mirror or by a shift of the object-glass lenses 
on the journey ; and, as it will presumably affect the ecbpse plates in the same way, 
it is best to adopt the values of a' and e' as determined, rather than to take a mean. 
In so doing we shall at any rate not exaggerate the displacement, which depends mainly 
on the y-measures and is reduced by adopting too large a value of e'.* 

The difference b' — d' merely gives the relative orientation of the two plates as 
placed face to face. The sum h' ) d' practically vanishes, as it should do. However, 
for consistency we adopt the small value found. 

From the internal discordances of our determination of e (the most important of 
these constants) the probable error of the mean is ±2*1. This, as shown later, will 
cause a probable error of our final determination of the deflection, redu(!ed to tlie limb 
of the sun, of amount ±0"'14, affecting all determinations systematically. Errors 
in the other constants have much smaller influence. 

The Edipse Plates. 

34. The eclipse plates from K to S show no star images. After that the cloud 
lightened somewhat, and some images appear on the remaining plates. The sky was 
never clear and notliing fainter than 5' *5 is shown. The cloud was variable in different 
parts of the plate, so that the brightness of the images varies erratically and the diffusion 
is also variable. 

In order to obtain results of any weight the stars 4 and 3 (xi and Tauri), which 
theoretically sliould be strongly displaced, must be shown. They appear on all plates 
from T to Z, and being near the centre of the field have good images. They are relatively 
rather faint on plate U, but are bright on the other plates. The appearance of the 
remaining stars is as follows 

Plate T. 0 bright ; 10 faint. 

Plate U. 6, 10 very bright ; 11 faint. 

Plate V. 6 bright ; 10 fair. 

Plate W. 5, 6 good ; 10 diffused. 

Plate X. 5, 6, 11 good. 

Plate Y. 5, 6, 1 1 faint, diffused ; 12 very faint. 

Plate Z. 5, 6, 11 faint, diffused. 

*' It happens that it is also reduced, but to a less extent, by using too small a value of a'. 
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The possibility of a determination of deflection practically depends on the appearance 
of star 6. The relative displacement of 6 and 3 is on Einstein’s theory, l"-2 in the 
y-co-ordinate. Further, the «:-measures of 5 are needed for a really good determination 
of the orientation. Star 11 can scarcely take its place. It is true that the relative 
displacement is then 0" • 8 ; but the orientation affects this with a much larger factor, 
and the orientation is badly determined in the absence of star 5. 

Accordingly plates W and X are the only ones likely to give a trustworthy result. 
X is somewhat the better plate of the two.* Measures have been made of the faint 
diffused images on plates Y and Z ; but, as might have been expected, they are 
hopelessly discordant and cannot be reconciled by any adopted value of the 
deflection. 

36. We give the measures of plates X and W in detail. Both comparisons of X were 
measured at Principe a few days after the eclipse. Plate W, wliich was not developed 
until after the return of the expedition, was measured at Cambridge on August 22-23.f 


Plate X. 

(1) (Comparison with Oxford Plate Oi. 

The differential refraction for all the eclipse plates is 

a=_46-5, 6, d=-l-8-2, — 27-0 

the differential aberration being zero. 

For the comparison plate Gj 

— 19-1, />, 1 0-7, e^ -28*3. 

Hence for X — (ti 

a =- — 27-4, 6, d= + 7-5, pi-3. 

* IMutc X has also the merit of a short exposure, 3s. We should mistrust the x-measures of a Jong 
exposure with variable cloud and imperfect guiding, because there is nothing to show that the images of 
the different stars are formed at the same time. 

I Of the comparisons of check plates, w\ — 6^ was measured on August 20, and the others about the 
end of September. Previous measures had been made at Principe with three earlier check plates taken on 
the night of May 16 ; but a slight, change of adjustment of tilt was made the following day (thereafter 
it remained unaltered until the eclipse), and the small change of focus allowed for in the comparisons. 
These furnished a provisional scale which was used to obtain preliminary results. Afterwards the measure- 
ment of check plates was undertaken in a more systematic way, using later plates about which no doubt 
could arise, and giving the results printed above. No change of any importance was found ; the final 
value for the deflection at the limb was reduced by 0"^ • 4 compared with the provisional value, but this was 
mainly due to the adoption of separate values of a' and e' instead of adopting the mean, and to recalculation 
of the differential refraction and aberration. 
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To these must be added the tertris representing (diange of scale, determined from 
the check plates (Table XITf.), \'v£., 

a = 1- 31-2, h,d= — 0-6, ‘c + 37-3. 

Hen{5e the whole diflfereuce X — Gi is given by 

a = t- 3-8, h, d = f 6-!), c -j 38-6. 

The first step is to take the measured differences la;, Ay, and take out the parts 
(tx I by, dx f ey, due to these terms, leaving the corrected differences AiX, A^y. 

.Iju; and /l,;y (amtain (1) the Einstein displacement, if any, and (2) the unknown 
relative orientation of the plates giving rise to terms of the form, Ax = + 9y, Ay = — 6x. 
These two parts could be separated by a least-squares solution, but in view of the poor 
quality of the material it seems better to adopt a method which keeps a better check 
on possible discordances and shows more (dearly what is happening. The Einstein 
displacement in x is small, and we might perhaps neglect it altogetlier in determining 6 
from the a:-measures. However, it is (;lcar from preliminary trials that a displacement 
exists — whether the half or the full Einstein displacement. Hen(;c if we take out three- 
quarters of the full Eijistein displacement (|E^) we divide the already slight effect by 4, 
and at the same time deal fairly between the two hypotheses.* Iffie residuals A.^x result. 

From the equations A-^x = c | 6y we determine by least squares tin; orientation 9, 
which is found to be -(- 163. Kemoving the term 163y we obtain the residuals A.^x. 

Turning to by, we correct for the orientation by taking out the term - lOSa;, leaving 
A .y. These values should agree for all the stars, except, for tlie di.spla.cement and the 
accidental error. 

Denoting the value of the displacement at 50' (or 10 reseau-intervals) from the centre 
of the sun by k, the y-displacements of the various .stars will be xa,^, where a,, has the 
values tabulated below. We can therefore obtain k by solving by lea.st-squares the 
ecpiations 

-h'.y =/+ 'fv 

The radius of the sun during the eclipse was 15' • 78. Heiuie the full Einstein displace- 
ment of 1''’75 corresponds to 0"-55 at 50' distance, or, in our units of 0"‘003, k — 184. 
It is easily seen that the value is somewhere near this, and it i,s therefore easier and 
more instructive to take out E,, = 184ay, and determine, the correction to k from the 
residuals -by. We also remove the mean of .-by obtaining the final residuals. 

The normal equations corresponding to equations of condition 

residual — 8/ i 8 k 

"■ The smaller the displacement provisionally assumed for x, the larger is the displacement ultimately 
found from y (see p. 327). 
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are found to be 


whence 


58/+ 2- 838k = — 1 
2-838/+ 4 •838k = +64 

3* 238k = +64, 

8k = +20. 


An increase of 20 on 184 corresponds to an increase of 0"-19 on l"-75. Hence the 
resulting deflection at the limb is l"-94. 

Since the full deflection is indicated we complete the results for x by taking out the 
remaining obtaining and then tabulate the residuals from the mean values 
—5942. 

The successive steps are shown below : — 


Star. 

X, 

A*. 

3-8x. 

6-9y. 

<I 

|E*. 

Ag*. 

+ 163y. 

Ag®. 


Reaid. 
(unit — 
0"*(K)3). 

11 

1-.39 

-3916 

5 

86 

-4007 

-76 

-3931 

2021 

-6952 

-5927 

4- 15 

5 

12-40 

-.5518 

47 

20 

-5585 

-79 

-5506 

478 

-5984 

-5958 

- 16 

4 

17-34 

-2869 

66 

129 

-3064 

-64 

—3010 

3061 

-6061 

-6043 

-101 

3 

17-48 

-2924 

66 

121 

-3111 

-69 

-.3042 

2869 

-5911 

-6888 

+ 64 

6 

19-87 

-1568 

75 

172 

-1815 

+ 3 

—1818 

4075 

-5893 

-6894 

48 


Star. 

y- 

Ay. 

6 *907. 

38 -6y. 

\y- 

—163a:. 


E,,. 

\y- 

+/• 

Rcsid. 

11 

12-40 

6398 

10 

479 

6909 

- 227 

61.36 

+ 6 

6130 

+0-03 

+ 5 

6 

2-93 

4121 

86 

113 

3922 

-2021 

5943 

-127 

6070 

-0-69 

- 55 

4 

18-72 

4512 

120 

722 

3670 

-2826 

6496 

+234 

6262 

+ 1-27 

+ 1.37 

3 

17-60 

4236 

121 

679 

3436 

-2849 

6286 

+272 

6013 

+ 1-48 

-112 

6 

24-99 

4148 

1.37 

965 

3046 

-3239 

6285 

+136 

6149 

+0-74 

+ 24 


(2) Comparison with Oxford Plate Hj. 

The reductions are similar and are given in a rather more (;ondensed form below. 
The theoretical plate constants are 


a = +3-8, 6, d=+8-3, c-::+38-6. 


Star. 

Aa?. 


Ajx. 

+ 10y. 

i 

i 

\x. 

Resid. 

11 

7290 

7182 

7268 

124 

7134 

7169 

+235 

5 

6761 

6680 

6769 

29 

6730 

6766 

—168 

4 

7126 

6905 

6969 

187 

6772 

6790 

-134 

3 

7320 

7108 

7177 

176 

7001 

7024 

+100 

6 

7429 

7147 

7144 

260 

6894 

6893 

— 31 


VOL. OOXX. — A. 
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Star. 

Ay. 


-10*. 


Ely. 


Resid. 

11 

1686 

1096 

n 

1109 

-f- 6 

1103 

+172 

6 

868 

642 


766 

-127 

893 

- 38 

4 

1881 

1016 


1188 

+234 

954 

+ 23 

3 

1786 

961 

-176 

1136 

+272 

864 

- 67 

6 

1909 

779 

-199 

978 

+136 

842 

- 89 


The normal equations are 


whence 


58/+2-838«= 4-1 
2-838/+ 4-838/c = -106 

3-238/( = —105, 
Skt = -33. 


The (corresponding deflection at the limb is 

r-75 - 0''-31 = r-44. 


Plate W. 

Although the exposure was only 10 seconds the images have jumped in R.A., so 
that the appearance is dumb-bell shaped. They are, however, symmetrical, so that fair 
measures of x can be made ; the y measures on which the result chiefly depends are 
unaffected. Star 10 is very diffused in R.A. 

(1) Comparison with Oxford Plate Di. 

Theoretical plate-constants 

a =+4-9, fe, d^+f)-5, e=+39-7. 


Star. 

X. 

Ax. 

<r 

iBx. 

Ajx. 

+91y. 

Agx. 

\x. 

Resid. 

5 

12-40 


2370 

-79 

2449 

267 

■1 

2208 

+ 40 

4 

17-34 

3948 

3741 

—64 

3795 

. 1704 



- 69 

3 

17-48 

3834 

3634 

-69 

3703 

1602 

2101 

2124 

- 44 

6 

19-87 

4526 

4266 

+ 3 

4263 

2275 

1988 

1987 

-181 

10 

22-60 

5199 

4911 

+17 

4894 

2476 

2418 

2412 

+244 


Star. 

y- 

Ay. 

B 

—91*. 


E,/. 


OLy. 

Resid. 

6 

2-93 

6320 

6123 

-1128 

6261 

-127 

6378 

-0-69 

+ 70 

4 

18-72 

6745 

4889 

-1678 

6467 

+234 

6233 

+1-27 

- 76 

3 

17-60 

6911 

5098 

-1691 

6689 

+272 

6417 

+1-48 

+109 

6 

24-99 

6628 

4607 

-1808 

6316 

136 1 

6179 

+0-74 

-129 

10 

27-21 

5616 

4389 

-2057 

6446 

+114 

6332 

+0-62 

+ 24 
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Normal equations 


whence 


58/ -f- 3-428/f = —1 
3-428/+ 5-218 k = -62 


2 ‘878k = —61 


Hence deflection at the limb is 

r-76 


Sk = —21. 

0''-20 = r-SS. 


(2) Comparison with Oxford Plate Tj. 

Theoretical plate constants 

a = +4*0, bf d +9-1; c = +38-8. 


Star. 

Ax, 

AjX. 

AgiP. 

-30y. 

AjjX. 

A^x, 

Resid. 

6 

6050 

4973 

6062 

— 88 

5140 

6166 

+ 46 

4 

4732 

4493 

4647 

-562 

5109 

6127 

+ 7 

3 

4622 

4392 

4461 

-528 

4989 

6012 

-108 

6 

4635 

4329 

4326 

—750 

5076 

6076 

- 46 

10 

4764 

4426 

4409 

—816 

5226 

6219 

+ 90 


Star. 

Ay. 


+30®. 




Resid. 

6 

-6824 

-7051 

372 

-7423 

—127 

-7296 

- 15 

4 

-5761 

—6636 

620 

-7155 

+234 

-7389 

-108 

3 

-6609 

-6451 

624 

-6976 

+272 

-7247 

+ 34 

6 

-6425 

-6676 

696 

-7172 

+136 

-7308 

- 27 

10 

-6109 

• 

-6371 

678 

-7049 

+114 

—7163 

+118 


Normal equations 

58/+ 3-428/f = +2 
3-428/+ 5-21 8 /f = —24 

whence 

2 - 878 /c = - 25 , 
8k = — 9. 

Hence deflection at the limb is 

l ''-75 — 0''-08 = r-67. 
2 Y 2 
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Plate U. 


Comparison with Oxford Plate Kj. 

Since Plate II shows some good images it has been examined, although owing to the 
absence of star 8 the weight is small. The measures were made at Principe. 
Theoretical plate-constants 

a=-(-2-8, 6, d=-18-9, |37-7. 


Star. 

X. 

Ax, 

AjX. 

-l-240y. 

E^. 

A4X. 

Resid. 

11 

1-39 

2905 

2791 

2976 

-101 

- 84 

-147 

4 

17-34 

4508 

4292 

4493 

- 72 

-129 

-192 

3 

17-48 

4626 

4420 

4224 

- 92 

-t-288 

+226 

6 

19-87 

6270 

5992 

5998 

+ 4 

- 10 

- 73 

10 

22-60 

7110 

6805 

1 

6630 

23 

+252 

189 


Star. 

X, 

Ay, 

\y- 

-240*. 

E,y. 


Resid. 

11 

12-40 

9026 

8647 

- 334 

+ 6 

8875 

- 94 

4 

18-72 

5846 

4986 

-4162 

+234 

8914 

— 55 

3 

17-60 

5986 

5165 

-4195 

+272 

9089 

+120 

6 

24-99 

5458 

4339 

-4769 

+136 

8972 

+ 3 

10 

27-21 

4911 

3684 

—5424 

+ 114 

8994 

+ 26 


In this case it is not possible to determine the orientation with sufficient accuracy from 
the aj-measures ; the value here applied is an arbitrary preliminary value. We 
accordingly make a least-squares solution from both x- and ^-residuals to determine 
the correction to the orientation, 86, as well as 8c, 8/ and 8k. 

The result is 


This gives the deflection 


S^=+2, 8if=+121. 

2" -90. 


The probable error is, however, ± 0''-87, so that the result is practically worthless. 
Further, it is much more likely to be affected by systematic error than the previous 
results. 

The large probable error is partly due to the large residuals which are greater than 
in the previous measures ; in particular star 3 is unduly faint. If the same accuracy 
had been obtained, the theoretical weight would have been half that of plates W and X ; 
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but having regard to possible systematic error, probably a quarter weight would more 
nearly represent the true value. 

This determination is ignored in the subsequent discussion. 

36. It is easy to calculate the effects of any errors in the adopted scale, orientation, 
&c., on the final result (deflection at the limb). We give some illustrations. 

An error in the adopted scale of y of 10 units (in the fifth place of decimals) would 
lead to an error 0"*68 in the result from either plate. Thus the probable error ±2*1 
in the determination of e' gives a probable error ±0"'14 in the final result ; or, if we 
adopted the largest (rather discordant) value found for e' instead of the mean, we should 
reduce the result by 0"*52. 

An error of 10 imits in the orientation gives an error in the result of 0"’45 for plate X, 
and 0"*22 for Plate W. It is therefore of less importance, and further it is not likely 
to be systematic. 

Errors in the measurement of x only affect the result through the orientation. For 
Plate X, a probable error of ±0"*20 in the aj-measures would give an error ±4*0 in 
the orientation, leading to an error ±0"*18 in the result ; whereas an error of the same 
magnitude in the y measures gives directly an error ±0"*35 in the result. For Plate W, 
the probable error of ±0"*20 in x gives an error ±3 ’6 in the orientation and ±0"’08 in 
the result, compared with ± 0" • 38 for similar inaccuracy in y. It is particularly fortunate 
that the a:-measures are so unimportant for Plate W, because, as already mentioned, the 
images trailed on that plate. 

Finally, it will be remembered that in order not to commit ourselves to the Einstein 
hypothesis prematurely we neglected the correction ^E, in dctermiiiing the orientation. 
This will make a difference of 0"’029 in the results from I’latc W and 0"'092 from 
Plate X. The effect is that the deduced deflection needs to be decreased, and the mean 
correction — 0"'06 should be applied to the mean result obtained, or rather, to make 
the adopted deflection for x consistent with the deduced value from y, the correction 
needed is — 0"'04. 


Discussion of tfie ResuMs. 

37. The four determinations from the two eclipse plates are 

X-G . . . . r-94 

X — H . . . . l''*44 

W-D . . . . l"-66 

W — I . . . . l"-67 

giving a mean of 

r-66. 


They evidently agree with Einstein’s predicted value l"-75. 
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The residuals* in the separate comparisons reduced to arc are as follows. They do 
not appear to show any special peculiarities. 



X residuals. 

y residuals. 

Star. 












G. 

H. 

D. 

I. 

Mean. 

G. 

H. 

D. 

I. 

Mean. 


tt 

M 

If 

n 

It 

/f 

II 

H 

It 

n 

11 

-f-0-04 

+0-70 

— 

— 

— 

4-0-01 

40-52 

— 


— 

5 

-0 05 

-0-50 

1-0-12 

■fO-14 

-0-07 

-0-16 

-0-11 

40-21 

-0-04 

-0-02 

4 

-0-.30 

-0-40 

-0-18 

-fO-02 

-0-21 

-fO-41 

40-07 

-0-22 

-0-32 

-0-02 

3 

-fO-16 

-1-0-30 

-0-13 

-0-32 

000 

-0-34 

-0-20 

40-33 

40-10 

-0 03 

6 

-1-0-14 

-0-09 

-0-54 

-0 13 

-0-16 

•40-07 

-0-27 

-0-39 

-0-08 

-0-17 

10 

— 

— 

-fO-73 

-t-0-27 

— 

— 


40-07 

40-35 



The average y-residual is ±0"*22, which gives a probable error for y of ±0"’21. 
It is satisfactory that tliis agrees so nearly Avitli the probable error (±0"’22) of the 
check plates, showing tliat the images are of about the same degree of difficulty and 
therefore presumably comparable. The probable error of x is ±0"'25, but we are 
not so much concerned Nvith this. 

The weight of the determination of 8k is about 3 (strictly 3 • 23 for Plate X and 2 • 87 
for Plate W). The probable error of k is therefore ±0"-12, wliich corresponds to a 
probable error of ±0"-38 in the final values of the deflection. 

As the four tletermi nations involve only two eclipse plates and are not wholly 
independent, and fiut;her small accidental errors may arise through inaccurate 
determination of the orientation, the probable error of our mean result will be 
about +0"‘26. There is further the error of ±0"'14 affecting all four results 
equally, arising from the determination of scale. Taking this into account, and 
including the small correction — 0"‘04 previously mentioned, our result may be 
written 

l"-61±0"-30. 


It will be seen that the error deduced in this way from the residuals is considerably 
larger than at first seemed likely from the accordance of the four results. Nevertheless 
the accuracy seems sufficient to give a fairly trustworthy confirmation of Einstein’s 
theory, and to render the half-deflection at least very improbable. 

38. It remains to consider the question of systematic error. The results obtained 
with a similar instrument at Sobral are considered to be largely vitiated by sjratematic 


* The residuals refer to the theoretical deflection I*- 75, not the deduced deflections. 
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errors. What ground then have we — apart from the agreement with the far superior 
determination Avith the 4-inch lens at Sobral — for thinking that the present results are 
more trustworthy ? 

At first sight everything is in favour of the Sobral astrographic plates. There are 
12 stars shown against 6, and the images though far from perfect are probably superior 
to the Principe images. The multiplicity of plates is less important, since it is mainly 
a question of systematic error.' Against this must be set the fact that the five stars shown 
on Plates W and X include all the most essential stars ; stars .3 and 5 give the extreme 
range of deflection, and there is no great gaiti in including extra stars which play a 
passive part. Further, the gain of nearly two extra magnitudes at Sobral must have 
meant over-exposure for the brighter stars, which happen to be the really important 
ones ; and tliis would tend to accentuate systematic errors, whilst rendering the defects 
of the images less easily recognised by the measurer. Perhaps, therefore, the cloud 
was not so unkind to us after all. 

Another important difference is made by the use of the extraneous determination of 
scale for the Principe reductions. Granting its validity, it reduces very considerably 
both accidental and systematic errors. The weight of the determination from the five 
stars with known scale is more than 50 per cent, greater than the weight from the 12 
stars with unknown scale. Its effect as regards systematic error may be seen as follows. 
Knowing the scale, the greatest relative deflection to be measured amounts to 1"'2 on 
Einstein’s theory ; but if the scale is unknown and must be eliminated, this is reduced 
to 0 • "67. As we wish to distinguish between the full deflection and the half deflection, 
we must take half these quantities. Evidently with poor images it is much more 
hopeful to look for a difference of 0"*6 than for 0"*3. It is, of course, impossible to 
assign any precise limit to the possible systematic error in interpretation of the images 
by the measurer ; but we feel fairly confident that the former figure is well outside 
possibility. 

A check against systematic error in our discussion is provided by the check plates, as 
already shown. Its eflicacy depends on the similarity of the images on the check plates 
and eclipse plates at Principe. Both sets are fainter than the Oxford images with which 
they are compared, the former owing to the imperfeci, driving of the ccelostat, wdiich 
made it impossible to sec-m'e longer exposures, the latter owing to cloud. Both sets have 
a faint wing in declination, but this is separated by a slight gap from the true images, 
and, at least on the plates measiued, the wing can be distinguished and ignored. 
The images on Plates W and X are not unduly diffused except for No. 10 on Plate W. 
Difference in quality between the eclipse images and the Principe check images is not 
noticeable, and is certainly far less than the difference between the latter and the Oxford 
images ; and, seeing that the latter comparison gives no systematic error in y, it 
seems fair to assume that the comparison of the echpse plates is free from systematic 
error. 

The writer must confess to a change of view "with regard to the desirability of using 
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an extraneous determination of scale. In considering the programme it had seemed too 
risky a proceeding, and it was thought that a self-contained determination would 
receive more confidence. But this opinion has been modified by the very special 
circumstances at Principe ; and it is now difficult to see that any valid objection can 
be brought against the use of the scale. 

The temperature at Principe was remarkably uniform and the extreme range 
probably did not exceed 4° during our visit — including day and night, warm season and 
cold season. The temperature ranged generally from 77^° to 79|° in the rainy season, 
and about 1° colder in the cool gravana. All the check plates and eclipse plates were 
taken within a degree of the same temperature, and there was, of course, no perceptible 
fall of temperature preceding totality. To avoid any alteration of scale in the daytime 
the telescope tube and object-glass were shaded from direct solar radiation by a canvas 
screen ; but even this was scarcely necessary, for the clouds before totality provided a 
still more efficient screen, and the feeble rays which penetrated could not have done 
any mischief. A lieating of the mirror by the sxin’s rays could scarcely have produced 
a true alteration of scale tliough it might have ^lone harm by altering the definition ; 
the cloud protected us from any trouble of this kind. At the Oxford end of the 
comparison the sciale is evidently the same for both sets of plates, since they were both 
taken at night and intermingled as regards date. 

It thus appears that the check scale is legitimately applicable to the eclipse plates. 
But the method may not be so satisfactory at future eclipses, since the particular 
circumstances at Principe are not likely to be reproduced. As regards other sources 
of systematic error, our chief guarantee lies in the comparatively large amoimt of the 
deflection to be measured, and the te.st satisfied by the check plates that photographs 
of another field under similar conditions show no deflections comparable with those 
here found. 


V. (Jenkral Conclusions. 

39. In summarising the residts of the two expeditions, the greatest weight must bo 
attached to those obtained with the 4-inch lens at Sobral. From the superiority of the 
images and the larger s(;ale of the photographs it was recognise<l that these would prove 
to be much the most trustworthy. Further, the agreement of the results derived inde- 
pendently from the right ascensions and declinations, and the accordance of the 
residuals of the individual stars (p. 308) provides a more satisfactory check on the 
results than was possible for the other instruments. 

These plates gave 

From declinations 1"’94 

From right ascensions . . . . 2" *06 
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The result from declinations is about twice the weight of that from right ascensions, 
so that the mean result is 

r-os 


with a probable error of about ±0''*12. 

The Principe observations were generally interfered with by cloud. The unfavourable 
circumstances were perhaps partly compensated by the advantage of the extremely 
uniform temperature of the island. The deflection obtained was 

r-61. 

The probable error is about ±0"*30, so that the result has much less weight than 
the preceding. 

Both of these point to the full deflection of Einstein’s generalised relativity 

theory, the Sobral results definitely, and the Principe results perhaps with some un- 
certainty. There remain the Sobral astrographic plates which gave the deflection 


0"*93 

discordant by an amount much beyond the limits of its accidental error. For the 
reasons already described at length not much weight is attached to this determination. 

It has been assumed that the displacement is inversely proportional to the distance 
from the aim’s centre, since all theories agree on this, and indeed it seems clear from 
considerations of dimensions that a displacement, if due to gravitation, must follow this 
law. From the results with the 4-inch lens, some kind of test of the law is possible 
though it is necessarily only rough. The evidence is summarised in the following table 
and diagram, which show the radial displacement of the individual stars (mean from all 
the plates) plotted against the reciprocal of the distance from the centre. The displace- 
ment according to Einstein’s theory is indicated by the heavy line, ac;cording to the 
Newtonian law by the dotted lir.e, and from these observations by the thin line. 


Radial. Displacement of Individual Stars. 


Star. 

Calculation. 

Observation. 


n 

ff 

11 

0-32 

0-20 

10 

0-33 

0-32 

6 

0-40 

0-56 

5 

0-63 

0-54 

4 

0-75 

i 0-84 • 

2 

0-8.'5 

1 0-97 

3 

1 0-8<S 

1 

1 

! 1-02 

i i 


2 z 
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Thus the results of the expeditions to Sobral and Principe can leave little doubt that 
a deflection of light takes place in the neighbourhood of the sun and that it is of the 
amount demanded by Einstein’s generalised theory of relativity, as attributable to 
the sun’s gravitational field. But the observation is of such interest that it will 
probably be considered desirable to repeat it at future eclipses. The unusually 
favomable conditions of the 1919 eclipse will not recur, and it will be necessary to 
photograph fainter stars, and these will probably be at a greater distance from the sun. 


// 



This can be done with such telescopes as the astrographic with the object-glass stopped 
down to 8 inches, if photographs of the same high quality are obtained as in regular 
stellar work. It will probably be best to discard the use of coelostat mirrors. These 
are of great convenience for pliotographs of the corona and spectroscopic observations, 
but for work of precision of the high order required, it is undesirable to introduce 
complications, which can be avoided, into the optical train. It would seem that some 
form of equatorial mounting (such as that employed in the Eclipse Expeditions of the 
Lick Observatory) is desirable. 

In conclusion, it is a pleasure to record the great assistance given to the Expeditions 
from many quarters. Reference has been made in the course of the paper to some 
of these. Especial thanks are due to the Brazilian Government for the hospitality 
and facilities accorded to the observers in Sobral. They were made guests of the 
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Grovemment, who provided them with transport, accommodation and labour. 
Dr. Mobize, Director of the Rio Observatory, acting on behalf of the Brazilian 
Government, made most complete arrangements for the Expedition, and in this way 
contributed materially to its success. 

On behalf of the Principe Expedition, special thanks are due to Sr. Jekonymo 
Carneiro, who most hospitably entertained the observers and provided for all their 
requirements, and to Sr. Atalaya, whose help and friendship were of the greatest service 
to the observers in their isolated station. 

We gratefully acknowledge the loan for more than six months of the astrographic 
object-glass of the Oxford University Observatory. We are also indebted to 
Mr. Bellamy for the check plates he obtained in January and February. 

Thanks are due to the Royal Irish Academy for the loan of the 4-inch object-glass 
and 8-inch ccelostat. 

As stated above, the expeditions were arranged by the Joint Permanent Eclipse 
Committee with funds allocated by the Government Grant Committee. 


[In Plate 1 is given a half-tone reproduction of one of the negatives taken with the 4-inch lens at Sobral. 
This shows the position of the stars, and, as far as possible in a reproduction of this kind, the character 
of the images, as there has been no retouching. 

A number of photographic prints have been made and applications for these from astronomers, who 
wish to assure themselves of the quality of the photographs, will be considered and as far as possible 
acceded to.] 
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The present communication has two objects. Its subject matter is an attempt to 
obtain some knowledge of the series relations in the spectra of the group of the 
monatomic rare gases Ne to ItaEm, wliilst the methods employed will serve to 
illustrate the fundamental importance as instruments for further research of the new 
facts brought to light in the pi'evious communications.* The importance of the first 
object will be gtmerally acknowledged, but it does not yet seem to be realised how 
definite and exact those new relationships are, even in their as yet undeveloped form, 
and bow powerful an instrument is placed in our hands for the analysis of spectra. 
It may be well therefore to commence by a brief rSsume of some of these laws as 
applied in the succeeding pages. Further, as the establishment of the results 
obtained must by its nature depend on the numerical comparison of a very large 
number of lines in all five spectra, and as this evidence must be fully set out to 

* “ A Critical Study of Spectral Series,” Part I, ‘ Phil. Trans.,’ A, vol. 210, p. 67. 

» »» >, Fart II. „ „ 212, p. 33. 

>• » .. Fart III. „ „ 213, p. 323. 

>> i> « Part IV. ,, „ 217, p. 361. 

These will bo referred to respectively as [I.], [II.], [HI.], [IV.]. 
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enable a specialist judgment to be formed on it, the communication has unfortunately 
become very lengthy. The mass of detail will perhaps be rather dreary to the 
general reader not specially interested in this line of study. It is apt also to hide by 
its amount and complexity the general conclusions arrived at, I propose therefore to 
give a slight general survey of these conclusions before giving the evidence. 

As is well known the wave-numbers of series lines depend on four types of 
sequences p (w), s (m), d (m), f{rn), and that in any one series they depend on the 
differences between one sequent of one type and the successive terms of tlie sequence 
of another type. These sequences are all of the form where N is 

Rydberg’s constant and <ft (m) is of the form w-t- fraction, the fraction being, as a nile, 
determinable as a decimal to six significant figures. Our aim is to discover the 
properties of tliese functions. The fractional part de^xuids in some way on the order 
m, although whether it can be considered a definite function of m in the ordinary 
sense is doubtful,* This fractional part will be referred to as the mantissa, and in 
dealing with it, it will be regarded as multiplied by 10**, i.e., as if the decimal point 
were removed. 

The Gun . — It is foundt that in each element a constant quantity particular to each 
element plays a fundamental part in the constitution of the sequences. This is called 
the oun. The d and f sequences depend in definite ways on multiples of this 
quantity, whilst it also eriters into the constitution of the p and s. Its determination 
is therefore for each element a matter of the first importance. Denoting its value by 
^1, the quantity S = 45i is of such frequent recurrence that it is useful to treat it as 
one datum. The oun is accurately proportional to the square of the atomic weight, 
and is given by 5 = (361'8± l)(w/l00)®, where w denotes the atomic weight. 

In the case of doublet or triplet series, the corresponding separations between them 
are due to different limits whose mantissae differ by amounts A or Aj, A3 (say). In 
all cases these are found to be integral multiples of the oun. For triplets A, : Aj is 
always somewhat greater than 2, 

In the case of D series where satellites occur, the separations of the latter are due 
to differences in their d seqixences. The mantissae of these latter again differ by 
quantities which are multiples of the oun, and in the case of triplets they appear in 
normal types to be very close to the ratio 5 : 8, 

The d Sequence . — In the normal type the sequent of the extreme satellite has its 
mantissa a multiple of Ag, The only known exceptions are found in Sr, Cd which 
show the multiple law, Sr in djg and Cd in dn instead of in <£,3, In both these cases 
also the Zeeman pattern is abnormal. As the main lines Dj, (and in triplets D,* also) 
have their mantissse greater than that of the outer satellite by multiples of the oun, 
it follows that all the d sequences for the first order have mantiss® multiples of the 
oun. It is probable that this is true for all orders of m, but the data are not 

* ‘ Astro, J,,’ 44, p, 229, see also [IIL, p, 339], 
t [III,], also ‘Proc, R. S,,’ A, 91 (1916), 

3 A 2 
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sufficiently accurate to prove this, although they obey the rule within error limits. 
[III., p. 340.] 

The f Sequence. — This sequent of the first order also has the multiple of A2. The 
matei’ial at disposal is not so comprehensive as in the case of the D series, for, except 
in the second group of the periodic table, the F lines occur chiefly in the ultra-red. 
The proof of the above statement is perhaps, therefore, not so conclusive as in the 
case of the d sequence. It completely stands the test however in the rare gasea 
There seems some evidence that F series also show a satellite efiect in a small degree 
— of one or two ouns. In th(i second group it seems to be a general rule that in 
many of the low orders [m = 1, 2...) the f sequents receive very large displacements 
from their normal value, so that a normal line is much weaker or is altogether absent 
and replaced by others separated from it by considerable mimbers. This also is found 
to be the ride in the present case. 

Displacement. — Regarding the ordinary doubtlet or triplet series we may consider 
the st'cond (or third) as displaced from the first by the deduction of a certain 
nundier of ouns from the mantissa of the limit ; or better perh.aps regard the last 
satellite set as the fundamental one and the others as displaced by the addition 
of ouns. When such displacements occur in the limit of one line the new one is 
indicated by writing the displacement on the left. Thus S3(»n) = ( — Ai)Si(w) or 
Sj (m) = ( Ai) Sa (m) = (A, -f- A3) S;, (m). With satellites, on the other hand, the similar 
effect is produced in the sequence terms. In this case it is entered on the right. 
Thus l),2(w) = D„(w)(— ar^i) or D„ (rn) = ]Di3(m) (£c<?j) ; 1)23(771) = (—A,) Dja(m) 
= (— Ai) D,i (m) (— irdi). Displacements of both kinds are very common in spark 
spectra and put thems(;lves .specially in evidence in the succeeding pages. A normal 
line may not oidy show lines displaced from it, but often it appears to be replaced by 
them, and, in general, when it does not disappear its intensity is abnormally low. 
This is practically what happens in the D satellites. The Djs, D23, D;„ appear to be 
the normal lines in which we should expect descimdiug order of intensity ; but most 
of the energy (or the majority of the emitting centres) appears carried over to the 
more intense and displaced set D,2, D33 ; and, again, most of what should be expected 
in D,2 is carried over to become the strongest line D„. Frequently the D,3 line has 
disappeared and only the fragment D23, D;^ of the triplet left. In general, the Du 
lines of any element are the strongest of the series. But in the present vacuum tube 
spectra (spark type) ive shall find very frequently that the line required for Dn is 
comparatively weak, and in this case there appear other lines related to it by oun 
displacements chiefly in the limit. As the real existence of these displaced series is a 
matter of some importance considerable space has been given in the discussion of the 
X spectrum (p. 399) to its demonstration in the case of two series depending on the 
limits (±25,)D(a)). It seems a peculiarity of these displacement series that a term 
of one series may be absent but appear in another. Thus (— 25i)D(m) may not be 
observed, but a (-f-2^j) D (m) may be and vice versd. The presence of a similar effect 
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in the sequent terms of F series has been referred to above. One good illustration of 
double displacements fully established is found in the KrS series (p. 349), in which the 
indications are shown for w = 1, 2, 3. A knowledge of the laws governing displace- 
ments is much to be desired. Very little is known at present. 

lAnhiges . — ^Arc spectra are distinguished, as a rule, by the presence of well-defined 
series, depending on single groups of P.S.D.F. type. In spark and vacuum tube 
spectra, however, these seem to be weakened, and a very large number of other lines 
appear which are related to one another by certain constant separations (links) to 
form congeries of linkages each connected to a series line. These links can be 
calculated when the values of A, or of A„ Aj, are known. The evidence for these was 
given in [IV.]. There appear to be links of several types. Those already discussed 
are of two types : (l) separations between successive double displacements of A| on 
either side of 82(00) or jt)2(l) 5 (2) displacements of A, on either side of P(oo) or 
s(l). Of these, use is confined almost entirely in the present communication to one 
only of type (l) and both of type (2). They are 

e = (-2Ai) j3a(l)-(2A,)pa(l), 
or 

= (-3Ai) S,(oo)_(A,) Si (00), 
u = «(l)-(Ai)s(l), V = (-Ai)a(l)-s(l). 

These links themselves may also be subject to small displacements by having their 
sources on, say, (x<Ji) Si ( 00 ) instead of Si ( 00 ). For the present purpose, however, 
no use can be made of these. 

In [IV.] the prevalence of these separations in a spectrum in excess of their 
occurrence from mere chance was exhibited in a series of curves with abscissae 
= separation and ordinates = number of occurrences within a given small amount 
on each side. Such occurrency curves are also given here for the e links and for the 
u, V of Kr in Plate 2. The e links seem to be a normal accompaniment to series lines 
(often displaced, however, when directly attached to those of low order). A further 
peculiarity of these linkages is the prevalence of the combination e±u, or e±v. 
They are indicated by writing the letter denoting the link to the left of the line 
Vf-hen deducted and to the right when added. Thus, in the example below, 
44236 = e.47419, or 47419 = 44236.e. 

Sounding. — In the following pages the unravelling of the complete series of 
linkages has not been touched upon, but the e, m, v links have been used for testing 
the existence of lines outside the observed region, a method we may call sounding. 
A link thus used may be referred to as a sounder. In this way it is possible to 
obtain evidence of the existence, or of the exact value, of a calculated line which 
lies beyond the region observed. It may even serve as evidence for the real existence 
of a line in the observed region too weak to have been observed, for it was shown 
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ill [IV.] that the e link appeared to have a tendency to increase the intensity of one 
of the two lines to which it was attached. The method may be illustrated by an 
example from KrS. In Kr, e = 3183'35. The value of S, (5) as calculated from the 
formula is 474 1 9 ’39, which is in the ultra-violet outside the observed region. But 
47419'39— c = 44236 04. This is within the observed region, and as a fact the 
corresponding line is found at 44237 ‘6 1 with d\ = —'08 if e is free from error. As 
an individual case this might be due to a coincidence, but when the same effect occurs 
with lin(< after line the cumulative effect liecomes convincing. To see this it is 
necessary to get at a glance a survey of all the cases, and for this purpose they are 
exhibited in sets of diagrams in I’late. 3. These diagrams also include links within 
the observed region in order to show that where the method can be tested it holds. 
It may b(^ specially noted liow the similar arrangement of sounders holds for the same 
order in the three lines of the same triplet, and how in certain cases the u, v seem 
alternative. Of. for example XS (l, 3, 4, 7, 8), or the main lines of the three parallel 
D sets in X, viz. (2^,) 1),„ D,„ ( — 2r^,) Dn, or particularly the prevalence of the 
— (e + v) combinatiojis in the unohscTved lines for KrD. In RaEm these links are 
too large to be of wide application and in Ne too small to be of use. In RaEm 
the e link is 23678 and can reach from the unolxserved \iltra-red across to the 
unobserved ultra-violet. In N(! the e link is 196, so that its reach is too small to be 
useful. As this method of sounding is new and clearly of importance if substantiated, 
considerable attention has been given to its illustration, hut as the details themselves 
are only necessary for a critical study they have been printed in smaller type and 
may Ixj omitted on a first reading. 

Ahnonnal D triplet Separations. — It has generally been held since Rydberg’s 
discovery of the satellite systems that the triplet separations for the D and S series 
are the same. The actual measures did not absolutely prove this, in fact, they 
indicated small difterences, hut the accuracy was not sufficient to establish a real 
difference esj)ecially as against a natural bias to expect equality. Meggers,* however, 
has recently placed it beyond doubt that frequently the separations are really 
different. In Group I., for instance, the separations as measured from D lines are 
less than those determined from S lines. In the rare ga.ses also this difference appears 
quite decisively, but here (group O) the separations as determined from the D lines 
are, in general, larger than those from S. The key to the explanation is found in the 
fact that the difference between the two determinations diminishes with increasing 
order — in other words, that the sequent in the same set of satellites is not the same, 
and that in a large number of cases the value of i/j + 1 /, is the same in both S and D 
although vi, vj themselves are different. It is found to be completely explained by 
the displacement of one or two ouns between the sequents of the first or second 
members of a triplet. Sometimes it occurs in the third member. The same explana- 
tion accounts for the fact that the F separations are frequently smaller than the 

* ‘ Bur. Stand.,’ Washington, No. 312 (1918). 
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corresponding observed satellite separations. It also accounts for the appearance of 
F satellites as shown here and in [III., pp. 389-395] in connection with the F lines 
in the alkaline earths. The matter is considered in detail for Kr (p. 363) and is found 
to hold for the cases of the other rare gases. 

The Atomic Weight. — It is clear that an accurate knowledge of a first /sequent, 
or of ad sequent which belongs to the satellite Involving the A-j multiple, 
gives the means of determining the oun to in general a unit in the sixth sigiiificant 
figure. For these mantissse are usually of the order of magnitude of 0‘8 and are 
known to six figures. Hence, if the multiple is known, can itself be determined, 
and since is a known multiple of the oun (determined by the S multiplet 
separations), the oun is also known to the same degree of accuracy. Further, as the 
sources of determining it are often (juite indep)endent they serve as tests of the 
determinativeness of the oun itself to the same degree of accuracy. When A^j is 
considerable, its value is known sufficiently well for it to determine the multiple, 
and then this exact integer conversely gives the exact value of A^. In the cases of 
A and Ne, however, the values of Aj are too smiall to determine uni(juely this multiple 
directly. The difficulty, however, is surmounted by obtaining successively values 
with increasing accuracy from other considerations until the final test can be applied. 
As a fact the Ne oun is amongst the most accurate found. Its determination (p. 46l) 
is specially interesting, and indeed is only possible because the material at disposal 
depends on interferential measures and large accurately known separations. That 
of X also is a good determinatioji, and is interesting as depending on a number of 
quite independent data. 

As the oun is proportional to the square of the atomic weight within the limits of 
error of determination of the latter, it is natural to assume that the relation is exact 
and that S = q.w^, where q is a number between 36l'8±'l. If this were sustained it 
woidd be possible to obtain tv with twice the degree of accuracy of the oun and 
therefore far in advance of any obtainable by chemical methods. In fact the question 
is raised as to what is actually undi'rskMxl by the atomic weight. Does it refer to 
the mass of the positive nucleus, or to that and all or a portion of the electrons ? 
The hope might t ven be entertained of obtaining by this method some knowledge of 
the number of electrons partaking in the emission of a line if slight changes in the 
oun could be found. For instance, we shall find in these spectra not a single group 
of S, D, or F series as in arc spectra, but several independent groups, viz., d and J 
sequents, depending on different multiples of A^. If these ga\e slightly different 
values of the oun it could be explained by a transference of electrons. There is little 
evidence of such variation, but it might occur, for instance, in the oun as deduced 
respectively from Aj and Ag. As A^ depends alone on the measurement of the 
separation of a triplet it is not susceptible of such exact determination as Aj, and, as 
a fact, a suspicion sometimes arises that such a slight difference may exist, and that 
S frmn vj is somewhat less than from r, [III., p. 333] as also here. 
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Suppose the atomic weight is W and the number of electrons involved is xW. 
Then the oun is given by 

S. = « {W+a:W/1850)» = i„(l+ ^). 

If another value depends on y electrons 



whence 

x-y=^925^^ = 925 y, 

which gives the transference. At present these considerations are only of speculative 
interest, but a numerical illustration is given below (p. 381) in connection with Kr. 

The results obtained in this investigation have given the oun with much greater 
exactness than any value obtained in [III.], even than that of Ag. The value of 
q = has been determined [III., p. 404] as near 36175 with Ag = 107‘88. I now 
believe from later work that the true value is closer to this than I thought at that 
time, but in any case it is far less accurate than the ouns themselves. While, 
therefore, we can use the ouns to give extremely accurate values of the ratios of the 
atomic weight of the gases, the actual values in terms of Ag are not so exact, 
although more accurate than those obtained by chemical means. This statement of 
course depends on the supposition of the exact proportionality of oun and square of 
atomic weight. 

The values of S as obtained later are here collected and the atomic weight deduced 
from them by taking q = 36175. 

Ne. A. Kr. X. RaEm. 

S . . . 14-4708± -0006; r)7-9209± 002; 249-536± *004; 611 OlOOi -0017; 1787-024± -05 
W . . . 20 -00051 -0004; 40 0141 ±-0006; 83 -0543 ±0006; 129 -9631 '00018 ; 222 -259 ±-003 

Chemical. 20-2 39-88 82-92 130 2 222 to 222-4 

It will be seen that in all cases the spectral determinations are much closer to 
integral values than the chemical, except in the case of BaEm as estimated from 
HOnigschmidt’s value for Ba. In this case, however, the spectral material is- 
defective. It is shown from one of the criteria that a value of the oun = 1785 ‘23 is 
just possible but improbable, or = 1783 '38 almost impossible. These would give 
respectively w = 222'148± and 222‘033±. It is curious also that from the defective 
observational work for Ba [III., p. 327] the value of S from vi + va= 254096 = 1375, 
whence w = 226*43 is also greater than HOnigschmidt’s and more in accordance with 
the value obtained by Mme. Curie. The value for the Emanation is, however, much 
more reliable than the above for Ba. If, regarded as a whole, the deviations from the 
chemical values (BaEm excepted) are greater than chemists will allow possible, it 
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would seem that in this case we are not dealing with precisely the same entity in the 
two cases. 

^ecicd F Series. — There appears to be a remarkably stable triplet series of the F 
type apparent in most of the gases, btit more especially evident in X, in which 
element it was first noticed. Not only are the lines strong and present in a large 
number of orders, but they appear, at least in X, to be little susceptible to displace- 
ments such as are common in other types. The separations are 1864, 829. The 
occurrency curve for 1864 is shown in Plate 2, fig. 3. In this, in strong contrast to 
other such curves, it rises to a very high single peak atid is practically symmetrical 
on both sides of the peak. The similar curve for A is shown in Plate 2, fig. 5. 

Summation Series. — In the investigation of this XF series a quite new type of 
series was brought to light. The hitherto recognised series appear as the differences 
of two terms A— B. The new one has its wave-numl)er8 of the form A-f-B. In other 
words, where the old series are difference frequencies the new ones are the corre- 
sponding summation frequencies. The notation adopted is to write the corresponding 
terms in Clarendon type. Thus 

F (m) = A—f{m), P(m) = A+/{m). 

The list of the lines in X is given on p. 385 up to w = 30. For low orders, m < 3, 
the lines are in the ultra-violet and have to be sounded for. Similar summation 
series coupled with other F series are also common. It probably explains also the 
crowding of F separations in spectra like that of Cu in short wave regions far beyond 
the F limit which has always appealed to me as a difficulty. It is possible that 
summation series may also exist for the P.S.D. series in all elements, but, as a rule, 
the limits of these are far larger than the F ( oo ), with the consequence that any 
P.S.D. lines must lie very far in the ultra-violet, a fact which explains why such types 
if existing have not hitherto been recognised. The existence of these summation 
series is thoroughly established* and their importance as bearing on theories of the 
origin of spectral lines is evident. They would seem difficult to explain on any of the 
current theories. But aprart from this the existence of the type is of great value for 
quantitative determinations. This is fully dealt with on p. 384 and it need not be 
recapitulated here. Its importance for this purpose may Ire realised when it is seen 
that it forms the starting point in the analysis of the RaEm spectrum, that it settles 
in a quite definite way a difficulty arising in the evaluation of the oun in Kr, and 
that it fixes a very accurate value for the limit of the 1864 series in X, thus 
simultaireously fixing a particular d sequent subject only to observation error in one 
line. 

Groups ofT) and S Series. — Not only do we meet with different groups of D series 
depending on different multiples of Aj,* but in the case of Kr there appear to be two 

* As an example, see p. 403, in X with groups depending on TOAs and 79 A 3 . 

VOL. CCXX. — A. 3 B 
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sets of lines suitable for S 3 — in other words, there are quadruplets. Whilst the two 
sets S';„ S 3 give different separations with Sa, and con.sequently different A^a> 
give the SJime oun, and in connection with them appear two D groups whose outside 
satellites depend one on a multiple of A'a and the other on a multiple of A 3 . It is to 
Ije suspected that this is only one e.xample of what may he a common occurrence in 
spark spectra. 

The order of presentation is generally that in which the investigation was taken. 
The key was found in obtaining the KrS system, a result first rendered possible by 
the publication of wave-lengths in the ultra-violet by Lewis (1915). Amongst them 
the KrS(l) triplet was found. XS, AS come next in order of definiteness. The 
spectra of KaEm and Ne are more difficult to deal with, tlie first liecause of its 
defectiveness in range, number of lines, and accuracy, aiid the lathu- because of the 
smallness of its oun and its triplet separations. After the S series of Kr, X, A come 
the D and F series of Kr, X, the spectrum of RaEm, the D and F for A, and, lastly, 
the whole sets for Ne. Led by possibly a false analogy to He [T., p. 105], in which 
doublet series appear in the blue spectrum, the blue spectra were chosen for investi- 
gation, and the family group being of even order triplets were looked for. In Ne, 
with a single spectrum of composite character, the results obtained may have some 
reference to the red type as well as the blue, especially in connection with certain 
remarkable constant separations found by Watson and analogous to the Rydberg 
constant separations in tbt? red spectrum of A. One is inclined to think that these 
red spectra consist mainly of lines of the F type. But the red or first spectra are 
outside the scope of the present communictition. Although it is a very lengthy one 
as it stands only the beginning of an analysis has been made. The aim has been to 
lay the foundation for the series framework of this family of elements, and little 
l)eyoMd has been done. The linkages, as a whole, have not been isolated, the red 
spectra not touched upon, and many interesting effects which will require clearing up 
are passed over without refei’eiice. A great iielil for investigation is open in these 
and other spectra for any who are willing to give the necessary time and patience. 
In some few cases the presentation might have been slightly shortened by merely 
stating the final result and showing how the necessary conditions are satisfied. But 
not only would this have passed over certain phenomena of special interest, but 
one of the objects of the present communication would have been missed, viz., to 
illustrate the power of the new facts to guide a search even when the details 
are most bewildering. Moreover, the evidence itself is the more striking when 
developed from step to step than when the result is directly pi’esented as a finished 
pro<luct. 

Krypton . — Krypton shows two spectra, without and with capacity, the former in 
the red region and the latter further towards the blue. We have measures of some 
of the stronger lines by Rungb, and a considerable number of weaker lines, not 
observed by others, by Liveino and Dewar, although the latter are only given to 
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the nearest Angstrom. The most complete and reliable sets of measurements are by 
Baly* * * § (red spectrum 6456 — 3502 ; blue 5871 — 2418), and LKWist (blue 2416 — 2145), 
both of about the same degree of accuracy with probable error in the neighbourhood 
of ‘03 A. Of exact measures there are only two by Fabry and BuissonJ for lines 
at 5870.9172, 5570.2908 LA. In the red spectrum Runge has pointed out constant 
separations of 945, to which Paulson § htis added three others. The observations of 
Lewis gave me the first clue to the KrS st^t of lines and thus formed the starting 
point for the present communication, although a great deal of preliminary discussion 
of material for this group of elements had been previously done, especially in 
connection with the separations for certain linkages. In the case of Kr a very 
large number of sepai'ations in the neighbourhood of 786 to 788 had been found, 
connected also with others of 309, indicating groups of triplets having these values 
for vi, Amongst Lewis’ lines a set was found with separations in the reverse 
order, clearly pointing to a first set of— S(l)or +P(l) lines and corresponding sets 
for other orders were then easily found. It would seem that there are always a 
considerable number of separations governed by oun displacements in the limits of the 
first order, and that of these, three seem to be of a more stable value and correspond 
to normal triplets. For instance, in all these gases we find a very large number of 
cases where a 8 i or Di line is followed by a line with a separation very close to 
They force themselves on attention on account of their value being so close to the 
half of a number being sought for, and others may lie present although they have 
not been looked for. In the present case two alternative sets of lines for the 
S 3 series, one with = 309 and the other with V 2 — 341 appear. In the original 
search the former was taken because it is reproduced in the D series as well. But 
later certain difficulties in the determination of the oun, combined with the fact that 
the corresponding oun miiltiple in A 3 , .although quite definite, is out of step with the 
march of their values in the. other gases, led me to include the second. This gives 
a multiphi quite in stop with the others, and also affords the means of obtaining 
a good approximation to the oun. 

The lines are given in the following table, which also embrace a few obtained by 
sounding, both wave-lengths and wave-numbei's ai*e given ; — 


* ‘Trans. Roy. Soc.,’ A, vol. 202, p. 183 (1903). 

t ‘ Astro. Journ.,’ 43, p. 67 (1915). 

J ‘C.R.,’ March 25 (1913). 

§ ‘ Kong. Fys. Sills. Hand.,’ N.F. 25, Nr. 12. 

3 B 2 
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KrS. 


s,. 


s,. 


S's. 

Ss. 

1. -(10)2353-96 
42468-98 

786-52 

-(10) 2398-38 
41682-46 

309* * * § 20 

-(3)2416-31 

41373-26 

(-1)2418-131 
340-61 41341*96 

2 . ( 10 ) .3778 -23 

26460-07 

786*46 

(9)3669-16 

27246-62 



(4)3623*74 
341-49 27588*11 

3. (. 3 ) 2489-51 

40156-61 

760*80 

(1)2442-68* 

40926*41 


J 

t 

4. (1)2216-72 

45097-86 

774-3 

(l)2179-3t 
45872 -2 ±2 

311*4 

(2)2164-6 
46183-6 ±2 

(2)2162-7 

786*46 + 339*86 46224-17 ±2 

6 . (2)2269-83.e 

(47421-14) 





(6)2299-02.6.i<. 

786*46 + 343-6 (48551-12) 

6 . (4)2362-18.2«? 

(48688 12) 
or (48698-34)8 

788-06 

(1)2159-5.6 

(49476-18) 

301*54 

( 6 ) 2302-88.26 
(49777-72) 

( 8 ) 2300-35.26 

788-46 + 340-4 (49826 2 ) 


The first three 8, lines give for the formula 

n = 5165r29-N/{w+-093630--014156/w}". 

The calculated wave-numbers for wi = 4...7 are in order 4.')095'25, 47419'39, 
48695'38, 49470'47. The first gives 0-C, dX = ’12 ; the others are outside the 
observed region but are reached by sounding and give 0— C values of —’08, ’12, ’22, 
the errors including those of the sounders. 

Quantities relating to the separation 309 will be denoted by dashed letters. With 
the limit 5165r29-f^ and separations 786’45-l-dr„ 309’20-td/3, 34ri6-tdi'j, I the 
values of A„ Aj are found to be 

A, = 10969- ’316^+13’79(i:-, = 44 (249’30-h’314 dv,-’007^), 

A'a = 4244- 121^-1- 13’67i/j = 17 (249’63-t’80 d/a-’OO?^), 

A, = 4680-’121^-|-13’65dy3 = 18f(249’64-f-’73dvj-’007^). 

The value of the oun is thus given by J = 249’30-f ’314c?i/j, 249’63 + ’8 d' 1 / 2 , with 
the uncertainty usually found from triplet separations [see III., p. 332]. From the 
limit = p{l) and Aj the values of the a, b, c, d, e links are at once found. The 
result for e = jo,(l)(- 2 Aj)-|) 2 (l) (2A8) is 3183’35. Since S, (l) = j>(l)-s(l), 

* 1 82 (3) ( - 93), see displaced sets below. . 

t Is F«( 2 ), see p. 376. 

I In region at very end of Baly’s list ; 41341 is his last. 

§ ( 6 ) 2291-26.e.u. 

II Obtained as least square value from m => 1, 2, 3, supposing X equally probable. 
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»(1) = 94120-27 + ^ = N/{1'079474-573^}''. From this the V, v links, viz., 
U = s(l)— s(l) (Aj), V — S (l) ( — Ai)— s (l) can be calculated. The results are 

u = 1884-03 + 2-33 02^, 

t» = 1 942 -44 + 2 -48 dr, - 03^, 

with 

e = 3183'34 + 4-096dr,-'006^. 

The occurrency curves for these are shown in Plate 2 (fig. l). It will btj seen at 
once that the maximum occurrences appear with sharp peaks in close agreement with 
the calculated values. 

The c.alculated lines for m > 4 are outside th(i observation region, but their 
existence oan be indicated by using the above links as sounders. At the same time, 
in order to give more confidence in the application of the method, the similar linkages 
are examined for the lines which are observed. It is, of course, understood that the 
existence of a single link is no conclusive evidence of the existence of the unseen 
line, as it may be a coincidence. The evidence is cumulative and is seen at a glance 
in the diagram in Plate 3 (fig. 1). The actual data are given here. In the appli- 
cation of this the frequent link modification must be allowed for, as well as the effect 
of observation errors. Consequently separations deviating by not more than two 
or three units from the values determined above are admitted. As a fact, this will 
exclude a number of real link connections as well as include a certain number of 
pseudo ones. But by limiting the deviations to these small amounts the conclusions 
drawn will be more reliable. 


Sounding Data. 


( 2 ) 37340 

1944-49 
(1) 39284 
1882-11 

(3) 41166 


3184*49 Si 


(1) 39799 
(In) 38497 
(1) 39741 


S(l). 

1882-57 

3185-23 Ht 
1940-62 


S3 


Here the u, v links form a series inequality in Si with 39284 and a corresponding parallel inequality 
with S 3 . The -e link with 83 is probably spurious, since 38497 will later be shown to be Du ( 2 ) (p. 371), 
and the link as shoMm is excessive. It is omitted in the diagram. No links are seen with S 3 , 


S( 2 ). 


(1) 21332 

1994-17 

(2) 23276 3183-57 S, 

(5) 24578 1881-96 


1884-03 (1) 29130 


(4) 24062 3183-70 Sj 3183 38 (1) 30430 3183 11 

1940-68 

(2n) 26003 


(5) 31726 
1886-73 
(3) 33613 
1940-93 
( 2 ) 35554 


Here is present a chain of e links in S 3 so frequent in Ag and Au [IV.]. Also, as in the case of m = 1 , 
are found the same modification effect of about 2 in the u, v links. It may be noted that in addition to 
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the above there are lines (In) 26014*23 and (3n) 25295*58 respectively 1232*39 below S2 and 1232*66 
above 24062*92. Now 1231 * 14-|- •30dA2 is the calculated value of a link e constituted in the same way 
as but with A2 in place of Ai. 

S(3). 

(2) 39063 1879-80 

(2n) 33791 2x3182-59 Si [Sg] 3180 (1) 44123 

(3) 39000 1942*56 


The line 40926 entered under S2 is 769*80 ahead of Si. The a link is 768*98, so that it may be 
Si(3) + a. It is also numerically exactly the displaced line 82(3) (-95), also (6)82(3), but see below. 
Note that there is a rather abnormal + e link with the normal value of S2. The calculated value of S3 is 
41262*26 and is close on the limit of the region observed by Baly. Again with this, e links are in 
evidence, viz., (2) 42483*95 and (1) 40023*21 respectively 1231*69 ahead and 1229*05 behind [83], 
whilst the former has ± v links from it, viz., 1942*92 and - 1942*97. They are however not entered on 
the diagram, since only c, it, v links are there shown. 

In the foregoing three orders the links are found in evidence. In the succeeding orders they are used 
as sounders. 

8(4). 

(1) 41919 3178*11 Si (1) 42686 3185 *84 (361)82 (3) 43000 3183 *04 (281)83 

1943*10 

(1) 39976 (1) 43987 1884-63 

The links here are unsatisfactory as well as the lines given for 82,3. Numerically the second and third 
lines are respectively (361)82 and (281)83. They may really bo displacements on the sequence terms, but 
if so the order is too high to make any certain decision. Taking 81 as correct, the normal value for 82 
and 83 would be 45884*31 and 46193*51, The former has links 1881*66 back to (1) 44002*66 with a 
further 1^, 1942*72, back to (3) 42059*93. No direct link is found for normal 83. Its -e link should 
produce a line at 43010*16. This is very close to the mean of the 43000 shown in the table and a line 
(4) 43019*17, i.c., 43009*87. In other words, those two lines are («) (281)83 and (e)(- 281)83, indicating 
that the normal S3 line has been split into two by displacements ± 28i on the limit (or + equal displace- 
ments in sequent). Both linked lines are seen, but only one of the lines themselves, which is possibly 
duo to the fact that they are close on the limits of the observed region. We shall find indisputable 
evidence of such displaced parallel series as a general phenomenon. 


S(5). 

(1) 42293 

1884' 65 

(2) 44237 3181-73 [Si] 

1944*48 

(3) 42362 


The separation - e is given on the value calculated from the formula. In wi = 4 the observed is 2 • 6 

larger than the calculated, pointing to too small a value for the limit, which is quite possible as the limit 

determined from lines involving S(l) = ~P(l) is never found correctly. An increase of this order 

makes the - e link in Si (6) normal. It gives the line in the table with dX =» — • 08. 

« 
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It ia most important to get evidence which can carry conviction as to the reality of 
displaced lines, especially where the displacements occur simultaneously on lx)th limit 
and sequent. A numerical coincidence in this case can have little weight by itself. 
In fact, it can have weight only in each particular case provided it is known from 
other considerations that such displacements are a common and universal rule. For 
this purpose it is instructive to adduce here some striking evidence afforded by certain 
sets of lines connected with the S series. The lines in question are arranged in the 
two following schemes, expressed in wave-numbers : — 


-(1) 42844 


-(.3) 42059 



-(8) 41496 

123*00 


124*53 


122*92 

-(2) 42721 262*37 8.(1) 

-( 1 ) 419 . 3.5 

252*94 83(1) 

-(1) 41626 

252*30 S'8(l) 

300*11 






-(1) 42421 






(Im) 26407 

35 23 

(1) 26442 

(2) 27175 



17*31 


17*29 

22*53 



(10) 26424 

35*31 

S.(2) 

(1) 27207 38*70 83(2) 

(1) 27520 

35*17 [S's(2)] 

299*56 


299*72 

298*15 



(2) 26724 

36*47 

(6) 26759 

(2«) 27506 




These lines are numerically displaced with reference to the S by amounts 
represented by the following parallel schemes : — 


Si(l)(-9S) 

Si{l)(-68). Sj(l), 

(-1718)S.(l)(-6«) 


82(1) (-98) S',(l)(-98) 

S,(l)(-68). 82(1), S',(l)(-68), S',(l) 


Si (2) (-98), Si (2) (-.38), 

Si (2) (-68), S,(2), 

(-1718) Si (2) (-68), (-1718)8.(2), 


82(2) (-98) 

82 (2) (-68), 82(2), 8'8(2)(-68), 

(- 1718 ) 82 ( 2 ) (- 68 ). 


[83 (2)1 


In addition, for m = .‘1, we have seen that in place of normal (3) the displaced 
S3 (3) ( — 9^) is seen. The parallelism in spite of lacunse show that the set are 
definitely related, and the fact that the same displacement on the sequents for 
w = I, 2, 3 are required to represent the observed separations is specially striking, it 
being remembered that a displacement on the limit gives constant separation for 
different orders, whilst one on a sequent gives different for different oixiers. Here, 
for instance, 252 in m = 1, 35 in w = 2, and 16 in w = 3, all depend on the same 
oun multiple, 9(1, dispUicement in the sequences. Also 123 in m = 1 and 17 in m = 2 
on the same 6S, whilst the constant displacement 300 is explained by — 17i<l = —69^, 
on the limit. 
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Xenoii . — Xenon also shows two spectra, without capacity in the red region and 
with it, extending far into the ultra-violet. Practically the only material at disposal 
is contained in the extensive lists of Baly* (red spectrum 6198 — '2536, blue 
6097 — 2414) with an accuracy of about 03 A. This is supplemented by observations 
by Liveing and Dewar, t especially by longer wave-lengths up to 6596, but 
unfortunately only measured to the nearest unit. 

Baly draws attention to the large number of lines apparently common to both 
Kr and X. The number of lines in the whole spectrum is very large. Baly gives 
137,6 in the blue spectrum, hut perhaps the most noticeable point for our present 
purpose is the great variability with change in the conditions of excitation. This is 
very clearly indicated by a comparison of intensities of corresponding lines as observed 
by L., D. and B. The following are a few examples out of a large niiraber illustrating 
this. The numbers following a wave-length give the intensities as estimated 
respectively by Baly and by Liveing and Dewar : — 


5191 

5, 6 

4890 

^5 

3 

5188 

4, 3 

4887 

5, 

0 

5080 

7, 2 

4884 

1 , 

4 

5068 not seen, 5 

4883 

6 , 

0 

5045 

3, 6 

4844 

10 , 10 


As between the two spectra also, a fact noticed by L, and D. is of importance. 
They say “ there is one very remarkable change in the xenon spectrum produced by 
the introduction of a jar into the cii'cuit. Without the jar the xenon gives two 
bright green rays at about A4917 and \4924, but on putting a jar into the circuit 
they are replaced by a single, still stronger, line at about 4922. In no other case 
have we noticed a change so striking.” They also state that changes occur with the 
same kind of dischai’ge as between different tubes. These are clear cases of oun 
displacements. Paulson again {foe. cit.) gives some constant separations in the first 
spectrum. The triplet separations observed are about vj = 1778, •'3=814, in due 
order of magnitude with those for Kr. No line siiitable for S (l) comes within the 
observed region, hut there are two lines with W.N. 40375’40, 39561’50 separated by 
813*99, which would serve for 83 ( 1 ) and ^ 3 ( 1 ) and are in a similar position to the 
KrS lines. They clearly sugg( 5 st that the Si(l) line is at —42153*39, using 
i/j = 1777*90 as found from the S 3 set. This is further substantiated by employing 
the value of the e link, found below to be 7314, as a sounder. It requires a line at 
about 34839, and such a line is found at {< 1) 34836*78 (but see discussion under 

• 

♦ ‘ Phil. Trans.,’ A, vol. 202, p. 18.3 (1903). 
t ‘ Roy, Soc. Proc.,’ vol. 68, p. 389 (1901) ; ‘ Coll. Papers,’ p. 494. 
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S»(3)). The observed S sets, as well as others found by sounding, are given in the 
following table : — 


m. 

1. 

S,. 

-[2371-67‘ 

[42153-39; 

1777-90 

Sa. 

-(10) 2476-02 

40375-49 813-99 

Sa. 

-(4) 2526-97 

39561-50 

2. 

(4) 3854 -44 
25936-90 

1777-90 

(5) .3607 -17 

27714-80 815-11 

(1) 3503 -99 

28.5:10-91 

3. 

(4) 2527-10 
39559-46 

1776-69 

(1) 2418-47 

41.336-15 814-63 

(<1) 2869- 7 l.c 
(42150-88) 

4. 

(In) 2689 -82.e 

(44480-53) 1777-44 

(4) 2871-8.5.C.U 
(46257-97) 817-68 

(1) 2829 - 3 r>.«.i; 

(47075-65) 

5. 

(1) 2828-Ol.e.n 
(46797-58) 1779-33 

(1) 2944-78.-2<! 
(48576-91) 


6. 

(2) 2452-76.C 
(48072-37) 1778-33 

(In) 2623-31.e.« 

(49850-70) 815-34 

(1) 2549-05.C.M 
(50666-04) 

7. 

(<]) 2921-74. 
(48866-68) 

c.e ( - 6i) 

1777-80 

(4) 2777-10.c.e(fii) 
(50621-48) 815-22 

(1) 2715-91.e.c( -«i) 

(5 1 4.-59 - 70) 

8. 

(2) 2668-37.tf(-S,).«; 
(49350-39) 1778-69 

(1) 2538- 16.«.?; 
(51129-08) 816-00 

(2m) 2468-64.c.?i 
(51945-08) 

9. 

(1) 2850-41. 
(49700-78) 

2<! 



10. 

(1) 2616-79.e(-6i).j;(- 8i) 
(49949-59) 1777-55 

(1) 2701 -99.2c 
(51727-14) 815-61 

(1) 2432-87.e(-8,).M(-6i) 
(52542-75) 

11. 

(1) 2584-04.r.tt 
(50134-99) 1781-25 

(2) 2470-30.e.« 
(51916-24) 813-57 

(1) 2943 07.2e.tt 
(52729-81) 

12. 

(2) 3203 17.2«.» 

(50276 16) 1777-00 

(1) 2479-98.e.r 
(52063-14) 817-59 

(3) 2614-13.2e 
(52870-73) 

13. 



(-2) 2663-43.2(5 
(52162-72) 815-00 

(<1) 2921-74.2e.« 

(52977-72) 


The first three lines gives the formula 


n = 51025 


‘29— N y|w+‘ 


096726- 


0118261 “ 


m 




From the limit 51025, and using the observed separations given by the S(2) lines, 
viz., 1777’90, 815*05, the values of A,, A, are found to be 

Ai = 24893 + 13‘64tii/i- *72^ = 40j{610‘87-f ‘334 ‘018^}, 

A 2 = 10996 + 13‘33c?.'a- ‘31^ = 18 {610*89+ ‘74 drj- 017^}. 

To a first approximation therefore the oun is given by S = 610*88. The calculated 
value of the e link from the value of Ai is e = 7314*09 — ‘0056^+ 4*23 dvi. The result 
VOL. coxx. — A. 3 c 
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of examining the lines of the blue spectrum for separations of this magnitude is 
shown in Platti 2, fig. 2. It is distinguished from those of elements hitherto discussed 
by showing one definite maximum alone at about 7315*3, although there are indica- 
tions of the appearance of another peak beyond 7317. The displaced e{Si) link shows 
a difference of 2*32, so that a second peak might be expected at 7317*62. If the 
actual value is at 7315*3 it would require 4*23 = 1*2, or dv, about *30, dX = *04 

distributed between the two S,, 3 ( 2 ) lines. This is possible with + *02 on each line, 
but probably excessive for an error on one of them. Both values are tested as links 
below for the observed lines, and the results show that with the exception of Si(l) 
the value of e, calculated from the original j/j, is extraordinarily exact. For this 
reason, and l)ecauso the exact position of the peak of the frequency curve depends 
on several dist\irbing conditions, the original value e = 7314*1 will be used for 
soiinding purposes on lines outside observed regions. Again the first line —42153 
and the limit 51025 gives 93178 as the value of P(c») or s(l). From this the values 
of the u, V links are found. The complete set are 

Links. Changes per displacement. 

M = 4133 18-*049^+219di/, 1*77, 

/’ = 4428 00-*061^-i-2*51di'i 184, 

«= 7314*1 -*0056 -f- 4*23 d./, 2*32. 


I'he results obtained by sounding are shown at a glance in diagram Plato 3, 
which embraces orders up to m = 13. The cumulative weight of the evidence is 
overwhelming in stipport of the general application of this method. The existence 
of a series parallel to the noi’mal S at a distance — c is proved, whilst the presence of 
other linked lines is rendered extremely probable by succession of similar linking in 
the same set, and in neighbouring orders. Compare, for instance, the triplets in 
w = 1, 3, 4, 7, 8 and the sets for m = 8, 9, 10. 

Detailed Discussion . — In the following discussion th(5 starting point for the con- 
sideration of each triplet set is — after m = 3 — the value of Sj (m) calculated from 
the series formula obtained above. The sounders ai’e indicated to the left of each 
observed line and the values 0— C in d\ are given on the right, the observed or 0 
line being regarded as the observed sounded line + the link as given above. The value 
entered in the table of S lines above is, however, not the line as calculated from the 
formula, but the most probable value as dexluced from sounding. They are indicated 
lielow by asterisks. For the first three orders the values of dX obtained by using 
e = 7315*3 are placed to the right of those depending on e = 7314*1. 


[-42163-39] 

-«(<1) 34836 -15, -07 

-2e (4) 27523 -13, - -02 

-e-«(3) 30700 37, -11 


S(l). 

-40375-49 

~e (5) 33061 -01,- 06 

-2« (1) 25747 -00, --15 

-e-«(l) 28928 -00, - -11 


-39561-60 

-c(3) 32248 - -07, - -14 

-e-M(l) 28113 -04, --07 

-e + w(3) 36379 -11, -06 

-c-r(l) 27819 -00, --12 
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In the case of Si it appears as if the e 

a 7316 is much superior. But, 

as it happens, the value of S3 (3) 

as calculated from Sj (3) by >>2 is 42151 - 

20, and so is very close to Si (1). 

It will -be shown that for this 

the 7314 link gives very close values, and the linkage probably belongs to 83(3), 

The - e - w is 

doubtful. 

S(2). 



25936 

27714 

28530 


-e (3) 18622 -00, - -19 

-V (2) 23282 -61 

v(2) 32958 

0 

0 

-tf + M (10) 22755 -08, -16 

-v(-2Si) -00 



-2e [15441 -84] 





In Si the intensity of 22756 would suggest that its linkage is a coincidence. L.D. give a line 15447 
which may possibly be ( - 2e) Si, for their measures are only to the nearest A.U. 

S(3). 

39559 41336 [42151] 


See Ss(l) 

-e(<l) 34022 

- -03, 

- -10 

- e(<l) 34836t 

-02, 

- -05 


-c-»-a(<l) 38155 

- -03, 

- -06 

-2«(4) 27523 

-00, 

- -17 


-e - u(l) 29892 

- -20, 

-31 

~ e - M (3) 30700 

-22, 

-14 


-^e + »(<l) 38453 

-16, 

- -22 

- /> - M ( - 2Si) „ 

-01 



-2e + M(l) 30843 -*14, --16 

+ Si(l) and Ss(3) are very close. This sounder probably is correct here and does not hold for Si(l), 
for which it differs by about 3, 

S(4). 


[44481-06] [46258-43] [47073-48] 


-c(lw) 37166 

-02 * 

-«(1) 38940 

-16 

-e (In) 39763 --15 

or (<1) .39754 -23 

-e~u(3) 33030 

-17 

-2e(l) 31628 

•09 

-e-r(l) 353.33 - 08 

— «( — 2Si) ,, 

-00 

-e~u(i) 34810 
-e-t)(<l) 34518 

•02 * 

- -08 



The 38940, 397 63 are too far out to be dependent on e links. They could be dependent respectively on 
e ( - 26i) and e( + 2Si). Or more probably the lines 38940, 39754 may be Sjj (4) ( - 2S).c, S3 (4) ( - 2S).e. 

S(5). 

[46799-33] [48577-23] [49392-28] 

-«(ln) 39491 -28 -e(l) 41257 --23 

-«-m( 1) .35350 -08 * -■<;-i’(<l) 368.32 -11 

-2«(1) 33948 -01 * 

39491 is too far out for a link. It would give a reading for Si = 46805 -45. It is curious, however, 
to notice that we have sounders for a set with this value, viz. : — 


46805-45 
-e(ln) 39491 


1779-80 48585-01 

-c(3) 41271-15 


816-52 49400-53 

-e-?i(l) 37593-26 


S(6). 

[48072-77] [49850-67] 

-e (2) 40758 -02 * -« [42536] 

-e-v(l«) 38108 -00 * 

3 c 2 


[156665-97] 

- e [43352] 

-«-m(1) 39218 -00 « 
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S(7). 

[48846-60] [50624-60] [51439-80] 

-« [43310] -e [44125] 

-2c(<l) 3421C 08 * -2e(4) 35998 - -08 * -2«(1) 36809 -08 * 

-e-i>(2) 37105 --02 

There seems clear evidence of displacement here producing a separation of about 2, which is the same 
as that by 8i on e. The - 2e soundings give S3 - Si = 1777 * 90 + 815 • 12, which is correct, but 35998 is 2 
in the opposite direction. The lines in the list are therefore deduced from this set, using as sounders 
e -f e ( - 81), c + c (61), c + e ( - 81). The values of dX = * 00 for the set. 


S(8). 


[493.51-72] 


[51129-62] 

[51944-92] 

- e [42037] 


-e [43815] 

-e [44630] 

-e-v{2) 37606 

•14 

-e-D(l) 39386 -02 * 

-e-D(l) 40199 -12 

-e -u(3) 37901 

•11 

- e (3n) 39683 --06 

-e-«(2 n) 40497 00 * 

-2i;(2n) 40497 - 

- -11 




The linkage separation gives for the -e-v 1780 * 83 4- 812 • 41 ~ p\ + + * 29. 

,, ,, ,, ,, — a — it 1782*194*813*95 = 4^1 -I- iaj 4" 3* 19. 

The separations about 1780 are very common and will be discussed more completely under the D series, 
but here the origin must bo a different one. For S (1) the sounder - e ( - Si) - w is taken. 

The - 2v link for Si is probably spurious. The line comes under S3 as well. This is because of the 
numerical coincidence ri4-r.j4-2?’ = 11448*95 and t‘4-w == 11447*28. It appears in m ^ 9, 10 also. 



S(9). 



[49699-55] 

[51477-4.5] 

[.52292-75] 


-c[42385j 

-c [44163] 

- e [44978] 


-2e (1) 35072 --05 * 

-e- t)(l) 37953 -18 

-2e (1) 36842 -24 

-e-u{l) 40841 

•16 

-2(; (1) 40811 -10 




Only one reliable value - 2c for Si. 




S(10). 



[49949-21] 

[517-27-11] 

[62542-41] 


- e [42635] 

-e [44313] 

-c [45228] 


-c-t>(l) 38203 -16 * 

-2c (1) 36998 -00 * 

-2e(2) 37916 

•17 

-2y (1)41091 -07 

- 

c-tt(l) 41091 -.56 

•13 ♦ 

The - e - V in Si, - 2e in Sj, eu 

in Ss give 1781-53 + 811-70 = »'i + »'2-t- 

-28 the modified I'l. 

, For Si 

and Sa the modified e(-8i), «(- 

•8i), v{-Si) are taken. The line 37916 under Sj is also (c»)Di8(8), 

considered later. 

8(11). 



[50134-46] 

[51912-36] 

[52727-66] 


-e [42820] 

-c [44698] 

-e [45413] 


It (1) 38687 --02 

♦ -c-tt(2) 40468 --28 

-2e-M(l) 33968 

- -08 

-2e-f(<ln) 31076 -05 


-2e-v{3) 33674 

- -12 
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Again the modified oi = 1780 with eu (Si) euBi. These and (2e, u)S 3 give 

1781-26 + 813-57 = I'l + .'j- 1-37. 


[60276-68] 

S(12). 

[52053-68] 

[62868-88] 

-« [42961] 

-e [44739] 

-e [45554] 

2e-»(2)31219 - 02 * 

-«-»(!) 40311 -01 * 

-2e (3) 38242 - -07 * § 

[50385-80] 

S(13). 

[52163-70] 

[52979-00] 


-2e (2) 37534 -03 

-2«-m(<1) 34216 -04 


These higher orders are necessarily close to high orders of the I) scries, and many are therefore 
apparently common to both. E.y., 34216 has been adduced as (2c) Si (7) and is also connected with a D 
line. Also their wave-numbers are now so high that it requires two sounders in scries to just reach the 
limits of the observed region. The later identifications are therefore all doubtful. 

Argon. — For the red or iion-condeiised spiirk spectrum about 360 lines between 
8015 and 2476 together with 16 lines in the ultra-red have been observed. For the 
blue or condensed spark spectrum the number anmxints to about 780 between 6682 
and 2050 together with another 40 lines in the extreme ultra-violet between 1886 and 
1333. The measures in tluj red are d<ie to Paschen* (ultra-red), Kayser,! Runge 
and Paschen,! and Eder and Valknta,§ and in the blue to KAYSER,t Eder and 
Valent A, § and Lyman|| (extreme ultra-violet). In addition we have exact inter- 
ferential measures in I. A. by MeissnerIF for some red lines and measures by Baly** 
for a few extra lines in the blue spectrum. The red spectrum is noted for the 
existence of the sets of constant separations discovered by Rydberg. ft The present 
communication, however, deals chiefly with the blue spectrum. 

The search for the S series in A is more difficult than in the cases of Kr and X. 
There are an extremely large number of sepm-ations of about the same value but 
clearly distinct. They range round 179 to 188, and, as will be seen later, displace- 
ments are very common. The clue is given from the analogous S ( 1 ) lines for Kr 
and X. The only strong triplet lin«»s in the cori-esponding positions are those given 
in the following list : — 

* ‘ Ann. d. Phys.,’ vol. 27, p. 5.'J7 (1908). 

t ‘fieri, fier.’ (1896), p. 551 ; ‘ Astro. Journ.,’ vol. 4, p. 1 (1896). 

I ‘ Astro. Journ.,’ vol. 8. 

§ ‘Denks. Wien. Akad.,’ vol. 64, p. 216 (1896). 

II ‘ Astro. Journ.,’ vol. 33, p. 107 (1911). 

IT ‘ Ann. d. Phys.,’ vol. 51, p. 95 (1916). 

** ‘ Phil. Trans.,’ A, vol. '202, p. 188 (1904). 

+t ‘ Astro. Journ.,’ vol. 6, p. 338 (1897). 



356 


DR. W. M. HICKS : A CRITICAL STUDY OF SPECTRAL SERIES. 


m. 


1. -(5) 2344-4 


6 . 


[2049-5] 

[48776-74] 


AS. 

-(3) 2354-3 


(2098-5) 

(47681) 

[2042-2] 

[48950-34] 


-(1) 2358-5 


42642-10 

179-43 

42462-67 

75-60 

42387-07 

2. (5) 3765-463 

26549-76 

181-64 

(2) 3739-88 

26731-40 

74-74 

(9) 3729-450 
26806-14 

3. (1) 2484 1 

40244-05 

17910 

(2) 2473-1 
40423-15 

70-39 

75-59 

(1) 2468*8 
40493-54 
(40498-74) 

4. ( 2212 - 7 ) 

( 45179 - 30 ) 

179-50 

(2204-0) 

(45358-80) 

75-60 

( 2200 - 3 ) 

(45434-40) 


[2038-8] 

[49031-94] 


The observation errors for m = I and 3 are very considerable, since the measures 
are ordy given to -1 A.U. and -05 A. produces alx)ut dn = - 8 . Conseqiiently it is 
possible only to obtain approximate values for •'j. On the other hand, for m — 2, 
where we have very accurate measures, there must be some doubt about the allocation 
of S8(2) because its intensity, 9, is so excessive in comparison with the 5, 2 of Sj 
and S 3 , and the separation of 181-64 is greater than observation errors on the lines 
for m = 1 , 3 allow. The latter objection, however, can be set aside as it corresponds 
to the excess 1/1 observed in Kr .and X diffuse sets and, as will be found later, in NeS. 
In these cases V 1 + V 3 comes out to be normal. Here, however, the sum is about 
1-35 ± too large, and with the S(l) separations the typical 83 ( 2 ) would be at 
268 O 4-79 or dX = -18, probiibly of intensity 1, and so overshadowed by the strong 
line in the list. As will be seen immediately, the linkages will show that this value 
is preferable. The linkages will also show the probability of a line at 40498 for 
83(3). 

The three first S, lines give the formula 

n = 51731'05-N/|m+-095901 


•017878 1^ 
m i ' 


For the determination of Ai, A 3 , the oun and the links, reliable values of rj and vg 
are required. We have seen that the values obtained from the observed sets of lines 
are subject to large observational errors. Nevertheless that the true value of is 
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not far from that shown by S(l) is indicated by the fact that there are several 
accurate separations of about 179‘5, e.gr., 

(6) 20621 179-31 (8) 20800 179-61 (4) 20980 

(3) 26893 179-35 (l) 27072 

(1) 31359 179-62 (4) 31538 

of which the first is part of a linkage. With the limit 51731 05 + ^ and 

= 179 - 50 + va = 75‘60 + dva, the values of A„ A 3 are * 

A, = 2519- -073^+ 14 dvi = 43f (57-59 + -32 d./i- -0016^), 

Aa= 1057--030^+14 <Zi/3= 18^(57-91 + -77 -0016^), 

or 

A = A, + Aa = 62 X 57-70. 

The oun is thus given by 45, = 5 = 57-7 with some \incertainty owing to inexactness 
in the observed triplet separations. Its value calculated direct from the atomic 
weight 39-9 should be 5 = 361-8 x (-399)^ = 57-6 ± -14, the uncertainty being due to the 
uncertainty ±*05 in the atomic weight. The value of s (l) = p (l)— S (l) = 94373*10, 
from which the u, v links may he calculated. The e, u, v links are found to be 

e = 719-71 + 4 c?i/„ 
u = 439*47 + 2*43 dvj, 

V = 442-67+2-47 

The examination of the spectrum gives the occurrency curve shown in Plate 2, 
fig. 4. It shows a very distinct maximum in the region around 720 b\it little to 
show the exact position. The values appear somewhat irregular. If, e.g., the ordinate 
for 719*6 be drawn, it would be the same as for tho.se at 720*5 and 721. It may be 
noted that if the maximum is taken at 720*4, v, is *18 larger = 179*68 and the oun 
calculated from A, becomes the same as from A. But this is rarely the case in 
triplets. As, moreover, the link 719*7 when applied to the observed S(l, 2, 3) lines 
gives better agreement than a link 720*4 we shall use it for the purpose of sounding. 

The results of sounding are exhibited in diagram form in Plate 3. The details 
follow : — 

S(l). 


42642-10 

42462-67 


42387-07 

-e [41922 -39] 

-e [41742 -96] 


-e (3) 41666 --06 

(-76i)(2) 41474 

-c-t;(4)41299 

•02 

(-78,) (2) 41218 

— e — u 81 ’86 ‘06 



~e-v - • 03 

(65i)(l) 41488 

-2e (2) 41023 

•02 

(68,) (2) 41231 

e(-6Si)(l) 43366 -00 

-2c + u(4) 41460 

•11 

-2e (1) 40949 - 10 


-2c-tt(2) 40685 

•10 



+ e (3) 43183 

•06 


We find in the three sets clear indications of displacements producing separations of 12 or 13. As they 


appear in different orders such displacements can only arise in the limit. Two cases occur in m « 1, viz., 
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Si(l)-e~i/ and S|j(l)-«~v. They land between the lines indicated above, where the separations are 
13*76 and 13*59, or the same within error limits. Now 138i on S(oo) produces 13*26, and the four 
lines in question are 41474*51 - (78,) Si (l)~e-ii or e.w.(78i)Si(l), 41488*27 - e.t^.(-68i) Si (1 ), 
41218*08 = c.v.( 78,)S3(1), 41231*67 « c.v. (681)83(1). That is, 83 repeated from Si. 


S(2). 


26549-76 


26731-40 


26806-14 

:-36)(4) 25817 


(-66,)(1) 27165 


m-5-8(1) 27239-82 

-c 29-44 

-09 

M 71-50 

- -09 


(26) (7) 25841 


(66,) (2) 27177 


t>- 6-2(1) 27242-58 

2e-®(4) 24665 

-34 

-«(-76i) (3) 26285 

- -05 

-<!-12(3) 26098-42 

e-w(l) 25391 

- -17 

- (3) 26001 
-e 11-98 

- -04 

-2e + «(l) 25804 -31 



(3) 22 


-2c + w + t)(3) 26248 -11 



-2fi (1)25290 

-14 

-2e-»(l) 24921 



-2fi-®(3) 24845 

-58 



Several interesting points emerge from the above. 

(1) The links to 26806 as S3 are all bad. On the other hand, if the links are regarded as correct, 

the last three point back respectively to 26803*97, 05*34, 03*35, or a moan 26804*22. If Si is correct 
and 1^1 -M'2 179*50 + 75 *60 as assumed 83 should be 28804*86, the same within the various error 

limits. This is therefore supporting evidence in favour of the supposition made above that the very 
strong line (9) 26806 is not itself S3 (2), but that it overshadows the true one, which ought to bo a very 
weak one. 

(2) The existence of separations in the neighbourhood of 12 is also very marked. There are lines 
(4) 26562*08 at 12*22 above Si, (2) 26744*15 at 12*75 above S2, and (3)26098 * 42 at 12 above the linked 
line S3 -he. Further, 12, 2x12, appear in connection with the different linked systems, showing the 
existence of sets of lines depending on displacements in S ( 00). 

(3) In S2 the allotted line is 181*64 ahead of Si instead of the normal 179*50. The majority of the 
links from S, are to displaced lines, in which 8, gives a separation of about 1*03, so that no direct 
evidence as to normal value of S2 is directly available, beyond the fact itself that displacement is very 
prevalent. The two only direct links, 2<?, 26; + /;, would refer back to lines at 26730*34, 27*77, or a mean 
of 26729*05, which is 179*3 ahead of Si and clearly points to the normal S2. In other words, the normal 
S-i is displaced by ( - 28i) S ( 00), but the linked lines refer back to the undisplaced normal lines. With 
the development of our knowledge of the laws of spectral construction, such facts as these may be 
expected to be of the greatest importance in settling questions of internal constitution of individual 
vibrating systems. 

S(3). 

40244 40423 (40498*74) 


e + 6 (3) 40969 


c + 7-3(l) 41150 


e(2) 41218 

•02 

e + t)(3) 41407 

- -04 

2c + 6-4-f)(3) 41426 


c + t)(2) 41860 

•04 

2e(3) 41681 

-07 

2c (2) 41860 

•14 

2e(3) 41940 

- -16 

2e-v(3) 41243 

-01 

-e-M(l) 39265 

- -12 

(1) 41488 
26 - M 500 

- -10 

-e + 12(4) 39536 

•02 

-®(5) 39981 

- -08 

(1) 41612 


-^2e + «(l) 39244 

- -01 

-2e + tt(3) 39420 

•16 

(2) 40926 
u 37 

(1) 40949 

•02 
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Here again the links to the line observed near normal Sgare bad, whereas the links treated as good refer 
ick to a line exactly 1^2 ahead of S 2 . Further the 12 or G separation is again in evidence. Also the links 
j, - 2e + -e-u refer back to lines differing by about 6 from S 2 . 

S(4). 

[45179-30] [46358] 

«(1) 45618 --02 e-t;(l) 45635 00 

-t;(4) 44735 07 -«(3) 44913 -12 

-2e + »(2) 44176 --16 

Hero the calculated lines agree remarkably mth the sounded. The calculated are therefore adopted. 

S(6). 

[47501-68] [47681-18] [47756-78] 

» (1) 48126 --12 

tt + 6 (1) 48126 -00 

The only links apparent are for Ko, again with the 6 displacement. These linc.^ are all close to the limit 


f observed region. 


S(6). 



[48776-74] 


[489.56 -.34] 


[49031-94] 

-2« + «(l) 47784 

- 16 

■ 2e- 12(1) 47522 

-09 

~c + m(1) 487.53 -06 

2(' -m(1) 471.55 --10 


The lilies are now so far out of the observed region that the links are too small to refer back to well 
bserved regions even if such lines are really existent. 

The foregoing discussion of the S series affords evidence of the. existence of dis- 
daceraents of about 12 (oi- 6). This requii-es furtlier consideration as affording 
naterial on which additional knowledge may be obtained regarding the laws which 
iuch displacements follow. The ])resence of the same displacements in successive 
;erms of the series points to a modification on the limit — either a pure displacement, 
i linkage! (iffect, or, as the separation is small, possibly thi! dlfft!renc(! of two links. 
The further evidence to follow points decisively to the existence of displacement. 
W^hether they are d\ie to displacements by multiples of the oun on the limit is, of 
jourse, not so convincing. The numerical relations are very closely represented on 
;his hypothesis, but in the case of argon the is so small that it produces in S, 
jeparations of 1‘03 only. In lines whose wave-numbers lie about 40,000 or greater, 
ihis produces changes in A of '06 and therefore comparable with observation erroi-s. 
[n the case of S (2) only — wave-numbers of order 26700 — does it produce d\ = '15. 
Fhe measurements here are by Kayser, whose errors are probably < '02, almost 
jertainly < '05, and a close agreement between calculated and observed lines will 
»ive evidence of some weight. 

VOL. coxx. — A. 3 D 


[45434-40] 

-e-M(l) 4499G - -09 

-e-M(l) 44275 - -01 
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m=l. InS(l) cases of the displacement associated with the linked lines have 
l)een given above. They also exist in connection with the S lines themselves. Near 
82(1) are 42448'25 and 42473‘49, both of intensity 1 ; the first 14'42 above and the 
second 10'82 l)elow Sa(l), or a difference of 25‘24 = 2x t2’62. Again (3) 42401 '45 
is 14’38 above 83 ( 1 ). Now 3|^^ = 145, displacement on 8 ( 00 ) produces a separation 
of 14’42, and of = 105, one of 10'30. If, therefore, the observation errors are 
very small the lines in question are respectively ( — 145,) 83(1), ( 105,) 83(1), and 
( — 145,) 83(1). There is no corresponding ( — 14 5,) 8, (l), but (l)42623'93 is 
(— 185,) 8, (1) with d\ = '00. 

m = 2. In 8 (2) we find direct displacements on the 8 (2) lines with a whole set 
of linked lines. They are indicated in the following table : — 





(9) 26806-14 

(4) 26662*08 


182-07 (3) 26744 15 

75-60 




(1) 26833-37 

-e(7) 26841 

- *13 

- e (.3) 26022 

-e(.3) 26098 

-2e(5) 26121 

- *09 

e ( 2 ) 27464 --12 

-e + 24-61 (.3) 26123 

-3e(l) 24399 

-.30 

-M (2) 26306 --12 


-m(3) 26123 

•06 

-«-M(l) 25.582 


-e + »(3) 26285 

•00 



-3c + t;(3) 24845 

•00 




The line 26562 has been already adduced. It is (—25)8, (2) with dX = — '02. 
The lines 26022, 26098 under (e)Sa and (<3)83 differ by 7 5 '57 or a normal 1^3, and 
refer back to lines which would give the true triplet separations with the first 
line 26542. 

m = 3. From 8,(3) the two lines (l) 40258 62 and (4) 40273'21 are displaced 
successively by 14 '57 and 14 '59, the same separation as in the case of m = 1. They 
are ( — 145,) 8,(3) and ( — 285,) 8,(3), with O— C given by d\ = ’00 in both cases. 
The first has a modified e link — 722'6l and the second another of 718’46 to observed 
lines (4) .39536*0 1 ; (6) 4099 r67. 


The D and F Series. 

It will be found that the rare gases show a large preponderance of sets of lines 
which have all the characteristics of belonging to satellites of D series, or to parallel 
multiplet F series. In other words where, as in other elements, the d sequences 
show two displacements from the main d„ sequence when triplets are in question, the 
rare gases show a large number of such displacements, both in the d and the f 
sequences, many of these being due to large multiples of A3. No attempt has been 
made to determine the whole system of these satellite sets, a problem belonging to 
an intensive study of individxial elements, but a sufficient number have been adduced 
to prove their existence and to exhibit some of their characteristics. 
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Krypton . — The following table contains lines allocated to the D series for krypton 
and discussed in the present communication : — 

KrD. 


///. = 2^ 


m 




m — 5 
in = 6 
m = 7 


{ 



1 

1 

r 788-25 

(2) 19904-69 

309-71] 


Di8 

(1)19116-44 1 

1 

1 790-47 

306-95. 

► (2) 20213-86 

(1) 19906-91 


1860-19 

r 786-03 

311-84] 


(1) 20714-49 

Di7 

(1) 19928-46 

1 789-67 

308- 20 J 

(-2) 21026-.33 

(.•5»i) 20718-13 


1048-17 I 



i 

D,« 

(2) 20669-36 

788-40 

(.5) 214.57-76 

308-82 

(.-In) 21766 -.58 1 


307-27 



Du 

[20763-25] 

789 40 

(2) 21552-65 

306-33 

(2) 21858-98 


213 38 



Du 

{2/t) i0842-89 

788-78 

(1) 21631-67 

307-68 

(4)219:19-35 { 


133-74 

Di;, (1) 20871-60 

105-03 

Du (<1) 20875-78 

100-85 

Dll (0) 20976-63 

Dig (1) 380.37-85 

Dit r.38275-82 
[38324-67 
Dis (Im) 38497-23 

D,g (1) .-J8531-94 

Du (5) 38.560-46 

l),3 (2) 44408-53 

Dll (3) 44426-67 


(47077 -:18) 
(47080 -.55) 

(48500-71) 

(49345-98) 

[49349-39] 

(49896-60) 


788-75 

788-28 


(5) 2 1660 -.-15 
(2) 21664-06 


787-60 (1) .•18825-45 

787-44 (2) 39063-26 

787-33 (2) 39112-00 

787-18 (1) 39284-39 

1 


787-99 (2) 45196-52 

786-19 (47863-57) 


786-88 

787-97 


(49287 -.59) 
(50133-95) 


308-07 

308- 15 
305 

309- 89 


(45501 - 59) 

(48171-72) 

[49593-5.5] 

(50443-84) 


311-96 (2) .391.37-41 ? I 

1 I 

308-99 (1)39420-99 j 

306-87 (2) 39.591-26 | 


It will be clearer to consider first the Du lines by themselves, and then the satellite 
lines in each order. From the first tliree lines the calculated formula is 


II- 


/f 


.ol655-56-N/(m+ -897262 


• 0065131 “ 

”7' • 


m 


The limit is within errors of the value found for S(oo), Imt in view of what 
happens in the cases of X, and BaEm to be considered later, it may be noted that 
the difference D,— =s 4*27 is very close to a — ^| displacement in S, (c»), which 
would pi-oduce a separation of 4*42. [Note . — If D(oo) = S(<»), ^ hei-e = — 4’27-f ^ 

3 D 2 
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ofS(c»). If D(oo) = (_^,)S( 00 ), ^ here = "15 of S ( oo ).] The lines calculated 

fi'oni the formula for the succeeding lines are all outside the observed region. For 
wi = 4 ... 7 they an; re.sppctively in wave-numl)ei'S 

47079-52, 48500-56, 49349-39, 49896-60, 

The detailed discussion immediately following will show the evidence for their 
existence by sounding. The existence of a parallel set at a distance — (e+t’) is 
brought to light which show for the above calculated lines values of O — C = -09, -00, 
-14, --01. 

The agreement is remarkably close and would seem to show that the value of 
D ( 00 ) used is very close to its true value, about one or two units in excess. The 
results of the discussion are exhibited as a whole in Plate 3, fig. 4. 

As in the previous cases, the linkings with the observed lines in - 1, 2, .'1 are given, in order to show 
that the method is justified where it can be tested. 


I. 

(6) 20976 

2. 

(5) .38560 

3. 

(.3) 44426 

« (4) 24158 -17 

(■(1) 41743 -04 

-t>( 10) 4-248.3 -01 

t) (1)2-2914 -86 

(•(-3i) 22914 -00 

-r (1) 36619 -27 

-2e (4) 37061 -13 

e-r(3) 15856 



4. 

5. 

6. 

[47079-52] 

[48500-56] 

[49349-39] 

-« (7) 4.3894 08 

-c [45317] 

-e [46166] 

(' -<;(1) 41951 -09 

-c-»(l) 43,374 -00 

-e-r(2) 44220 -13 


-M (2) 45196 -00 

7. 

[49896-60] 

-r[4671.‘»] 

-r -»-(!) 44771 --01 

-•>-(•(.•1)41.588 -or, 


In = 1 negative links lead to lines in the red where observation is defective. Liveing and Dewar 
give a lino to the nearest tinit which may possibly bo a -e-v link. The lino 22914 is too far out to be 
an exact r, but its difference is 4 • 47, which corresponds to an exact - Sj displacement on the limit. In 
other words, it belongs to the limit as calculated from the S series. 

In m = 4... 7 the -e-v sounders all show lines in evidence. The -e sounder for m = 6, 6 would 
show lines just within the boundary of observation, and the absence of corresponding observed linos is 
therefore explicable. In m == 4 the lino 41961 is part of an apparent triplet. 

(1) 41951-59 788-19 (1) 42737-78 308-51 (2) 43045-93. 

The diminished values of ni, va indicate that the second and third lines correspond to Dja and Dss lines. 
The value of »>i is however sufficiently close to make the difference due to observation error, in which case 
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41951 would correspond to a Dij, leaving the calculated 47079 as a true Du(dA = 0), whilst Dj 2 is 
47077 ‘.IS. That 47079 exists is also shown by the u sounder. In the table this arrangement is adopted. 
The line entered for m = 5 is the calculated, as it is so close to the deduced. For m = 6, 7 they are the 
deduced from the -e-v sounder. The sounders for Da, Ds, in =■■ 4... 7, are indicated in Plate fig. 4. 

The Abnormal Satellite Separations. — The separations of the lines suggested for the 
satellite sets show abnormal values in that they are roughly about 2 greater than i-, 
for the S triplets. The difference Is real and not dire to eiTors of observation, and we 
shall find a correspontling abnormality in the other elements of tht! group. Taking 
Baly’s maximum error to be d\ = 05, the maximum error in n for the D(l) lines 
will range from ‘21 to ‘24, or, say, ‘45 on a difference of two lines. All the D(l) 
readings for v, can therefore be the same within obstu’vation errors, btit cannot 
possibly agree with that for the; S set. Those for v., Ijowever, 308 ’82, 307 '68, cannot 
be the same without allowing errors larger than d\ = ‘05. If they are to he the 
same the excessive error is probably in 21766, which is lududous and would require 
d\ — ‘08. Further, in addition to the lines assigned here to tie* D series, there ar<! 
a very large number of other lines showing separations of 788. The question arises, 
therefore, as to the origin of this abnormality, and it is important to discuss the 
various possible sources. The formula gives .so closely the values of the lines for D,, 
from m = 1 to m = 7 that there can be little doubt as to the essential correctness of 
the Di, allocation. The limit of the stiries cannot then be very different from S ( <» ). 

(1) Is 788 a real separation — i.e., is it produced by a displacement on S, (oo) by a 
larger oun multiple — in this case of 44|-<5 in place of 44(5 ? If so the separation wotdd 
be 4‘52 greater, or 791 instead of 788, and such an explanation is therefore quite 
inadmissible. 

(2) Is it a h link modified by displacement ? If D ( oo ) be as found, i.e. , ( — <5,) S ( oo ), 
i/j will be increased by ‘09 or 786*45 to 786*54 — an inappreciabh; change. To produce 
a change of 2 in the value of h or »/, the limit would have to be ( — 5t5) S, ( oo which 
gives a value 88’5 alx)ve S(oo), But, as a fact, the limit found is quite close to 
Sj ( CO ). This explanation is therefore excluded. 

(3) Are these displacements on the d sequejices ? In the noimal casci the 
d seqtiences for a given satellite triplet are the same, hut are displaced from one 
satellite set to another. Is it possible that the sequences suffer displacement in the 
same triplet also ? Take, for example, the satellite set whose first line is 20669. 
The sequent is d = 51655—20669 = 30986*20 = N/(l‘881350)^. A displacement of 
— <5, on the denominator 1*881 increases d by 2*06. If the displacement is on the 
fimt line of the triplet it must be —<5,, if on the second +<5j, and both give pi’actically 
the same value 788*51 for the apparent separation in general agreement with the 
observed value. There is nothing, however, to show whether the displacement should 
be —Si on the d, or +5j on Ixith d.j, dg, as the observed 308*82 is within our assumed 
error limit, but it is interesting to note that if the oun for be the same as for r, the 
true value of v.j would be very close t-o the observed. In this connection it is to be 
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remembered that in the d sequences the oun is not affected by the peculiar triplet 
modification shown by all elements. In the 20842 set the observed is 307*68, but 
the value of the observed + is very nearly normal. This means that the third 
line does not suffer displacement, but only the middle one 21631. 

If this explanation is correct, the modifications must diminish with increasing 
order. For instance, in d (2), produces a change in separation of ’56, and the new 
vi = 786‘45 + '56 = 787*01 as against 787*16 observed. For m = 3 Sy produces "23, 
but the possible observation errors in w — maximum dn = 1 *0 — ^are now so great that 
the observed separation of 787*99 is well within the limits of 786*68. So far then as 
merely numerical agieement goes this explanation would seem very satisfactory, but 
the changes requiied are so small that by themselves they can give little confidence. 
We shall, however, see later how it explains certain effects in the F(oo) (p. 368) — 
which depend on the d {\) sequents — and, further, how it also explains similai' 
modifications in tlie other elements of this group. Meanwhile further evidence in 
its favour may l>e obtained from linkage considerations. Some examples follow. 

{Note. — The observation errors in the separations should not exceed about *50.) 

(а) The mesh 

788- 03 ( 1 ) 20714 311-84 

( 1 ) 19928 ( 2 ) 21026 787-38 ( 4 ) 2181.1 309-47 ( 1 ) 22123 

789- 87 ( 3 «) 30718 308-20 

Here with 20714 v, is normal, v.j abnormal, but r, + 1 / 2 = 1097*87. Our explanation 
gives 788*51+309*20 = 1097*71. Thus on the upper set the first and second have 
the same d sequent, whilst the third has (<l|)d. In the lower set, on the other band, 
20718 has (^j)d, the same as for the third. 

So also in Dj^. In the first set d has in second and third lines, in second set it 
has 2^, ill 8(iCond line. 

( б ) 

—786-43 ( 2) ‘23390 788-77— 

(3) 24178 308-77— 

( 4 ) 22003 789-15 ( 4 ) 23392 786-03—' | 

i 

1—311-03 ( 1 ) 22914 2x786-47 ( 4 ) 24487 

This is a striking example of persistence of the displacement in linked lines. Of 
the lines in the second column, the first has the same sequence term as 22603, the 
next two have the links r,, v.j, but the sequent dispkiced cV The line 24178 keeps the 
same displaced sequent as these last, and therefore has a normal r, to 23392, but the 
abnormal to 23390. So 24487 keeps this same displaced sequent and so shows a 
normal rj to 24178 and'2»/, to 22914. In other words, if the first line is denoted by 
X, the above sets may be denoted by the following scheme : — 


X+ 


I'l 


X(^,) +2r, 


X 


X(^d+*'. 

X 


X (^i) + 21/1 + ^^ 
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(c) This example involves the c, d links whose values are respectively 804'59, 
823'29. It belongs to the D(l) system. The lines enclosed in [ ] are hypothetical 
and introduced to indicate the transitions. The relations are indicated hy the 
accompanying schematic arrangement, starting with 2087 5 = Dj. 



It may noted that in this fragment of a linkage all the links involved are 
p-links. A similar preponderance of these in linkages connected with I) lines is a 
marked feature also in Ag and Au [IV., p. 389]. 

The conclusion is to Ix) drawn that there is very considerable evidence in favour 
of (3) as explaining the origin of these modified separations. It does not, of course, 
follow that the effect indicated in (l) does not exist amongst the lines of a sjx'ctrum. 
We know also that the effect indicated in (2) is exi.stent, and we shall find clear 
evidence of it in the existence of lines depending on limits which are displaced S(qc), 
e.g., in the case of 19928 considered l)elow. Further support to (3) is given hy the 
F separations {p. 370). 

The Satellites . — Any allocation of satellites which may he regarded as firmly 
established is a matter of some difficulty on account of the large numljer of v.^ 
separations which enter indirectly as links, and the prevalence of sets dt'jxniding on 
displaced limits and displaced d sequences. The lines in the list for m = 1 are placed 
there provisionally and for special di.scussion, although other lines certainly belong to 
the system. Consequently, the denotation Di„ is to he regarded simply as a means 
of referring to the different sets considered in this communication only, tlu; n giving 
the ordinal position starting from 20976 as D,,. 

The criteria that the.se lines should be possible D satellites with the same D„ are 
that the differences of their mantissm from that of D„ should he multiples of the oun. 
Should any Ixjlong to another group with limit (^^,)D(oo) their mantissse will Ixj 
modified, but the qualification "test will still hold with reference to the difference 
between their mantissse thus modified and that of the original D,„ for they must all 
belong to d sequents and so be oun multiples. Nor will the test be affected hy the 
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existence of the supposed cause of the abuonnal I) ti'iplet separations. The value 
of given i)y l)oth the 83(1) has Ixien seen to be 249 ‘6 with A'3 = 4243’2, 
A.J = 4780 0. The maximum observation errors will be taken as ‘03 A and the 
actual O— C error he written —‘03^. The mantissse for the various D, lines are then 


1. 20976 890749 -30‘82^+4j3, 

2. 20875 887648 -30‘66^+4p, 

3. 20871 887520-30-66^+ 4p, 

4. 20842 886640-30-61^+ 4j^, 

5. [20763] 884207-30-50^+4/), 

6. 20669 881350-30-36^+4/5, 

7. 19928 859253-29-30^+3/), 

8. 19116 835908-28-21^+3/), 


3101 - -16^+4 (/),-/)3) = 12i^-19-... 
3229 - ‘16^+4 (/),-/),)= 135- 16-.. . 
4109 - -21^+4 (pi-/)*) = 16|5-9-... 
6542 - -32^+4 (pi-Pb) = 26i5- 10-.. . 
9399 - -46^+4(pi-p«) = 37f5-23-... 
31496- 1-52^+ 4 (pi-p,) = 126^5-16-... 
54841 -2-61^+4(p,-p8) = 219f5-8-6-... 


The test requires that the expressions to the right of the first term in the last 
column should vanish. The eflPect of any possible value of ^ is small. Furthei’, 
siS S is probably known within +"2, it is only -in the two lines, 7, 8, that it can be 
effective towards satisfying these conditions. It is clear then that the conditions can 
he satisfied within possible observation errors by Nos. 4, 5, 7, 8, and not by Nos. 2, 
3, 6, nor by 8, if 5 requires diinlnutlon by as much as '1. 

Considering 1, 4, 5, it may be noticed that the separations of 4, 5 from 1 are due 
to 16|^5 and 2C)\S. Since 16|^x8 = 132 and 26|-x5 = 1 31 ‘25, these separations are 
iti the normal triplet satellite separation ratio. Moreover, the mantissa of the extreme 
satellite 884207 = 189x4678‘3 = I89A3 within our present degree of approximation 
to 5. This again siitisfies the normal rule. It is clear, therefoi'e, that these three 
lines form a normal triplet D (l) set. As to Nos. 7, 8, the ratio of separations is not 
that of two satellites to 20976 as D,i, although near it. The mantissa of (8), however, is 
835908 = 197 X 4243‘1 = 197. A'; within our present approximation to 5, and suggests 
that it is the extreme satellite of another group. Returning to the other lines it 
remains to see if tluiy satisfy a test with a displaced D(oo). Now on D(oo) 
produces a change of —4 ‘42^ and consequent changes in the mantissse as follows: 
135-51)/ in (2), (3), 134-18/y in (O), 124-7.V m (S). As 124-80 = 25, it follows that 
the test for (8) is unaltered and those for 2, 3, 6 become 

-10-71)/-19-... = 0 ; -10-71y-16-... = 0 ; -9-38y-16-... = 0 ; 

whereas in (8) the corresponding condition is not changed, but the mantissa becomes 
835924 + 2^5, = 197 (4243‘1 + ‘OSiy). In this case a displacement of one oun in the 
limit produces the same effect as that of two ouns in the sequent. The test for the 
others is very closely satisfied by y = —2, or the supposition that they belong to a 
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group with a limit (—23^) D(oo) or with a limit ( + 45i) D(oo), decreasing by S the 
mantissm of the sequents and requiring 

*6-... = 0; 3’5-... = 0; 8-9-...; 

which again are easily satisfied within observation errors. With regard, however, 
to (2), (3), it is not common to find two satellites so close together, and as they both 
belong to doublet sets we should suspect that they belong to diffei-ent groups, and 
in fact the condition is satisfied by regarding the limit of 20875 as displaced by —3, 
on that of 20871. 

We shall consider the conditions more fidly later in connection with the more 
acciirate determination of the oun. The preceding results are suflScient to show 
that (l), (4), (5) are a definite normal D satellite on the basis of Aa = 4680 ±. That 
(7) (8) belong to a series probably based on A'a = 4243 + 1, and 2, 3, 6 to a parallel 
system based on the limit (— 25j) D ( 00 ) or (5) D ( ao ). 

I omit details about the satellite e. u, v links, but the following points are interesting. 
The line 19116 affords an example of the two displaced Dj lines analogous to that 
given in 3(a) as explaining the source of the abnormal r, separations. In atldition 
the linked line 2e + Di8 shows the same effect with two lines (2)25380‘26, (l) 25382*58. 
D,8 , D;w are curious as showing successive abnormal u links. Thus 

(1) 18780 1888-61 (2) 20669 1888*37 (4) 22557 

(1) 19881 1886-31 (3n) 21760 1885*71 (3) 23652*29 

3-69 

1889-40 (3) 23655*98 

3-31 

(1) 23659*29 

The two lines D,2, D13 which have been shown to have a I'elative displacement 
of 2(1, show u, V links to a mid-line displaced tl, from each. Thus (3) 22815*84 is 
1942*15 or *29 below their mean; whilst (l) 19778*52 is 1883*69 or — *34 below 
the mean of D22 and D23. 

The satellites for m = 2 are more doubtful on account of the large changes in the 
mantisssB produced by observation errors. The line 38531 has a mantissa difference 
from that of dn of 12^‘^, exactly the same as in Di3(l). It should, however, be one of 
a doublet with the second line stronger. The others show mantissae differences of 
28(1, 103^, 124^, 224f(l, which, allowing for the usual changes in the second order, 
clearly point to the sets as indicated in the table. There appears, howe*ver, no 
analogue in m = 1 for 38324. In this case it is important to notice that the 
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separation 308 ‘99 corresponds to the displaced sequent for m = 2. It thus supports 
the explanation adopted for the triplet modification. 

For reference the multiples of the oun giving the satellite separations are collected 
in the following table, where c?i, dj refer to the first and second line in a satellite set. 



m 

= 1. 



m = 2. 

71 . 

ih. 


w. 

(/,. j d^. 






3 



2 

12 


12: 


6 

28 

281 

.3 

121 


121 


t 

io;{ 

10.3| 

4 

16| 


16 


7 

124 


5 

261 


26 


8 

224| 

22,5 

6 

37^ 


38 





7 

1261 


1261 


7fi — 


8 

219] 


220 










4 




KrF . — The F lines form parallel series in wliich tlie constant separations depend on 
the satellite separations of the D series. In other words the limits are the ti!(l) 
sequents which foi’in the satellites. Now it has been .shown above that the abnormal 
triplet separations which the D series exhll)it is pro))ably due to the fact that the d 
sequent for a given satellibi triplet is j»ot the same for each of the three lines, but 
that they are subject to a displacement of one or mon^ <juns. For instance where v, is 
788 in plac(} of 78(5 (in round numbers) the dittbrcMice 2 is dtui to the fact that d-^n is 
not equal to but is c/i„((J,). If the strongest liiKi is to be taken as normal, we 
should expect the or d.j„ to be nonnal rather tluin di„ as Dj„ is always weaker 
than the other lines of a triplet satellite. In this case F„(oo) = di„{(\) and the 
F separation = F„(<») — Fi(oo) = c?,, which is less than the observed satellite 

separation by about 2. As a fact we do find tliese diminished separations. In 
searching for F lines therefore we have to examine the, spectrum for wave-lengths 
longer than d^ and showing as multiplets witli separations the .same as the satellite 
separations or less. In the particular ca.se of Kr these are 100, 105, 133, 213, 307, 
1048, 18G0,* and we ai’e to expect series which we will denote by F„ with n from 1 to 8. 
From this point of view it is unfortunate that allowance has to be made for the rule 
as to the excessive displacements occurring in the, lower orders (m = 2, 3) and that 
a complete multiplet, showing all the above sepai'ations, is not to be expected. With 
Dll (1) = 20976 63 and Dj ( oo) = 51 655-56 = 30678 - 93 - 1 -^ = F, ( oo). The 
mantissa of / is in general large, say, beween 7 and -99. Consequently the region 
in which F, (2) is to be found is where the wave-number is less than 30768— N/(2-99)®, 

* There may, of course, be others depending on D lines other than those considered in the text. 
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or say, <18491, or X >5408. This region is examined for the separations in question 
and lists made. It is then found that some depend on the same first line, in which 
case, they clearly refer to F or related lines. Several sets are found connected by 
one of the ordinary links, which excludes at least one of them as a direct F line. It 
is now easy to select a few sets from the lists which seem suitable for the Fj line. 
This with the given Fj oo gives f (2), and then IlYDnEiUi’.s tables give a rough 
approximation to F (3). It is then only nece.ssary to examine the lines near these for 
the separations, in order to find the, acttial F, (3). The result of this examination is 
to show that for the first thi’ee, orders m = 2, 3, 4, the only sets which exist without 
displacements in any correspond to the separation 301, with F, lines (l) 17321‘51, 
(in) 23353 ‘84, (3) 26057*20. The formula calculated from these gives as the limit 
30678*64. This is only *29 less than cZ„ and is thus in very satisfactory agreement 
with the rule. Using the value of dl,, as found from the D series with D ( <» ) 
= 51655*56 + ^ the actual formula is given by 


n 


30678*93 + ^'-Ny|m + *877406-577*8^'- — 


In this if D ( go) = 8 ( <»), = ^—4*27, but if D ( <») = (— ^i) S ( »), ^' = ^+‘15. 

The mantissa of tin*, first line Fj (2) is 

865448-107*26^+16/) = 185 (4678*1 -*580^'+ *0.34j») = I 85 A 3 * 

within error limits. The lines have been selected as showing the given .separations. 
Quite independently they give a formula with the proper limit and with the first 
sequence mantissa a multiple of A:,. The evidence therefore for the correctness of the 
allocation is incontrovertible. 

In the consideration of the notation for the various parallel F series it will be 
necessary to determine what is to be understood by the normal separations. If the 
latter are to be decided directly from the Dj, (l) lines, the separations must be those 
given above. But a glance at the table of F lines will show that there is a consider- 
able variation from these, and indeed from one another — due as we have seen to the 
great variability in the oun displacements. Especially is this noticeable in the 
separations given by the Di(l) satellites as 213*38 and 307*27. In place of these we 
find values about 2, 4 or 6 less, corresponding to 1 , 2 and 3 oun displacements. The 
separation 301 is the most frequent displacement from 307*27. Now alters the 
separation by 2*03, and therefore 35i alters 307*27 to 301*18. That these deviations 
from normal values correspond to real F separations can be seen by their frequent 
repetition in connection with F lines. See for instance the maps for F, especially 
F (5), in Plate 4. 

* 185Aj = 204A's + 38i. 

3 E 2 
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KrR 

[For brevity F (m) is printed as F in each order.] 


n» = 


(1) 17321-61 


F, 

(1) 17622-73 

301-22 

(.38,) F« 

[20504-86] 

e 

F,.« 

(<1) 20813-91 

309-05 + e 

(-8i)Fe.e 

(6) 17747-14 


F,(10A.,) 

(2) 17952-16 

205-02 

(8)F5(10A.,) 

(2) 17972-78 

F, 

(16A'2 + A2) = X, 

(1) 18108-65 

135-77 

(-S.)X4 

(1) 18177-75 

204-97 

(.38,) Xs 

(2n) 18282-20 

309-42 

(-8i)Xo 

[21156- 13] 

e * 


(1) 21268-41 

102-28 + e 

Xjs.e 

(1) 22203 -47 

1047-34 + e 

Xr(-28,).c 

(<1) 2.3013 -63 

1857-50 + e 

(8,)Xg.e 



m - 

(Irt) 2.3353-84 


F, 

(1) 23659 -29 

305-45 

(^/i)F,, 

(4) 2.5213 -56 

1860 72 

Fh 

(5) 21673-49 

103-68-ti 

m.Fs 

(7) 24390-12 

213-00 + d 

Fa 

(4) 23518 -73* 

1048-92-11 

m.Ft 

(2) 23.340-79 


(68,)F,(-S) 

(1) 23564-41 

213-62 

(66,)F5(-8) 

(<1) 23349 -04 


(28,) F, 

(.-1) 23666-98 

306-94 

(28.) F., 


m = 4. 


(3) 26067 -20 


F, 

(In) 26167-54 

100-34 

F. 

(3) 26189-73 

132-53 

F, 

(4) 26.358-25 

301-05 

(.38,) Fe 

(1) 26265-05 


Fo - 'lx, 

[26270-16] 

212-96 

Fft 

(4) 26276-27 


Fs + 2a: 

(1) 26066 -15 

16-05 

Fa + 3a: 

(2n) 26067 -66 


Fi + 4x 

(2n) 26369-36 

304-21 

(28,)F« + 4a: 

(1) 27924-30 

185915 

Fg + .3a: 


2 . 


(5) 17594-17 


F,(7A'g) 

(1) 17695-04 

100-87 

F2(7A'j) 

(.5) 20991 - 16* 

213-64 + e 

Fg(7A'2).c 

(1) 19134-54 


(-2S,)F,(61A'2) 

(1) 1934.3-33 

208-89 

F6(51A'g) 

(1) 19348-50 

213-96 

(-28,)F5(51A'2) 

(.5) 20991 - 16* 

1856-62 

Fg(5lA'2) 

[22317-89] 

e 


(3) 22448-65 

130-76 + e 

F4.e 

(4) 22531-66 

213-77 + e 

( - 28,) Fi.e 

(3) 24178-77 

1860- 88 + e 

( — 28,) Fg.^ 


3. 


(3) 2.3418-38 


F,(4A'.,) 

(41 2.3518-73* 

100-35 

F2(4A'.,) 

(5) 2.5278-06 

1059 68 

F8(4A'2) 

(2) 2.3507-07 


Fi(10A'2 + 8) 

(1) 2.3639-82 

132-75 

F4(10A'2 4-8) 

(In) 2.5367-06 

1860-00 

F8(10A'2 + 8) 



m = 5. 


[27497-70] 


F, 

(9) 27708-28 

210-37 

(28,) Fg 

(7) 29357-89 

1860-19 

Fg 

(1) 26727-89 


a.F, 

(7) 26863-38 

135-49 

a.F4 

(4) 27482 - 72 

-15 

F, 

(4) 27588 -11 

105-39 

Fg 

(1) 27784 -.33 

301-61 

(38,) Fg 

(6) 28535-88 

1053-16 

(-2S,)F7 

See also Map F (g). 



* At least one a coincidence. 
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KrF (continued). 



m = 6 . 


VI = 7. 


[28356-47] 


[F.l 

[28907-8] = m.30791-40 

[Fll 

(1) 28664-88 

308-41 

F« 

(7n) 29005-44 97-62 


(2) 26779-99 

307-71 -u 

n,F 8 

(2) 30791-40 u 

F,.n 

(4) 30218 -69 

1862-22 

(-Silt’s 

(.-;) 30999 -10 207-70 + u 

F.,.n 

(1) 28361-39 

4 

(- 28 i)F, 

(3) 31841-03 1049-65 + u 

Fr.n 




( 6 ) 28891-63 -16 

F, 

(In) 28574-61 

213-22 

(-28i)F5 



(10) 27625-16 

1047-96 -u 

M.( - 28,) Fr (3) 29198 - 53 306 - 90 

F'e 




(1) .30875-06 99-24 + u 

F'-^.n 

(1) 28340-49 

-16 

F', 

(1) 31081-96 306-14 + u 

F'c.n 

(3) 28444-08 

103-59 

F's 

(6) 31823-11 1047- 29 + u 

F'7.7i 




(.5) .32635-69 1859- 87 + u 

F's.« 


rn 8 . 


m = 9. 


[29286 -.3.3] 


[t’lJ 

[29.552 • 20] 

[t'l] 

(3) 29498-44 

212-11 

F., 

(2) 29857-70* 305-50 

F« 

(7) 28808-81 

309 -b 

fi.Ffl 






in - 10 . 


[29728- 00 j 



[F,] [-29712-00] 


( 6 ) 29823-86 

95-86 


(28,) Fg (.-04) 29845-84 

F'4 

(In) 30036-6.3 

308-53 


Fo (2n) 29926-2.3 

F'5 

( 2 ) 29857 -70t 

129-70 


( 28 ,) F 4 (In) ;J0022-82 

(-s,)n 

(In) 30777-90]: 

1049-94 


(-Sdt'r 



* Or (2 Si)F4(1Q). 

t OrF 6 (y). 

I Is probably ( - 8,) F'j (7) u. It is very diffuse and may be both. 


It will be most convenient to deal with the multiplets ordtn' by order. We are to 
expect great displacementH in the sequences in the lirst two orders — single pairs 
displaced bodily — if the analogy with the triplet systems of the alkaline earths holds 
in the rare gases. Also throughout the orders we shall find not only in Kr but in the 
other gases small oun displacements in the limits, owing to the instability of tlaj 
d sequences. 

, m = 2. In the hrst order there appear only one normal pair Fi (2), Fg(2); but 
"sj »'a> •';> occur in a parallel set linked to the normal by the e link. 

The following sets occur amongst others : — 

( 1 ) 

1049*06 (2) 18744 

(5) 17594 100*87 (l) 17695 ; 98*37 (l) 17692’54 

307*84 (In) 18002 97*85 (2) 18100 
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Here there is an example of j/y or of pg, Pj appearing as links, omitting 97 ‘8 5 as a 
doubtful connection. The Pg is the exact D sjttellite separation. Moreover, the 
mantissa of 17594 is 895149- 110’63f differing from that of /(2) = 865448 -107‘26^ 
by 29701— 3‘37^+16‘5p = 7 (4243’00— ■48^+2‘3j9) = 7A'.j. This is a clear displace- 
ment by 7A\i, for ^ cannot be more than a few units and jp is a fraction. It is clear, 
therefore, that 17594 is Fi(2)(7A'2) and 17695 is F3(2)(7A'2). The next two must 
therefore be only the linked lines F^ (2) (7A'3) +1'#, +pj. There is a line (l) 17692 '54, 
separated by 2'5 from 17695, which might suggest the displacement dj in the limit. 
But 2’5 is tt)o large, and the line itself is really a linked line to Dj^, viz,, (e) 0,3(1). 

( 2 ) 

(2) 1797278 135-77 (l)l8108’55; 204-97 (1) 1817775; 309-42 (2n) 18282'20 

e 

[21154-13] 102-28 (1) 21258-41; 1047-34 ( 1 ) 22203-47; 1857-50 (< 1 ) 23013-63 

This is a .specially interesting displaced set in that it contains all the seven 
separations, three directly depending on the line 17972 and the remainder on a line 
linked to it by the e link. The mantissa of 17972 is 937966 — 115-6^, which is 

72518 — 8-35^ above that ofy‘(2). This is very close to 1 6A'2-f A3 = 72553. The 

line may be written F, (2) (16A'3+ A3). Call this X,. Then remembering that 
produces 2-03 in the limit and -54 in the sequent, we see at once that in the others, 
for 135-77 = 133-74 + 2-03 is (— <1|) X4 exact; for 204-97 = >'5—8 is (4(5,) X^,; for 
309-42= Pa + 2 is (— ^,)Xfl. The others depend on e+X,. The separation 102-28 is 
the mean of p.,, v-, which d«^pend on two d sequents differing by 2^,. It may therefore be 
written as either (<5,) f/,.-, or (— ^i) d^j, we will write it X^s+e. For 1047-34 = p^— I the 
displacement is —25, in the sequent, or the line is X7(— 25,).^. For 1857-50 = p^—2"(3 
and the line is (5,) Xg.e. 


( 1 ) 19343-33 

r 213-96 (1) 19348-50 
(1) 191 34-54 J 

822-11 1 1856-62 (5) 20991-16 

(1) 19956-65 308-13 (l) 2026478 


With 30678 + ^ the mantissii of 19134 is 216805 — 133-50^ above that of f{2). It 
is in the neighbourhood of SIA^. 'fhe whole set of lines are representable as follows 
(putting as before ^ = —1-34) : — 


19134 = (-25,)F,(2)(51A'3-25,) = (-25,) Y, (-25,) 

19348 = (-25,)Fj(2)(51A'3) = (-25,) Yj 

19343 = F 5 (2) (51 A'.,) =Yg 

20991 = F8(2)(51A'2) = Yg 

19956 = (-25i)F,(2)(51A'3-25,)+rf = (-25,) Y, (-25,) . d 

20264 = (-25i)Fe(2)(51A'3-25,)+(i = (-25,) Ye(-25,) . 
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The numerical agreement is very close, and 19956 is a series inequality in which a 
change of 1 makes the two separations 822, 308 exact d and hriks. On the other 
hand, as we have already pointed out, 20991 may be a Dj, line depending on the 
limit (7^i) D ( 00 ). 

The following points should be noticed in the foregoing allocations : — 

(1) The presence of the large displacements in the sequence term by quantities 
differing from multiples of Aj by one or two ouns — in this respect quite analogous to a 
corresponding effect in the alkaline earths. It seems to point to a kind of satellite 
effect in the F series analogous to that shown in the 1),, where the main strong line is 
displaced from the noi'inal satellite depending on a multiple of by the addition 
of a few ouns. In this cas(! the F satellite is in general too weak to be observed, 
except possibly the linked line 22203 = Xj ( — 25i) . e depending on f{2) {i7 A'^). 

(2) That where a multiplet line is ab.sent, it frecpiently appears as a linked e line, 
but that the linked line never app(;ars directly linked to the Fj. 

( 3 ) The line 20991 occurs twice as Ff,{7 and as Fg(5IA'2), also its possible 
existence as a kind of independent Dj, line has already been referred to. It cannot of 
coui'se be all, and at least two of the suppositions must be due to chance. It is also 
probable that such coincidences may occur in some of the other allocations. Tins 
evidence for the general effect is cumulative and not dependent on a single mimerical 
agreement. 

The F system of the fii’st order {m — 2) have been considered in rather considei-able 
detail iti order to establish what appears to be a very general rule that in many 
groups of ekmients the conHg\irations producing the normal F lines appear to have 
been subjectcid to a sort of t^xplosive effect whereby other configurations producing 
J' sequ(*nts displaced by large multiples of A^ are produced. As a natural result the 
intensities of the normal lines in the spectrum are diminished since the observed 
itjtensities must depend on the number of emitting centx'es as well as the energy 
emitted by each. We havti seen that they are displactal in pairs or sets containing 
one displaced Fj line, but no attempt has lieen made to search for sets not containing 
the F|. As we shall see later these displaced sets in the lowest order give a means of 
obtaining very accurat(! data for the determination of the value of the oun. In 
dealing with subsequent orders such a detailed di.scussion is not called for for this 
purpose. 

m = 3. The normal lines are ohserved for F,, F,, Fg, and as illustrating the 
correctness of the explanation given above for the diminished separation 301 in place 
of 307 it will be noticed that the normal D valut' is shown by the line 23349. The 
other F lines of the set do not directly appear, Init as in the case of m — 2, they are in 
evidence as linked lines. Some of the lines linked to F, (3), are represented in a map 
in Plate 5. The denotations of the lines are entei'ed in place of the wave-uumbei’s, which 
can be reproduced by adding the given separations, and each can be referred to by 
the column and order in the column in which it occurs. Again we have several 
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examples where small changes (errors or displacements) in lines make all the allied 
links take their practically exact values, and so give evidence for the reality of each. 
Thus, —1‘2 on al give c, —1*5 on a2 give u, vj and the mean of 1/3, 1/3. (or the line 
(— <J,) Fjj or (^j) F;, = Fj;,, say) ; —’5 {d\ = *08) on c4* gives c, rg ; —1*5 on c5 gives d, 
1/4, i/g. These new sets give us representatives of all the lines missing from the direct 
normal lines. It is noticeable how the/g sequent persists. 

Certain displaced sets are given in the tables. If 23418 is *5 less {d\ = *08) the 
v-i, Vg become exact and it is Fj (3) (4A'2). Tlie numei’ical proofs of these allocations are 
not given, as these displacements have no importance at present beyond the fact that 
they exist. 

w = 4. Direct lines are found for F„, = 1, 2, 4, 6, whilst 5 appears displaced 

+ 5'01 = 2 X 2*50, to observed lines 2G265, 20275. There is also a line 26007 ahead of 
26005 by 2*51. If this 2*50 be due to some displacement it is probably 2<?, on tbe 
limit and some ouns on the sequcmce, or all by ouns on the sequence. The order is so 
high (w = 4) tliat it is not possibhi to decide, and it is shown in the tables as a 
difference x = 2*50. Linked lines are shown in the map (Plate 5). Again note that 
2*5 on F, makes the v, n links exact, and that here again tbe x appears. Symmetry 
would seem to indicate that the- true; F, (4) or 26057 should be about x less. This 
would dimini.sh the calculated limit of the series to a value nearer that given by the 
calculated S ( 00 ), 

For w=5...10 the vahu^s for F, calculated from the formula are 27498*81, 
28357*47, 28909*97, 29286*33, 29554*21, 29730*00. With -1*34 as determined 
later, we should expt'ct values less than these from about —1 for tlu; first varying to 
—2 for the last. None of these appear but they have linked lines whilst other of the 
parallel F' sets also appear directly. 

m = 5. No lin<} has been ol>served at 27498, l>ut there are lines with it for Fg, Fg, 
and others for Fjgj by a link— a. A value of F, 27497 is Fg— 1860*19 and reduces it 
1 *1 as just suggested.! The connections are exhibited in the map (Plate 4). From 
this order and beyond tliere appears to b(3 a parallel set at a distance 16 units less. 
For m = 5, this starts from 27482*72 as F,. As is seen in the map (c9) it has a 
very lai'ge linkage to F lines with similar .s»^ts to those connected with the calculated 
F,. We may explain its source; as a displaced (2^) F (<»), as the difference of two 
p-links, b—c, or as the direct congeries of F lines depending on 20991 as an indepimdent 
D„ line. In the map the notation depending on the second is adopted. In the list 
27482 is written as F'j leaving the question of the origin open. The p-links are 
particularly prevalent. This was found to lx; the case also in Ag and Au, the only 
elements in which the linkages have been examined with any thoroughness. In 
particular the series of successive + atid — links from 27497 recalls a similar 

* This has been given as a bad Dh.^l The suggested change makes the e link worse, which increases 
the improbability of its belonging to the D system. 

t The calculated is retained however in the map, as the links show the repetitions more clearly. 
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arrangement in the AgD (4) linkage shown in the c, d, e columns of* the map for 
AgPiii [IV.]. The series is in fact continued further than is shown in the present map. 
Starting from 26727 we find a—c-\-h—d-{-a—c-\-a—c (and +d) = 3a+6— (3c + d!), the 
actual separations being 770-92-803-607 + 787-51--82r81 + 771'07-803'66 + 770-68 
— 803’16 (and +825'35). Further, it should be noted that each successive pair is a 
parallel inequality, one in excess and the other in deficit of normal value. It means 
an increased displacement 2^i in each alternate line. But if the observation errors are 
small, there appear to be indications of simultaneous displacements in the f sequences 
as well as on the limit. In fact a similar phenomenon is indicated in the two next 
orders though naturally some elements are wanting. A precisely similar connection 
is shown by AgS (3), [IV., p. 382], in a still more striking and regular series of 
changes. The elucidation of the laws governing displacements is of the first 
importance and should be one of the immediate objects of investigation. For this 
purpose examples of continuous series of simultaneous and like displacements will be 
of the utmost value. For this reason maps of certain near lines (Plates 4, 5), are 
given for all the orders from 3 up to m = 8, but no attempt has been made to indicate 
exact displacements itivolving unity. The parallel series F' about 16 below F exist 
for w = 5, 6, 7. The sets connected with F'(7) all show the displacement unity. In 
the lists the true lines are entered as I less for m = 6 and 2 less for 7, 8, 9, 10 (?".e., 
^ about —2) than the calculated values. As is seen it makes the observed separations 
more normal and in so far supports the putting of the limit about 2 less. Later the 
actual change in the limit is found to l)e — 1 34. 

KrP. During the work of examining the X spectrum a new type of series, 
associated with the F series, came to light. Whilst the known F type depends on 
the difierences of two sequences d(l)— /(m), the new type? has a series of lin(!S whose 
frequencies are given by d(\)+f{m). We shall denote the lines of these series by F, 
so that F will denote a difference frequency and P a summation. 

We have already referred to the general properties of the.se series in the intro- 
duction. Some of the material from the Kr spectrum bearing on the subject are here 
collected. In the following lists each order is considered by itself. The examination 
has not been exhaustive so as to involve displaced vahies, but it is believed all the 
direct observed lines have been included. A few abnormal ones, with considerable 
displacement in tin? y sequence, have also been entered, as they raised questions which 
require future investigation. The F and P lines are arranged in parallel columns. 
The mean of the two corresponding lines is entered in thick type between them. 
That for the first coiresponds to the fundamental limit. The succeeding ones are 
given in the form mean of the first difference, and the difference only (which settles 
the denomination of the set) is entered. Thus for m = 2 the first mean is 80674*77, 
that for Fe, P« is 30976*55 = 30674*77 4-30r78 and 301*78 is entered. Also over each 
line the difference from Fj or P, is entered. Notes on detail are appended below the 
lists. The evidence is clear as to the existence of a series of the form A (m). If 
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the limit were the same for both we should expect the mean to be 3067 8 '93 + f instead 
of 30674 ’77. The latter is what should be expected if D ( <») = S ( <»). 


Table of F and P Lines. 



F. 

P. 

F. 

P. 




m = 2. 


= 5. 


1. 

17321 

30674-77 (2) 44028-04 = (3Si)Pt 

[27498] 

30678-23 (4) 33857-67 



63 

148-79 




2. 

3. 

17376 

+ 102-10 (1) 44176-83 






133-77 




! 4. 


(2) 44161-81 





213-27 

209-68 


214-23 


5. 

e.20718 

+ 211-58 (8) 43433- 13 c 


(1) 34071-90 



301-22 

302-34 




6. 

17622 

+ 301-78 (3) 44330-38 


(2) 33838-09 = P', 



1033-85 

1052-14 




7. 

18355 

+ 1043-00 (1) 45080-18 


(1) 34146-82 = P'j 



1872-65 

1844 




8. 

19194 

+ 1858-40 (1) 45872-18 


■ 


(for the displaced sets see p. 380) 






m = 3. 


in = G. 


1 . 

23353 

30677-27 (2) 38000-71 

[28.357-47; 

30676-60 [3299.3-80] 




10A'., + «. 




1 . 

-) 

23607 

30674-76 [37842-45] 






104-03 




3. 


(1) 37946-48 





132-75 



133 70 


4. 

23639 



(2n) 33127-50 


»). 


306-41 

307-41 

303-46 


(). 


(4) 38148-86 

28664 

(1) 33-297-26 




1048-54 




7. 


(1) .38890-99 





1860-00 

1859-62 

1860*22 



8. 

26367 

+ 1869-81 (1) .39702-07 

30218 




m - 4 (F). 


w =» 7. 


1. 

26067 

30677-16 (6) .35286 -68 

28907 

30674-71 .32441-62 = 

e.35624-97 

•) 




3.3442-54 =- 

6.33228-89 




F'. 



3. 



-28891-63 





129-78 




4. 


(1) 35416-16 






207-17 




5. 


(6) 35493-85 





301-70 





6. 

26369 







1043-80 


1048-78 


7. 


(In) .36330-48 

[F'(7)] 

30677 34 (1) .3.3511-28 



1856-6 

1859-18 




s. 

27924 

+ 1867-02 (1) 37145 -86 
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m *o 2. To the only tvro direct F there appear two direct E with the same mean 30674*77 and 
modified separation 301*8. Also there is a direct line to F4. To the linked ¥ 4,6 corresponds a linked 
C.P4. In this connection it must be remembered that all the P are large, over 44000, and an e link would 
reach to lines outside the region of observation. Three other sets are included in the list, which involve 
displaced / sequents. The second pair give a moan 30674*77 -f 102* 10 and belong therefore to the limit 
midway between F2 and Fs. But the sequent = half the difference = 13399*95 in place of 13353*26, 
on the supposition of a common limit. So also the pairs for F7.8 show / sequents 13362*41 and 13339 *01 
on the same supposition. 

If the observed 44028 is really (38]) P], where Pi has the same limit as Fi, and may be called the 
normal Fi, the mean of the observed Fi and of Pi is 30677*80, and should give the true value of the limit 
subject only to observation errors on the two lines, i.e., within maximum error of 1 * 1 with dK ~ ± *05, 
and within a probable error much less. 

7 n = 3. Pi corresponds to Fi with mean 30677*27 ±1. There are some cases of displaced / (3) as in 
7 n — 2. Tiie lOA'g set appear also in P, and as they contain several examples they are placed in the list. 
There are two lines 37836-36 and 38050*15 (separation 213*79) which as Fi and Ps give a mean 
30671*71. The linos in the list show an unobserved line for P], which is the basis for the others, its 
actual value is taken as - 38i displacement on 37836. The mean is 30674 *76 which, on the supposition 
adopted. above, corresponds to tt(38i)P(oo). Since Fa — ( -* ‘^^1) Fo, the lino 37946 may bo written as 
normal P^, giving mean limit = 30676*79 ±1. In the 4A'2 set is a line 39799*89 - Ph( 4A'.,), giving with 
Fs (4A^2) a mean 1860-19 + 30678 * 78. 

w = 4. There appear no direct F to the F lines. But they occur in the parallel set F' ; but as F'j^ 
(281) F 4, (38]) P's, (28i) F7, F 8. The mean is 30677 * 16. 

la = 5. Here P] and P5 appear, but as the mean depends only on calculated h\ it is not reliable. If 
Fi be taken from the observed lino 26727*89 by the -a link, the Fi line would be 27496*83, giving 
mean 30677*25. There are also lines connected with the parallel series ¥\ which has a limit 16 below 
F], F'j = 27482*72 and F] « 33838*09, gives mean 30660*40, which is about the proper amount below 
F(c») ~ 30677*80. With this goes 34146 *82 as Ff, with separation 308*73. 

m = 6. The unobserved lines supposed for the first piiir are calculated respectively from the observed 
F(j, Fs, and P4. The line 33297 is (28^)P<]. Corresponding to 33076*55 as F^, the mean limit with F'| is 
30658 in place of 30660. With this might possibly go 34018*93 as (38^)F'7. 

tn = 7. P| + e = 35624*97 gives a mean limit 30674*71. Also with P^ + 6 = 33228*89 gives a mean 
limit 30675 * 12. Also 33511 * 22 an exact F'7 with mean 30677 * 34. 

m = 8. P^ + e = 35249*74 gives mean 30676*36, but F^ is uncertain. 

m = 9. I have not found F|, but 32015*37 as P5 gives Pj = 31802*00, which gives mean limit 
30677*10. 

m = 10. No Fj found, but 31726*38 as Fg and 31841*05a8 (-8^)P5 gives Pi the same value 31625*5. 
This gives a mean limiu ~ 30676*75. 

The evidence seems therefore clear for the existence of this type of series. 

The Value of the Ou7i. — For the evaluation of the oun there are at disposal : — 

( 1 ) The Ai, A2 as determined from the S separations. These have given (p. 346) for 
a first approximation to 8, the value 249*30 from vi and 249*6 from the two alternative 
i/'a, ra. The v 8 are so ill-determined that these might possibly refer to values giving 
the same 8. But the fact that the value of e calculated from A] agrees so closely 
with the maximum ordinate in the corresponding occurrency curve (Plate 2, fig. l) 
shows that Aj must be exceedingly close to the true value, in which case it is 

3 P 2 
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improbable that the '3 difference in S could be attributed to a single observation error 
on each of A's, Aa. As it has been shown in [III., p. 332] that the triplet separation 
always shows a slight difference in the 5 from v,, v^, it is probable that the same occurs 
here also. The evidence there given goes to show that the value obtained from 
Ai + Aj is always closer to the true value. We should expect, therefore, a value 
between the two values above. 

(2) The evidence obtained from the D qualification test. 

(3) The D satellites whose mantissae dept^nd on multiples of A-j, viz., 19116 on 
197 A'a, and 20763 on 189Aa. 

(4) Tlie mantissa ofy* (2) = ISSAa. 

Before however conditions (3), (4) can Ix^ applied it is necessary to obtain if possible 
a closer approximation to S from (2). 'fhe material for discussion is that given on 
(p. 366). We shall discuss it on the two bases of 3 = 249‘60+a; and 249'30+a? where 
.!• is certainly not greater than '3. The complete conditions ai'e, using the displaced 
values ( — 2Jj) I) (00) for (2), (6) and omitting (3) as pivrallel to (2), 

249-60+a; 249-30 + a: 


(2) -2-4+ ‘16^-4 (pi-p,)+ 13^x = 0 - 6-.'> + ... = 0, 

(4) 9-0+ -21^-4 (pi-pt)+ 16|a: = 0 4 +... = 0, 

(5) 10-0+ -32^-4 26i.r = 0 2M + ... = 0, 

(6) -27+ -46^-4 38fa; = 0 -14-3+.. . = 0, 

(7) 16 +r52^-4(p,-jt)j) + 126ix= 0 -2r8 + ... = 0, 


(8) 8-() + 2-61^-4(pi-p8) + 219|a; = 0 -56 +... + 220x = 0. 

It is quite clear that tins conditions in the first column cannot be satisfied without 
assuming very large observation errors unless x is negative, nor on the right hand 
column imless x is positive. In other words, S must be < 249 60 and > 249'30. The 
fii’st four equations, however, give no indications of amount, as the multiples of X 
are not sufficient to make the term in x more important than the error terms. In 
(6, 7, 8) the conditions may be written with ^ > 1. 

(6) - 27± 8-5 + 38ix=() -14-3..., 

(7) 16 ± 9-5 +126ia:=0 -2r8..., 

(8) 8-6±10-61+219|a; = 0 -56 .... 

Nos. (6, 7) require a; to be about equal and opposite in the two cases, say, S = 249'5. 
This would make (8) give — 13‘5 + 2'61^— 4 (pi—ps) =0. This last case offers some 
difficulties which we will consider later. For a further approximation we will there- 
fore put A2 = 4678+03, A'a = 4241*386 + ’90703 which give 3 = 249’4933 + ’05303, and 
D,j = 20763’25 + dw. Then, (p. 366) 

884207 -30’50^'+30’50dw± ’5 = 189{4678’343-’161^'+’161dn±’O02} 

/(2) = 865448-107-26^'+ 16p± ’5 = 185{4678’098-’580^'+‘086p±’002}. 
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Hence 


Thei^fore 


•343-a:-T61^'+T61(£w ±-002 = 0, 
•098-iC--580^' + -086p ±'002 = 0. 

- -58 - '38ciw + '20jo ± '009 -i 

r A- 

X = '436 + •222fi« - •032jt> ± '003 J 


Here dn depends on an extrapolated value from a Dg line, taken because the v.^ 
showed a diminished value corresponding to the usual satellite modification of v,. If 
this is correct dn is the observation error on 21858 and is ‘14^0 with d\ = ±'03. This 
is certainly the most d priori probable supposition. If on the contrary hypothesis is 
normal D„ is 21552*65 + '14^— 786’45 = 20766‘20 and dn = 2'95 + ‘l4p. This gives 


^ = -l'70 -•05i> + '20;>'±'009, 

= 1 '091 + ‘0.3p- '03^0'+ '003. 

Taking now the case of D,h = 19116 we have already seen that a change of ^<1, on 
the limit, or 2ySi is the sequent produce the .same change, so that (?/5,) D,g {2ySi) is the 
same 5is D,g, and the D qualification test remains unchanged, although the mantissa is 
altered by 2ySi = 174*82/. 

Supposing this displacement to take place the mantissa of D,8 is 

835908 + 124'8i!/-28'21^+3/)± '5 = 197 {4243'188 + '6330y-'143^ + '015p»±'002}. 


Here again, as in the case of D,6, the question arises whether the value of the 
normal sequent be taken as that of D,8 or which latter is (1,= 62*4 largei’. 

The condition then for the exact itiultiple of A'g is 

l'802 + '6332/-’907a;-'143^+'015j:>8(or + 62'4/l97) = 0. 

The two cases give 


^ = -'58, l'505 + '63302/-'020^6+‘03jt)'+'015/)8 (or+'316)=0l 

^ = _T70. 1'063 + '63302/-'03 />5+'03p'+'015j»H (or+'316) = oJ 

Neither can be easily satisfied with d,8, but with dgg the conditions can be satisfied 
with ya = — S, —2, for the two cases respectively.* 

The remainder's in the two cases are —'077 for ^ = — '58 and +'113 for ^ = — 1'70. 
The list of F lines also give the following which can be used as tests. 

(1) (6) 17747*14 = Fi( 2) (lOAj), i.e.,f{2) mantissa = 195 Aj, 

(2) . (5) 17594*17 = F, (2) (7A'j), 

(3) (2) 17972*78 = Fj (2) (lOA'g+Ag). 


* See, however, final order below. 



380 


DK. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES. 


The mantissa of (l), using F(a>) = 30678*93 + ^ is 

912207 - 112-60^'+ 1 Ijj, ± '5 = 195 {4677’986- ’577^'+ •05;)i ± -002}. 

This requires — ‘014— a:— ■577^+‘05|>±‘002 = 0, or combined with the condition for 
f{2), — '112 + ‘003^— ■086p+'05jo,±'002 = 0 and can be satisfied within error limits. 

The mantissa of (2) 895149 — 110'63^ + ll^a which differs from that of f (2) by 
29701-3-37^'+ ll^?3-16y = 7 (4243-00--48^ + l-6p-2-3y). 

This requires I'Ol — ■907a’— ■48^+l*6/>— 2'3p' =0 easily satisfied for both cases 
within observation errors. 

The mantissa of (3) is 937966 — 115-6^'+ 1 1/);,, differing from that off {2) by 72518 
-8-35^+ ll/>3-16p. With ^ = -'58 and -1-70 this becomes 72523-1... and 72532..., 
or 17A'j,+ lf^— 23... and 17 A '2 + lf5— 24... on their respective values of D'g. The 
amount 23 is perhaps excessive to be covered by the various possible errors but it just 
comes within. It may be noted that 17 A' 2 + lf5 = 16A'a + Ajj. These three data do not 
decisively distinguish between the two cas(is. This, however, is not to be unexpected 
because the two arise from a displacement in the sequents in this neighbourhood 
are such that on the limit and 2<1, on the sequent are nearly equivalent, and the 
multiples involved 185, 189, 195 are too close to produce contrasts. Incidentally, also, 
the discussion strengthens the allocation of the lines to the displacements given. 

The only further test with our present knowledge is to obtain some independent 
evidence as to the exact value of the limit, and naturally we turn for this to the mean 
of the F and P series. The series however in Kr is not nearly so well developed as in 
X. As has been already seen there are only three sets of observed pairs (m = 2, 3, 4) 
and these give for F {<») respictively values of 30674-77, ...7*27, ...7*16. Since a 
displacement of produces a change of 2*03 in F ( <» ) the first may be due to the fact 
that the line taken for P (2) is really (35,) P (2), when the true mean would be 
30677*81. It is natural to seek further as to the existence of summation lines 
corresponding to our last three examples. The result shows a most remarkable 
agreement. The sets are shown in the following list together with those obtained 
from the normal F and P. 


m. 


F. 

F(»). 


P. 


2 

(1) 

17321-51 

30677-82 

(44034-13) 

(-35,) (2)44028-04 

3 

{In) 

23353-84 

30677*27 

(2) 

38000-71 


4 

{2n) 

26067-66 

30677-16 

(6) 

35286*68 


r. (2) (7 A',) 

(5) 

17594-17 

30677-76 

(1) 

43761*38 

F. (2) (7A',) 

F, (2) (lOA.) 

(6) 

17747-14 

30677-73 

(1) 

43608-33 

Pi(2)(l0Aa) 

F,(2) (16A',+ A,) 

(2) 

17972*78 

30677*70 

(1) 

43382-63 

F,(2) (lOA'a+Aa) 


These are remarkably concordant, especially when it is noted that the F (3, 4) are 
diffuse lines and not so susceptible of exact measurement as the others. The mean 
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limit is 3067772 and may be taken as practically correct. That calculated from the 
series, and used in the preceding discussion is 30678 *93 + ^. This, therefore, requires a 
correction of —1*21. The equations A would be satisfied by p = 1, dn = 2, ^ = —1*21. 
As however this value of ^ is probably correct within *1 the best value of A, is 
obtainable from /(2), viz., 

A, = 4678*098 + *.580(l'2l±*l) + *086x 1+-002 
= 4678'80±10 
. A'j = 4242-18±06 
& = 249*536 + *005. 

If the difference between ^ as found from »/„ i/y be real and depend on electronic 
changes as hinted at in tla? introduction, tb(^ changes calculate to 73*94 electrons = 74. 
In other words, the v.^ would refer to mass of nucleus + 37 electrons and to mass of 
nucleus —37 electrons. Is it merely a curious coincidence that the atomic number of 
Kr is 38, that of H being 1 ; all the electrons acting in one way for i/, and in the opposite 
for i/j ? it being remembered that when S lines are emittted one electron at least is 
absent. 

Xenon.— The X diffuse system appears to be a most complicated one. As we shall 
see later there appears to be a congery of series converging to limits which art^ 
collaterals of S ( oo) = 51025, and connected with these there an^ again congeries of F 
series converging to limits collateral to the various d,„ sequents or, say, the normal 
F ( 00 ), These F series further show the existence of satellites — in other words the 
f sequence is also subject to slight collateral displacements. This renders their 
disentanglement a very intricate problem not only in itself, but because it renders 
the region of the spectrum involved very crowded, with lines close together, with the 
consequence that coincidenctiS occur which may not refer to real relationship. In fact 
there are CJises where the cjilculated values of suppo.sed lines of difterent series are the 
same within observation errors.* This crowding is also increased by the (sxistenct! of 
the allied P series refeiTed to alx)ve. The complete discussion of all these related 
series should afford valuable material for arriving at a knowledge of displacement 
laws. Here it will be sufficient to indicate the nature of the problem and to deal 
with the material so far jis to give confidence in the results as to the assignment of 
series and especially as to accurate determinations of the oun and the various links. 

As vacuum tube spectra approximate to the spark type, the difficulty of drawing 
definite conclusion from the existence of a triplet separation is again enormously 
increased by the presence of the link relations which these spectra show. In arc 
spectra the appearance of a vi or v.^ separation may always with some certainty be 
ascribed to the fact that the lines in question are directly connected with series terms. 

* A case in point is Pj (6) and Fs (17) in the series next considered ; also F* (1.3) and Pg (19). 
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Here however no such certain conclusions can l)e drawn. They may enter as links. 
Although their true connection may ultimately be definitely settled the doubt as to 
whether they give true or false scents renders the task of unravelling most 
bewildering. 

In about the nigion to be expected we find the set 

( 1 ) 1988072 1778*42 ( 5 ) 21659 14 815*30 ( 10 ) 2247444 

showing from their separations and order of intensities an indubitable satellite set of 
D 3 type. Below these come a number of indubitable doublets of type, and then a 
number of strong lines of D,, type. There are also in this region an extremely large 
numlntr of Hues with separations between 1780 — 1785 corresponding to the enlarged 
links already found in the KrD spectrum. This portion of the spectrum is set out 
together with their separations in the following table : — 


(2tt) 17903-44 

(3) 19632-44 

1780-84 

1772-81 

(7) 19676-25 

1781-23 


(1) 19785-84 
(3) 19815-84 
(1) 19829-47 
(1) 19880-72 

1778-42 


(1) 19942-53 

1775-45 


(1) 19959-64 

1772-60 

(.-in) 18238-60 

(1) 19989-72 

1780-27 

1778-86 

(1) 20017-46 

1783-71 

1783 06 

(1) 20021-66 

1779-51 

(7) 18266-88 

(2) 20029-12 


1774-85 

(2) 20041-73 

1782-55 


(4) -20080-93 

1784-54 

1786-02 


(1) 20107 



(1) 20305 -60 



(6) 20312-70 

1783-72 

(5) 2-2096-45 

(4) 20320 -25 

1776-17 


(1) 20333 -22 
(5) 20443-29 

(5) 20454 -88 
(1) 20467-90 

(6) 20470-75 

1774-92 

(3«,) 22108-14 


(.•J) 214l;i-28 
(1) 21157-lS 


(5) 21659 -14 
(10) 21717-98 

815-30 

(10) 22474-44 

(In) 21732-24 

812-77 

(6) 22645-01 

(6w) 21769-99 

(10) 21801-17 



(In) 21824-28 

(In) 21865-47 

1784-761 

(2) 23650-23 

(In) 2 1866 -95 

1783- 28 J 

f (7) 20500-13 

1 1777-11 

\ (9) 18723-02 

1 814-13 

l(2n) 17908-89 

1784-68 

(2) 22284-82 

(3) 20629-92 

1780-35 

(7n) 22310-27 

(8) 20559-08 

1786-64 

(<ln) 22344-72 


(1) 20581-64 


Before however considering these lines in detail it will be desirable to take here a 
preliminary discussion which involves a new fact in series relationships, and at the 
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same time will give some reliable data which have a hearing on the present problem 
of the actual D and F series. The line 20312 and those in its neighbourhood show 
the following sets of separations, viz. : — 


1. 

(1) 1761.5*06 

832*13 

(10) 18447*19 

1865*51 

(6) 20312*70 


1 

[ 827*92 

(2) 18466*47 

1866*755 


2 , 

(6) 17638 *.55-^ 



(1) 20333*22 


11864*74 

(5) 19.503*29 

829*93 j 

3. 

(3) 17628**29 

831*70 

(1) 18459*99 

1860*26 

(4) 20320*25 






1859 

4. 

(1) 17772*38 

835*41 

(8) 18607*79 

1862*96 

(6) 20470*75 





f 830*62 

(2) 21163 *84 

5. 

(3) 19.503*29 

829*93 

(1) 20333*22 • 




L 1864 *93 

(2) 22198*15 


1863*97 


1862*95 


In the general survey at the commencement of the investigation a large number 
of separations of an amount near 1864 was noticed. Suspecting that it .indicated 
the existence of a second type of sharp series, a second smaller separation (for 
triplets) was looked for, analogous to the ^2=815 of the 1778 set. A further 
separation was found for a value about 830.* The whole spectrum was 8eai*ched within 
the limits 1864 + 2. The i*esult is shown in the occurrency curve of Plate 2, fig. 3. 
This curve is unique amongst those hitherto observed in its gi*eat height above the pure 
chance line, and also in the steepness of its rise and culmination to a single definite 
peak. The search brought to light also a very considerable number of long successive 
chains and of meshes (see e.(j.. Nos. 2 and 5 above) of the same amount, proving that 
1864 enters not oidy on its original source, as due to a displacement on some 
fundamental sequence, hut also as a link. Now the c link of the normal v, = 1778 
is 1872'63 and c (35) = 1865’16, thus suggesting a possible origin, also a 
corresponding c link for i.e., a separation produced by a second A 2 displacement 
is 833'84, or with a motlified c'(35) = 83070. These suggest triplets formed by the 
'same A,, A 2 on p ( — A,) instead of on p, in other words, series whose limits are 
51025 + 1778 = 52803, 54675’6, 55509’4. But the way in which the separations 
enter with the suggested D line 20312 indicates that they stand in fundamental 
relation to it and neither in a linkage relation, nor with the limits named. For in 
the latter cases it would throw out of gear the whole relation of 20312 with the D set, 
which some provisional work . had seemed to establish. In this work they were 
considei’ed as part of the D system through 20312 regai’ded as a Dj (l) line with 
18447, 17615 as satellites. In this case the di sequence is of the order 51025 
—20312 = 30713. As against this idea is, of course, the greater intensity of 18447, 
the supposed satellite over that of the D,,, and also the fact that no normal 

* As a fact, however, there are several others depending on oun multiples also present, but which at 
present we need not deal with. 
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separation occurs with 18447 or vi, with 17615. But provisionally that was set aside 
for the moment. If they represented a special D set, the separations ought to 
reappear in a triplet series of the F type, and in the reverse order. From the sets 
already excerpted the lines (8) 1860779, (lO) 2391572, (5) 26365'19 appeared to 
have all the signs (IlyDiiERo's tables) of belonging to one series. The formula 
calculated from them brought to light a whole long series of observed lines. The 
limit found was 30724, close to the value already found (30713) as of the 
order of magnitude to he expected. This so far supported the supposition of the 
D relation, but tliere also came to light another result of evident importance in 
general, theory — viz., the F series already referred to. The ordinary form of a series 
is one in which successive lines obey a formula of the type A — ^ (m). In this case 
we find series as.sociat(.;d with it whose successive lines are given by A + ^ (m). 
I'bis holds for each of the triplet sets, so that the complete series are given by 
A±^wi, B±(j) («t), C±^ (m), where B = A + 1864, C = A+18644-830. Quite apart 
from the importance of this fact in the theoiy of spectral series the phenomenon is of 
special \ise in calculating the various constants on which the series depends. For 
instance the sum of the wave.-numbers of two corresponding lines gives 2A, 2B, 2C, 
thus determining the values of the limits (juito independently of the nature of the 
series formula used. Moreover, the displacements which so frequently occur in the 
F and I) series in the S(‘quenc<; term intrcKluces uncertainties. This happens in two 
ways. First through the inodlfi«*d Vj values in which it is not always possible to say 
whether the displacement is produced in the Dj or the line. Secondly because 
the typical line- in any order is often wanting and only appears with a very large 
displacement of multiples of on the sequence term. This effect, however, 
pi'ovidcid it occurs for both sets (F, P), does not influence the values of A, B, C 
thus determined. Cases in point are the Kr sets F (2) (7A'a), F (2) (lOAg), 
Fi (2) (l6A'a+ Aa) given on p. 380. In consequence it is possible to determine the; 
separations B— A, C— B independently of satellite or other displacements. That siicb 
sequence displacements occur in these 1864 series is shown by separations which 
deviate from the normal by more than observation errors. 

But, further, the difference of two corresponding F and P lines, say P, — F„ P^— F^, 
Fg— P3, shoidd each give 2/(m), if as is the normal rule the sequence term is the 
same for (*.ach liiu; of a triplet. When howevan* — as we have seen in Kr, and shall 
find even more markedly in X — there are displacements injf(m) for successive lines 
in a tripk'.t, these differences will not be the same, and the observed separations will 
vary from the normal values. For instance, suppose /{m) becomes f{m)—x for the 
second set, and /(m) — ?/ for the third. The lines are A±/(m), B±(/(m)— a;)... . 
The values of A, B, C calculated from the sums are not affected, and the real values 
of the separations given by A— B, C-B are not affected although the observed 
separations are v+x, v'+y and v—x, v'—y. In some cases we shall find evidence from 
close lines with different x or y — but the results are quite definite. If, however, in 
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the corresponding terms of the F and P lines the f are different, then the value 
calculated from their sum shows a change from the normal limit. The effect shows 
itself at once and the interpretation is less certain. It is possible that where such an 
affect appears it may not be real, but due to the existence of the two close lines 
just referred to, of which one in each set is too faint to have been observed. Thus 
if the displacements are oJi, .c^ instead of finding B— /'+ic„ B— B+/— a;,, 
B+y*— ojj, the 2nd and 3rd, or the 1st and 4th may not have been ob.served and we 
should be led to a wrong conclusion by taking, say, the tst and 4th as corresponding 
lines. There are cases of this kind and also where one only is absent — i.e., we find oiu' 
close doublet for one of the F or P lines. 


The lines composing the series are given in the tal)le ])elow. The limit calculattal 
from the first three F, lines was found to be 30724’28 + 1 ’80, the uncertainty bcMiig 
due to sxipposed maximum observation errors of +’05A in each line. The later 
discussion of the |^(F+P) rule will .show that the limit .should l)e very clo.se to 
30725'26 with an error probably <‘3. The formula was recalculated with this limit 
by supposing the three standard lines to be in error by —'02, '.+ ’02, —'02, by half 
their supposed maximum possible errors. The forrnulno for tlu^ F, and P, seih^s then 
become 


n = 30725-26 + N/|»i+ 1*022746- 


/ 


*028705 1=* 

m j ' 


List of F and P Lines. 


In each order the first lino of numbers gives the F set, the second the P set. 
Between these are entered the mean values of the F and P which give the corre- 
sponding limits. When the values are deduced by methods explained in the notes 
they are enclosed in ( ), when calculated and not observed in [ ]. 


r (3010 •3.')) 

1 4 30725-77 

t (58441-20) 

r (8) 18607-79 

2 < 30726-05 

I (4) 31102 -16.e.» 

f (10) 23915-72 

3 4 30725-15 

t (2) 37534-58 

f (5) 26365-19 

4 I 30724-58 

[ (35083-97) 

f (.5) 27696-15 

5 < 30725-48 

{ (1) 3.37.54-81 


1864-64 

(4.S7.5-09) 

32590-35 

1864-50 

(60305 - 70) 

1862-96 

(6) 20470-75 

•32589-09 

1863-17 

(<1) ;?29G.5 - 

1863-92 

(8) 2.5779-64 

32589-28 

1864-35 

(6,) (2) 39404 - .36 

1864-61 

M.(l) 32.362 -98t 

32589-96 

1866-16 

(:56950- 1.3) 

1865 51 

(1) 29.561-66 

32589-38 

1862 29 

(< 1) 3.5617-10 


* Mme 2 >rob<i'f>ly 
t Or Fa (21). 

3 o 2 


830 

(5705-1)0) 

33420-35 

830 

(61i;i5-70) 

829-46 

(<1) 21.300-21 

829-69 

(1) 26609 -.33 

33418-35 

828-44 

(1) 102-27 -.-57 

829-67 

(290.59-47) 

33420-07 

831-54 

(.*17781-67) 

828-72 

(1) 262.57-20.it 

33419-32 

831-17 

(-8,) (Iw) 36442-62 



386 


DK. W. M, HICKS : A CRITICAL STUDY OF SPECTRAL SERIES. 


wi = 6 


m = 7 


TO ■= 8 


TO = 9 


m >= 10 


TO = 11 


TO = 12 


VI = 1.3 


TO = 14 


TO = 15 


TO = 16 


TO = 17 


m= 18 



List of F and P Linos (continued). 



(28,) (1) 28508 -.55 

1864-13 

(-8,) (<1) 30357-31 

829-19 

(-26,)(<1) 31180-63 

30725-29 


32589-86 


33417-27 

(1) 32951-97 

lpo3-81 

1®®5-76 

(3) .34815 -79 
(.5) .34817-73 

826-83 

(1) 3.5642-62 

(1) 29019-32 

1864-99 

(.5) .30884-31 

832-82 

(.5)31717-13 

30724-37 


32588-57 


33418-13 

(2) 32429-42 

1863-42 

(1) .-14292-84 

826-30 

(2n) 35119-14 

[29377-00] 

[1865-39] 

(1) 31242-39 

829-13 

(-6)(1) .32048-92 

30725-60 

32590-19 


33418-91 

(1) 32074-21 

1863-78 

(2) 339.37-99 

828-31 

(8) (2) 34788-90 

(1) 29629-10 

1865 33 

(31494-43) 

831-94 

(2) 32326-37 

30724-64 


32589-98 


33418-72 

(2) 31820-18* * * § 

1865-36 

(- 28,) (3) .•13674 -68 

825-54 

(4) 34511-08 

(-8)(1) 29802-26 

1863-53 

(-8,) (3) 31680-16 

828-83 

(■ 28 ,) (4) 32525-72 

30725-20 


32589-74 


33418-29 

(2) 31628-35 

1865-54 

(4) 33493-89 

830-27 

(.5w) :U324-16 

(29967-00) 

1863-04 

(-28,) (2) 31820-04* 

832-46 

(-28.) (;i) .326.52 -20 

30725-18 


32590 25 


33420-21 

(5) 31483-37 

1866 08 

(2) 3:1349 -45 

827-08 

(<1) 34176-93 

(28,) (6) 30091-12 

1864-59 

(-28,) (2n) .31934-91 

830-81 

(-28,)(1) .32787-85 

30725-25 


32589 48 


33419-31 

(1) 31369-31 

1863-88 

(-28,) (3) .33222-374 

828 85 

(1) .-14062-04 

(-28,) (1) 30157-45 

1862-96 

(1) 320.-10-34 

831-00 

(;i) 32861 -. -14: 

30725-48 


32589-18 


33419-61 

(- 28,) (3) 3 1273 -.55 

1864-64 

(1) 33148 -03§ 

829-86 

(4) .3.3977-89 

(4) 30239-16 

1862-57 

(8,)(<]).-12107-16 



30724-58 


32588-06 



(28,) 31219-95 

1864-39 

(-38,) (.5) 330,59-49 



[30297-01] 

[1865-42] 

(-8,) (2n) .32166-86 

828-06 

(- 8,) (2) 32994-92 

[30725 13] 


33418-33 

(-8,) (4) 31148-28 


18644-829-46 


(-8,) (1) 33841-74 

(1) 30348-83 

1864-97 

(<1) .32213-80 



30725-49 


32589-56 



(4) 31102-16 

1863-17 

(<1) ;i'2265-33 


(8,) (.5) 33799-54 

(-8,)(<1) 30382-49 

1861-03 

(.3) 32248-491 



30724-89 




(-38,) (<1) 31047-46 


18644-828-48 


(1) 33754-81 

(1) 30421-95 

1863-31 

(-8,) (1) 32279-83 

829-68 

(-28,)(<l).33103-59 




(28,) (<1) 33126-29 

30725-06 


32688-13 


33418-27 

(8,) (1) 31033-15 

1862-42 

(8) (1) 32912 -71 


(-8,) (.-}) 33715-67 


* See F 2 ( 11 ), is more probably (-25^) (1) 31810‘86. 

t This line is mimriedly (23,) P» (12) aid ( - 28,) F8(22). 

1 F» (13) ami F] (19) have same value. 

§ and have same value. 


(8,) (3) 33724-54 
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List of F and P Lines (continued). 


r( 

- 281 ) (<1) 30444-37 

1861-79 

(1«) 32316-13 

831-90 

(1) .-53148 -0.-5t 

19 \ 

30725-42 


32588 93 


33420-61 

1 

(2) 30996-51 

1864-83 

(.-1) .32861-34* * * * 

831-84 

(3) 3.3693- IS 

r 

(■ 28,) (1) 30466-53 

1864-01 

(.5) .32.-540-48 

830-69 

( 6 ,) (2) .-53165-52 

■20 \ 

30525-60 


32589-36 


33418-76 

1 

(-58,) (I) 30949-881 

1863-52 

(2) .-528 38 - 25 

828-73 

(1) .‘53666 -9S 

r 

( 8 ,) (3) 30503-24 

1864-71 

(1) .32362-98 

828-68 

( - 6 ,) (< 1) .‘53186- 10 an 




( 6 ,) (<1) 33197-22 

1 

30724-07 


32589-61 


33418-10 

1 

(1) 30949-88 

1866-37 

(.- 5 ) 32816-25 

828-29 

(2) 3.-5644-54 

f 

(-8,) (3) 30511-25 

1865-32 

(.38,) (<1) .- 5 - 2 .- 597 -90§ 

829-46 

(26,) (3) .-532 2 2 - 3711 

•22 \ 

30726-36 


32588 60 


33421 74 

1 

(5) 309.33-51 

1862-19 

(1) .-52795-70 

830-97 

(6,) (1) .-5.-5632-32 

r 

f;10534-18j 

1863-72 

(<1) .- 52 .- 597 -90§ 



2:U 

30725- 57 + 


32590-16 



1 

{< 1) 30916-97 

1685-45 

(8,) (1) .-J2787-85 



r 

i 

( + 28,) (3) .-105.59-83 





24 ^ 

30725-25 





1 

( - Sj) (4) 30895 - 10 and 

1864-66 

(1) .-5276.5 -2915 




(8,) (1) .30900-17 




r( 

-:18,) (<1) 30.576-4611 

1864-57 

(1) .-52426- ]■■) 

829-45 

(6) (.-5) .-5.-1278 -2011 

2r) J 

30725-68 


32590-24 



1 

(-8,) (.5) 30884-81** * * §§ 

1864 55 

(28i) (1) .-5-2765 -I'OS 



2() i 

(< 1) .-10.576-46 

1864-16 

(- 28,)(2).-52429-4-2SS 
and (-28,) (.-5) 32451-83 

829 83 

(1) 3.3270-45 

30725-37 


32589-73 


33420 50 

1 

( 81 ) ( 1 ) .-10879-26 

1864-55 

( -28,) (1) 32727-98 

831-70 

(26,) (< 1) 3.3581 -.84 

r 

(-8,) (.5) .-10580-76 


1863-50 + 828-94 


(3) 33278-20 

27 \ 

30725-87 





1 

(-8,) (6) 30861-05 


1864-5 + 829-46 


(-6,) (6) .-5.-5553-33 

f 

(1) .-10.595-63 

1864-11 

(4) 32459 - 74 

830-43 

(26|) (.-5) 3.3.-501-47 

28 \ 


32589-87 



1 

[ ] 


(2) .-52719-41 

828-43 

(-.-56,) (2) .-5.-5.5.-50-95U 

f 

(1) 30607-90 


1865-65 + 837-92 


(.-5) .-5.3.-501-47 

29 \ 

30725-67 


32590-00 


33419-00 

1 

(1) 30843-45 

1863-01 

(3) .32706-46 

830-14 

(2) 3.-5.530- 96 U 

30 j 

(28,) (4) .-10621-49 


1864 + 829-36 


(.-5) ;5.-5304-91 

[30839-22] 

[1861-57] 

(<1) 32700-79 

830-16 

(2) .-53.5.30 - 95 U 


* F 3 ( 1 .*^) am! F.,» (19) hair same valar. 

t Fj ami F 3 (19) hair sama mine, 

+ The line is F^CJl) ; F^ (20) miy he (4) ;{097i)- 7;l. 

g Coincidences, 

II This line is nuineriailly (2^i)Fo(l2) and ( - *Joi) (22). 
11 This live in also (26). 

This line isl\{7), 
tt This line is f]{27). 

J J Too (dose to settle, 

§§ This Urn is also Fa (7). 



388 


DR. W. M. HICKS : A CRITICAL STUDY OF SPECTRAL SERIES. 


The lines of the series seem to be exceptionally numerous. The results of the 
examination up to m = 30 are given in the table and the notes thereto. There are 
certain lacunm — especially for m = 4. Iti these cases however corresponding displaced 
sets are in general observed, and nattirally with large vahies of m this effect is more 
frequent. In certain cases where a set is abscnit a parallel set is observed linked to 
the normal type. This is the case for instance in m = 4. 

The qxiestion naturally arises whether lines exist for m = 1. If so. the formula gives 
a triplet with the first line at n = 3142, far in the ultra- red. In other spectra these 
values extrapolated for m = 1 differ considerably, often by several hundreds, from the 
correct ones. We can only conclude that if there are sets based on w = 1 they 
must be such that F, (l) must be in the laugh bourhood of 3100. The matter can only 
1 k^ settled therefore liy other considerations which must depend — with our present 
knowledge at least — either on sounding or on tlie presence of combination lines in 
the observed region. The evidence for such a triplet is given below in the notes to 
the list of lines. The value of Fi (l) found is 3010*35 corresponding to a wave-length 
in vacuo of 33218*7 A.U. The mantissji of 3010-|-dr<. with the limit 30725'26-t-f is 
989285-835*9 {dn-i) = 90 {10998*8- *4^-8 *4da}-Gll = OGA^-rl. The uncertainty 
in Aa as found from tw) large to settle the exact value of this with so large a 
multiple as 90, but the fact as it stands that the mantissa differs from a multiple of 
Aa by only a few ouns is what is to 1x3 expected if the series belongs to the F type, 
and so far certainly supports tin? more direct evidence given below for the existence of 
the set deptmding on rn = 1. With the value of Ay found below dn = —1*5. 

A glance at the list will show that the separations obsei'ved in the second and third 
orders of F are less than th<3 normal values. This }X)lnts to a satellite effect. The 
values of r, are 18G2 *96, 1863*92 which show deficits of 1*54, *58 from the true value 
as indicated by the occurrency curve. Now a displacement by one oun produces a 
change of 1*25 in m = 2, and *50 in m — 3. The deviation is then completely 
explained by the supposition of tb(3 existence of the satellite effect depending on 
The I'y show similar deficits, which may possibly lx; due to observation errors. We 
should expect to find a similar effect (not necessarily the same multiple) in the order 
m = \. In this order the oun produces a change of 4*25. 

For sounders and for link evidence the data have been restricted to e, U, v links 
only. If we may judge from the examples of Ag and Au, the F and D linkages 
show a preponderance of the a, h, c, d links, and no doubt fuller evidence might have 
been adduced by using them, but it was necessiiry to set limits to the work, as well as 
to this communication which is long as it stands. But examples we may give some 
d links belonging to the orders 2, 3 of F,. Th<; value of c? is 1973*94. For m = 2 the 
lines (l) 20581*64, 1864*85 (3) 22446*49, are 1973*85, above Fj and Fi-8>'„ or the real Fj. 
The two lines (5)23268*21, (2)82*67 are respectively +6^, displacements of 23275*44 
which is 1875*23 (or c) above the observed F,, or 1873*15 above the normal value 
Fi + j'l -8 ry. For w = 3 we find 
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(1) 28341-62 4426-90 
(4) 28047 -34 4131-62 


(2) 18466-47 
7313-17 

Fi 1863*02 Fj 829-69 F, 4426-43(2)31036-76 
1975-86 1974-70 1970 10 


(4) 26891-68 1862-76 (2) 27764-34 825 09 (4) 28679-4.3 1864-94-> 


Here F,, 25891, 27754 form a series inequality with ci + 2, »/,— 2 ; Fj forms a parallel 
inequality with 28341 and 28047 with M--2, v—2 ; 18466, F^, 27754 a series inequality 
with d, e ; and F3 a parallel inequality with v—2, d—2. 

As a rule in the list only displaced lines are dealt with and only occasionally linked 
ones. The evidence is strong for the existence of possible series with limits 30725 
(±-a;^i) — especially x = 2 — and that for each order most of the energy goes to a liia? 
with one of these limits, not necessarily the same for different ordei-s nor for tlu^ sam() 
triplet set, nor for the same F or F type. 

Notes. — A displacement (f, pro<luces 4’97 on F, (oo), 5‘43 on F3(<»), and 5'G.'i on 
F,(oo). 

m = 1. The shortest sounder to reach fi-om the calculated K ( 1 ) to the observed 
region is 2e, giving values in tlie neighbourhood of 17700. Li this neighbourhood wn 
find a triplet (No. 2 of the sets on p. 383) 

(6) 17638-55 1864*64 (3) 19503-29 829*93 (l) 20333-22, 

which in separation and order of intensity corresponds precisely to the values required. 
With the normal value of e they indicate lines with wave-numbers at 3010-35, 
4875-09, 5705-02. In connection with the question of satellite effect it may Ixi worth 
noting that lines in the neighbourhood of the above may Ih.^ arranged with them thus 

(6) 17638 1864*64 (3) 19503 829*93 (l) 20333 

12*52 

(3) 19515-81 

25*53 

(5) 17664-07 

To complete the set there should Ix^ a line at 17651-31, but it was not observed 
by Baly. a sequence displacement iny(l) of 35, produces a change of 12-76 and 
of 65i of 25-53. These are practically exact and correspond to the diffuse satellite 
arrangement with this difference, that the triplet appears as a main set in which the 
first line is strongest. They depend on 35„ 65, displacements, so that the mantissa 
of the doublet set, that of 19515, is exceedingly close to 90Aa, viz., 90 x 10997'17. 

With F, (l) = 3010 should go F, (l)= 58440-17. This is outside the observed 
region on the other side, in the ultra-violet, and requires even larger sounders than 
F (1). The treble link 3e = 21942-30 requires a line at 36497-87. There is no line 
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here but (l) 36493'82 is less by 5, ie. = (5,) P(l). We can arrange lines to go with 
it as a satellite set, viz., 

[36498 ’90] 1864‘60 [38363 ‘40] 

17*64 

(2) 3834576 

25*46 26*31 

(3) 36473-45 1863*64 (l) 38337-09 

Here we find the same 65, for P, and Pj, whilst in P we had it only for F,. The 
set with separation 17 show no P„ and again is numerically an exact o\m multiple 
displacement, viz., 5 which gives 17 0. The line found close to the expected — (5,)Pi 
above — forms part of a chain 

(1) 32765-29 1864*47 (3) 3462976 1864*06 (l) 36493-82 

It may be the I’epresentative correspotiding to tlie satellite displacement 5, observed 
in F for in = 2, 3. 

Using links 2e + u = 1876r38 and 2e + v = 19056-2 we should find lines at 39678-79 
and 39383-97 with the corresponding lines to Pg, P., beyond the observed region. As a 
fact, we find lines at (3r<.) 39683-95 and (l) 39386-98. The first corresponding to a 
—5, displacement should giv(* 2c.{’.P, (l) = 39679-70. The second would differ from 
the same displacement l)y 3 and is therefore inadmissible. It shoidd be noticed that 
l)oth the 3c and 2c + a sounders give lines larger by \mity than the expected value. 
This may, of course, l)e due to combined errors in the sounders and observation errors, 
but the P arc! entered in tlu; list as if the sounders are correct. As none of the 
F(l) or P(l) lines can be observed, their m(*ans can have no weight for an accurate 
dtdermination of the limit. 

m — 2 . The F lines are in the ultra-violet, and should be, with the limit chosen, at 42842*73, 
44707*23. With sounder « + <; = 11742*10 we find the set (4) 31102*16 1863*17 (< 1 ) 32965*33 
with a small separation corresponding to that for F,. It gives F, = 42844*26 and F 2 - 44707*43. 
But the set appears to be really F, (16), Fj (16). 

m = 3. A dis 2 )laceinent in F 2 (oo) produces 5 * 42. The F 2 line is not observed but (2)39404 is 
practically an exact ( 3,) F^. In further illustration of this we find ( 2 ) 37431 *03 linked to it by ~d and 

5*61 (i.r. another 6 ,) ahead in the remainder of the triplet (1)37436*64 828*13 (In) 38264*77. The 
lines in question are ( - 3,) F^ ; d.{- 25,) Fj ; d.{ - 28,) F.-,. 

m =» 4. F., is ( 1 ) .-{2362 *98 - u = 28229*80 which, as referred to above, is also (1) 26257*20+ 1972*60 
close to d link. For F:„ (- 8 ,) (4) 29053*89 = 29059*54 or ( 28 ,) (In) 29071 *03 = *290.59*73 or 
(35,) ( 1 ) 29076* 10 = 29059* 15. Take the mean 29059*47 as F 3 . Several other lines in this neighbour- 
hood show indications of displacement by multiples of 8 „ i.e. that the energy proper to Fs has gone 
into a number of collaterals. None of the direct F arc observed but there appears a parallel sot displaced 
8 , viz., (1) 35064*09 1864*34 ( 1 ) .36928*45 with (1) 37742*12 due to a further 3Si displacement. 

The F lines are entered as due to these. 


830 


829-98 


(1) 39193-40 

17-66 

(2) 3917574 
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Both separations are about 1*6 too large and further is about the same amount too small. Now 2^^ 
on the sequence term produces a change of 1*40. This would indicate that with the S displacement 
on the limit concomitant displacements of 2Sj^ occur in the sequence so that the observed lines are 
(8)Pj (~28i), (8)P2 , (78^)P8(2Si). The whole set again is remarkable for connection with parallel sets 
separated by the normal = 1778. 

m = 5. There are observed lines for F^.g, Fs is entered as depending on a u link. F2 is too large by 
about one unit, but F3- F^ is normal. This order afibrds good evidence for the existence of the displaced 
sets. Consider the following system of lines : — 




f 1863 -57 

(3) 29540-09 

830-59'! 


(fi)F 

(1) 27676-52 


1-84 


(Itt) 30370-68 



t 1866 -41 

(2) 29541-93 

. 828- 75 J 



19-63 




11-81 

(28.) F 





(<1) 30382-49 

F 

(5) 27696-15 

1865-51 

(1) 29561-66 




15-61 




22-26 

(-38,)F 

(1) 27711-66 

1863-73 

(3) 29575 -39 

829-36 

(5) 30404-75 

(-8)F 

(5) 27714-80 

1869-68 

(2) 29584-48 




Here 1*84 is an exact 3S displacement in the sequent. The mesh shows scries inequalities with the 
iq + i'o normal values. The two lines in question are clearly ±68^ displacements on a normal lino 
(8)F2. On Ei(oo), 8 gives 19*88, and 38^ 14*91; on F3, 2Sj gives 11*30 and 8 22* 60. These show 
how closely all the conditions of the allocations are satisfied. Further, it shows how 29561 has its excess 
value and that the normal sequent should be the same as in (8) Fo, iff., 9 less, thus making its separation 
with F — 1864*61. The same sequent change is shown by F2. Both give it as (68^)/. 

m = 6. Again with an even order the F lines do not appear, but there are appjirent also a congery of 
displaced lines analogous to that in F (5). The lines given in the list give wave-numbers 28498*61, 
30362*74, 31191*93. On the contrary, F lines are observed although F3 has probably been displaced. 
These also show evidence of displaced sets, c.^., (la) 32972*50 1864*28 (<1) 34836*78 is 20*53 ahead 
of F|, and 8 on the limit gives 19*88. 

m = 7. The values of ( cc), F2( 00) as deduced from the means are clearly too small. Fj (7) is very 
close to the calculated value, so that if any error has been made it is probably due to the F which should 
be about 1*8 larger, and suggests a close doublet, ue, a small sequence displacement as in the preceding 
sets. As supporting this there is a line (1) 32426* 15 which as (8j) Fj would give 32431 * 12 making with 
F| the limit 30725*22. This corresponds clearly to the normal value. A similar displacement is also 
found in F^ in the line (4) 29024*43, which as (-8^) F, gives 29019*46 for F^. It should be noted that 
the energy of has passed chiefly to the displaced line, whilst in Fo most of its energy remains with it 
and a fraction passes to the displaced line. This probably means that only a small number of the normal 
F2 configurations are broken up, whilst most of the Fj are. F3 as (5) 31717 *13 gives ^2 too large. This 
line and (4) 31705*47 are separated by 11*66 or a 28^ displacement, so that there is a concomitant 
sequence displacement. A similar effect is shown in F3 with two lines (2a) 35119*14, (2) 35126*05. 
The lines entered appear correct for they give the normal limit, but their half difference shows a displace- 
ment in the /(7) sequent. The normal line would appear to bo given by (-28^ F3 = 35136 *05 making 
F3 = 35134*78 with = 831*94. 

wi “ 8. No line is found for the calculated 29377*00, or 77*23 if we allow the same 0-C as for 
m = 7. The lines (3) 29368*41 as (28^) F^ and (1) 29403*29 as (- 58j)F give respectively 29378*34 and 
78*45, which are larger than should be expected. The calculated value has been taken as correct. Also 
the lines (1) 32048*92 as (68j)Fi and (4) 32098*20 as (- 5Sj) F^ give respectively 32073*76 and 73*36 or 
VOL. COXX. — A. 3 H 
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a mean of 73*56. But 32048 is also (8)Fa. This is not a mere list coincidence. As a fact {S)Fs and 
(5Sj) Pi are very nearly equal, and if both existed would show as a double line too close to have been 
resolved. The second line has a separation 1864*23 to (2) 33962*43, and its deduced Pi makes with the 
calculated Fi the limit 30725*18 very close to the definitive value found below. For P2 33937*99 is 
supported by ( ■- 2S{) Pg = (1) 33948*71 giving P2 - 33937*85, but the F2 ( 00 ) is largo and 31242 shows 
a separation with Fi of 1865 *39 also large. Also (1) 31247*07 as ( ~ 81) F2 gives F2 = 31241 * 64 which 
makes F2('x) = 32589*82 and the separation from Fi = 1864*64 both improved. On the other hand 
(~28 i)F 2 = (4) 31253*32 gives F2 = 31242*46 precisely the line observed. These small dilferonces 
depend pirtly on observation errors and sequence or satellite displacements. In the case of and Pa the 
equally and oppositely displaced linos give the same mean as the lines calculated from them. 

m = 9. There seem considerable displacements in the sequences here. The calculated values for the 
first lines are 29632 *80 and 31817 *72. They are not observed, but the corresponding F;?, P3 lines are. 
There are two near observed lines (1) 29629 *10 and (2) 31820*18 which give the mean 30724*64, which 
is small, but (1) 31810*86 = (28^)P| would give 31820*79 and the limit 30724 *94, close to the normal 
value, 31820*18 is then (28i)F2(ll). With (5) 31483*37 as {2?>{)F^ and (Iw) 31505*49 as (~28i)F2 
we get res|)ectively F^ = 31494*23 and 94*63. The mean is entered, and a similar -2S^ displacement 
gives Pg as entered. The normal third lines are observed. Probably the P3 having the same sequent as 
the ¥2 adopted should be that given by {-28^)¥>s *“= (4) 34527*64 or Ps = 34516*37 with 1/3 = 830*83. 

m « 10. The allocation seems satisfactory. The limits also are very close to the correct, but the 
different triplet separations show that the successive sequents suffer displacement, but the same in each 
F, P. 

7n = 11. The calculated F^ is 29966*21. With (1) 29982*13 ^ (_5j)Fi, F^ = 29967*22. Moreover 
the last has links e 7314*34 to (3) 22652*88 and u = 4133*20 to (1?<) 25854*02 in very striking 
agreement. The value as calculated with normal e is entered. With the lines as entered it is seen that 
the means of the corresponding separations for the two series are both normal, although the individuals 
are abnormal. This shows that both corresponding lines have the same limit, and the same sec^uent, but 
that the latter shows a displacement from the normal value for the Fg set. This is supported also by the 
fact that there are a number of close lines to Pg. For instance, {27t) 33332 * 22 and (2) 33330 * 00 as (38j) Pg 
give respectively 33348*51 and 6*29 for Pg. They are probably all Pg lines showing sequence displace- 
ments. The first gives the triplet separations 1865*14, 828 *42 and limit 32589*77, the second 1862*92, 
830*64 and limit 32588*66. In other words, the first gives Pg, with same sequent as in P^ and F^, the 
second as in Fg. 

m = 12. Note the good agreement — the same (- 28i) displaced limit for Fg. Pg and same 26i for Fj 
and Fs. 

m = 13. The two displaced sets give Fj = 30167*38, P^ = 31283*59. The calculated 
Fj - 30166*40. 

m = 14 to 30. It is remarkable how the series seems to persist to high order. It may be said that 
this is only apparently so, because in this region the spectrum is so crowded with lines that it is neces- 
sarily possible to select sets near the calculated values. But in truth the reason of the crowding is 
because of the series. The F and P linos crowd up together on either side of the three limits, and at the 
same time there are difi’erent sets of limits depending on the 28^ displacements. The spectrum has not 
been examined beyond rn 30, and from 14 to 30 the list indicates an allocation without further specifi- 
cation. There is, however, much evidence not adduced here to indicate actual cases where sequence 
displacement occurs. The calculated values for Fj from m == 14 to 30 are 30238 *21, 30297 *01, 30345 *73, 
30386 * 58, 3042 1*17, 30450 * 68, 30476 * 20, 30498 * 14, 30517 * 35, 30534 * 1 8, 30549 * 1 1, 30562 * 32, 30574 * 08, 
30584*61, 30594*07, 30602*60, 30610*32. The deviation from the calculated values for Fi(29) and 
Pi(29), which, however, gives the correct limit, shows that the sequent /(29) receives a large displace- 
ment value, so large indeed as to totally alter its mantissa. The set must be doubtful. The whole sot 
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aro more likely to be (fi,) F (.30) and ( - F (.30). In fact, in this neighbourhood, the difference of two 
successive orders in a scries is comparable with the change produced by a Sj displacement in the limit, and 
so introduces some uncertainty in allocation. It will be noticed also that, in a few cases, the same line is 
adduced to fit two cases, which can only happen if a line happens to bo a close doublet, an unlikely 
supposition to happen often. 

We are now in a position to determine the limits with considerable accuracy. 
Taking the average means where they are deduced from actual or displaced actual 
values, we find the limits come to 30725‘340, 32589‘443, 33419‘079. In the first 
attack on the problem values of unobserved lines were deduced from observed linked 
lines. The corresponding mean values for the limits then found had for the last digits 
5'292, 9T6I, 8‘918, very close to those determined from the displacements. The 
individual deviations from the mean are quite small for F, ( considerably smaller 
than for the others. It is, therefore, the more reliable. The mean deviation in 
magnitude is "28 and the maximum is —‘97 in m = 7. We may take it therefore 
that the true value of the Fi limit is 30725*30 within a few decimals. The 
separations given by the deduced limits above are 1804*10 and 829*04. 

These very accurate values afford a means of testing as to their source. If the 
limit were known to bo a single number there could Ixs no doubt as to its belonging to 
the d sequences, or as to the series being of the F type. But thei*e is just the 
possibility that it may be a composite number, comprising one or more links — say, p ov s 
terms — and that the separations may be due to oun displacements in one of them. 
The suspicion that this may be the case is aroused by the fact that the triplet 17615, 
18447, 20312, which wmdd be the origin of the d or F(cx3) term, and in which 
therefore the first two lines should behave as satellites do not show complete sets with 
the separation 1778, 815, as they should do if normal satellites. Moreover, the 
intensity order with the middle line much more intense than the other is not normal. 
There is no test for the composite nature of 30725, but if it Ixi really so, the most 
pi'obable source would be p = S(oo), or some near collateral of this. We will 
therefore test tliis as 51025*26 + ^, where ^ may be considerable, so as to include near 
collaterals, and also test 30725 as a d sequent. We will take the latter first. 

At the stiirt it may be noted that it is an argument in favoiir of 30725 l)eing 
directly the source, that displacements by small multiples of the oun have fitted in so 
remarkably closely and frequently in the form.ation of the list of lines above. 

Taking then the limits as 30725*30 + ^, 32589*40 + ^+t2vi, 33419*04 + ^+di/, + di'a the 
denominators are found to be 


1*889322-30*74^ 
1*834491-28*14(^+^1/,) 
1*811577-27 [^+dv,)-21dv., 


54831 -2*60^+ 28*14di/, 
22914-1 *14^- 1 *lc^i/, + 27 dv^ 


In these ^ cannot be greater than a few decimals and will produce no effect on the 

3 H 2 
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differences of the mautissoe, which may themselves be affected with errors ± 1 due to 
usinjf 7-figure logs. 

The differences may be represented as follows : — 

5(l0996-8-f-5-6di/,-*52^±'2)-5i = 5A,-Si 
2(l0999-0--5di/,-l-13-5d.'2±‘5)-f6^, = 2Aa+65„ 


where to a first approximation we know already A3 is 10998±1. The sum 

= 7 {l0997-4--53^+-l4-4(di/,4-dv3)}-|-5^i. 

Quite small changes in dv^, dv.j can therefore make the connections witli A3 exact, 
and since the multiples 5, 2, 7 are so small any small errors in the approximate value 
of Aa can have no effect. If we use the as found from the occurrency curve 1864’5 
dvi = ‘4, the number in the first bracket is 10999. 

The agrecmient with both is so close to the relation indicatcid that it speaks 
strongly in support of the D origin of the limit, and the outstanding small differences 
may be left for the present. 

If now the other supposition be tested, viz., that the separations arise from a S ( 00) 
source = 5 1025 ‘29 -t-^, the three denominators are found to be 


1 ‘466091 -14‘3()^‘ 
l‘440024-13‘6t 

1 ‘4288 8 4 - 1 3 ‘30 (^+ dr, ) - 1 3 ‘SOdra, 


26067 -'75^-1- 13 ‘6 Idr, 

1 1 1 60 - '3 1 ‘31 dr, + 1 3 ‘30dr3 


and in the 20312 set the S( 00) must enter as a negative quantity since the 
separations are there in inverse order. In this case ^ may l)e considerable. The 
differences may be expr(;ssed as follows : — 


• 2 A 3 + 6p-r)3-‘75f-l- 13‘61dr, ; Aa-l-d. + O-'Sl^-f KTSdr.. 


No permissible values of r,, v.j can make these both multiples of the oun. If it is 
possible to do so by a proper choice of ^ the latter must satisfy 53-1- ‘75^= 153w, 
— 9-1- ‘3 1 ^ = 153m, when' nt, n are int(;gei-s and 153 is the value of the oun. This 
requires 22 = 47'4?m— 115m. A suitable solution is w = —2, w = — 1, which requires 
^ = 480, or, say, series limit = (l 1^<^) S ( 00). This method of explanation looks then 
improbable especially when taktm with the more natural one above. It may be 
concluded with some confidence that the series in question is of the F type depending 
on D series for limits as in the usual way. 

In the suggested lines for w = 1, found by sounding with 2e the mantissa of ^(1) 
was found to bo 90 {10998‘8 — ‘4f’-f-‘4dM}— <1. ^ is small and the term involving it 

may be omitted. The error dn in 3010 may, however, amount to a few units because 
the lines on which it was based were assumed to depend on the limit 30725, whereas 
there is the po.sslbility that they might belong to one of the parallel series found in 
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the F sets depending on (aj5,) (30725). In case, however, of dn being small and the 
mantissa involving the term in we might expect still to find lines depending on the 
9 OA 2 , as the presence of the ^ suggests satellites. To get QOAj, requires a 
displacement which decreases /(l) by 17 02. In other words lines with wave-numbers 
17 '02 larger for F and less for F. We do not find this completely, but the following 
sets are observed, already given in the notes to the list under w = 1. 


2e.Fi 

(6) 17638*55 


25*53 

(5) 17664*07 


Sc.P, 

[36498*90] 

5*08 

(1) 36493*82 


25*45 

(3) 36473*45 


2e.F2 

(3) 19503*29 
12*52 
(3) 19515*81 


3«.P.. 

[38363*40] 


17*64 

(2) 38345*76 
26*31 
(1) 38337.09 


2e.F3 

(1) 20333*22 


(l) 39193*40 


17*66 

(2) 39175*74 


In which permissible observation errors are dn = + *7. As has been seen the 36493 
corresponds to a displacement in the limit. The others to 35,, 65,, and 5 in the 
sequent /(l). The lines 38345, 39175 consequently have their sequent mantissa 
exactly OGA^. 

Further it was found that (3ri) 39683*95 is 2e.i;. (— 5,) F, (l). The next 
preceding line to this is (l) 39666*49 or 17*46 behind it, again showing the required 
5 displacement and having the 9 OA 2 mantissa. 

If it be granted that the series is of the F type, the limit must be a d-sequent. 
Consequently the mantissa of 30725*30+^ must be a multiple of the oun. Its 
mantissa is 889322-30*74^ = 81 (l0998*13-*38^)-105, = 8IA2-IO5, with great 
exactness. Let the true value of A^ be 10998 *20-}- a?. Then if the relation is exact 
81a:-l-30‘74^4-5*7 = 0 or — 2*63x— *18, »=— *38f— *07. Now we know that 
^must be a small fraction, certainly <±*5. Hence x must lie between ±'2 and 
Aa= 10998 *20 ±*20. We should, therefore, expect this value for A3 except poasibly 
where electronic changes of atomic weight came in, as has been suggested above. If 
then the 1864 separations depend on exact 5A3— 5, and 2A3+65i we get as closer 
approximations 5*6di/j = 1*40 or dvi = *25 and *80+ 13*5<ii'2 = 0 or dv .2 — — *05, in other 
words I'l = 1864*35, = 829*59 when the limit is 30725. When this limit is 

displaced by these change by * 45 ^, '22y. 
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Further, the conditions for /(l) require *67— a?— ■4^+’4dn = 0,or dn = —1*8 — *056^. 
If the sounder 2e was exactly normal this dn mtist be due to observation errors in 
17638 of d\ = *5, but the value of e is also subject to some small uncertainty. In any 
case the result shows that the reference line does not depend on a displaced 30725, 
for if so dn would be at least 4 *97. 

Returning now to the discussion of the D series let us consider first this second 
group of clearly analogous series of lines ; — 


1. (1) 19942-53 

2. (1) 19989-72 

f(l) 20017-46 

3 . ^ 

L(l) 20021-66 


1776-46 (10) 21717-98 
1780-27 (6n) 21769-99 
1783-71 

(10) 21801-17 

1779-61 


4. (10) 20636-30 1767-09 (20) 22403 39 813- 66->(< 1) 

5. (2) 20688-96 1786-54 (10) 22474-44 

6. (1) 208.59-23 1784-57 (7) 22643-80 

7. - (4) 20962-07 1780-09 (10) 22742- 16 813-80->(l) 


They all, with the doubtful exception of 4, 7 have the appearance of belonging to 
first, or doublet, satellite sets, in which the second line is always the stronger. Th(i 
1780 separations are clearly associated with the now well recognised mid- triplet 
abnormality. That It is not itself a normal separation is indicated by No. 3 in which 
the 1779*51 also occurs. 

In (l) the separation 1775*45 is r, — 2*45. It differs from the displaced (^)ri by *29 
which is within error limits. In this case the limit would be {8) D ( o°) which is 42*48 
less than D(c») and = 50982*81. With this limit the mantissa of 19942 comes to 
879711 = 80 X 10998*3— di or 80Aa— within error limits. This is the typical form 
for the second satellite set of a triplet D series, but modified by the displacement, 
so common in this group of elements, though here it appears in an apparently first 
satellite set instead of the second. We note at present that taking account of the 
small corrections, and writing as before Aa = 10998*2 4-cc its true value is 80Aij— ^i-f8 
— 30*28^-1- SOdri-SOo;. The observation error dn is < *2 in this region and ^ is 
probably <1. 

In (2) 19989 is 47*19 above (l). The change due to the displacement d in the limit 
is 42*55, whilst in the sequent gives 5*05 suggesting that the limit of (2) is the 
normal D(oo), with sequent SOAa. With this limit the mantissa is found to be 
879853 = 80x 10998*16, or with small corrections 80Aa— 3*2- 30*29^-f-30dri— 80a;. 

In (3) we have the modified 1783*71 with the clearly real separation 1779*51 or 
1 / 1 - 1 - 1 * 61 . Now the displacement due to — 3^ on the p is 1*60 which is practically 
Cixact. This gives a limit 31*88 larger or 51057*17, and the mantissa becomes 879855, 
the same as for (2) and = 80Aa— 1*4- 30'29^-(-30dn— 80a’. The line 20017*46 is 4*20 
behind the other. A displacement of S, in the sequent term produces 5*05. Thus 
20017 is very close to a line with mantissa = 8OA3— 5i, but the difference *85, 
corresponding to d\ = *21, is too great to render the relation exact. 

Nos. 4 to 7, although much further towards the violet should not be put aside. 
They all show the exceptional separations. 
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In (4) the separation is 1767’09 = »'i — lO'Sl. If it corresponds to a real vi the limit 
will l)e (5^)D( 00) which reduces vi by 10'7 .and makes the limit about 212 less. The 
mantissa would be 82A3+7i^^+71. This difference (7l) from an exact multiple of 
shows this to be impossible. 

The discussion of the 1864 series has definitely shown it to be of the F type, and 
has given the limit within very small errors. This limit is one of the d{l) seqiients 
of the diffuse series. Its mantissa was found to l)e SIA^— 2|^5 or80Aa+15^5. It 
gives one firm starting point for the discovery of the D series. The results just 
obtained indicate the lines which through their dependence on miiltiples of A3 give 
the origin term of the diffuse sequence. They point, as we have seen, to the existence 
of several displaced, or parallel, sets of diffuse series. It is possible to show definitely 
that these exist, even if there be some uncei’tainty as to the lines occupying the 
position of D,, (l). In the normal case with a single diffuse series, the Du (l) is always 
the strongest line of the series. Also in the normal type the D limit is the same as that of 
S — here 51025'29 + ^. When however displacement occurs, the energy of a single line is 
dispersed amongst several others, and a line corresponding to the normal may be w'eak, or 
even too faint to have been observed. As a matter of experience also it is found that the 
lines of low order (m = 1, 2...) are subject to these displacements in a much greater 
degree than those for higher orders of m. Now there are a number of lines, which by 
their position and absence of separations to stronger lines have the appearance of 
being I)„ (l) lines. If they are, their mantiss® must differ from multiples of A3 (in 
the present case 8OA2) by multiples of tbe oun. The fact that they may do so does not 
of coxirse prove that they are Dj, lines. If they do not do so it proves that they are 
not. They may however in the latter case belong to a displaced series, satisfying tbe 
multiple law when the proper dispkiced limit (^<5]) S ( 00) is (unployed. This gives us a 
method of testing as to what displacement a given line may correspond. If our 
calculus were already fully estal)ll8hed the next step would be to apply this test to 
the above lines. But in reality we are testing our calculus to see if it cjin be firmly 
established, and our immediate aim must be to obtain independent evidence for the 
existence of parallel series. For this immediate purpose it will only be necessary to 
apply tbe test to two lines, the general question being postponed for the present. 

In the first attempt at arranging the D„ series the strong lines (8) 20559 08 and 
(10) 38366 36 were taken for w = 1, 2, and the formula calculated with the limit 
D ( 00 ) = S ( 00 ). As will be seen immediately, this gave satisfactory agreement with 
sounded observed lines up to m = 15; and as a matter of fact this series was used to 
test for the parallel sets disphiced ( ± 2^,) S { 00 ) on either side of it. Now the formula 
constants for a set only vary slightly if the wave-number of the line chosen for w = 1 
is changed considerably. This therefore did not prove definitely that 20559 is the 
correct D,j (l), and as a fact it does not satisfy the multiple test. Its mantissa is 
897337 —31*14^. That of the line 19989, which is shown above to be the origin of the 
normal D set is 879853— 30'29f The difference is 17484 = 28^S+7l. This is as far 
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as it can be from being a true multiple, and it is quite impossible to explain this by 
any observation errors in the two lines. For instance our maximum admitted error 
can only change the mantis.sa by 6 . If the test is valid therefore 20559 cannot be 
D,, (l). Yet it has all the appearance of such a line. Is it a displaced one ? Suppose 
it corresponds to y^^. Now a displacement of on the limit changes its value by 
10’62, so that (j;/ 3 ,)D(c») = 51025‘29 + ^— 10‘26^. If p denote the ratio of actual 
observation error to the maximum permissible, i.e., 0 = dX = 'Obp, the mantissa of 
20559 with the new limit is 897337 + 3307y+6j9— 31’14^. The denominator of 
19989 is 8 OA 2 = 879856 + 80x. Also 3307 = 1^+257. Hence the mantissa of 
20559 is 

80A2-80a:+17481 + 2if/^i + 257i/+6p-3114^ 

= 81A2+10l^+22/<5, + 68-81a;+257?/+6/)-31-14^ 

in which x is small (about ±' 2 ). Also from the consideration of 19989 al)ove 

-3-2-80a: + 6p'-30*29^ = 0. 

Eliminating x 

7l + 257//+6(p-y)--47^= M(153) 

in which p,p'<.\ and i cannot exceed about 2 . 

It is not poasible to satisfy this with y = 0, ±1, or ±2. 

With 

?/ = 3 -6 + 6 {p-p')-^7^= 0, 

?/= -3 -5 + 6 (jo-_p')--47^= 0 . 

If, then, 20559 be a D,, line it belongs to one of (±3^,)D(oo), and is definitely 
excluded as a possible normal I),i. 

The next line of higher frequency is the weak line (l) 2058 r64. Its mantissa 
is 898040-31-17^= 81A2+Uf <l+7-81x+6-5p-3ri7^= 81A2-llf(l within error 
limits. This therefore passes the D„ test. If It is the actual I),, its weak intensity 
is due to the numerous displacements for m = 1 . If it be taken as Du (l) with 
the previously mentioned (lO) 38366 ’36, and the limit D(oo), the series formula is 
found to lie 

a = 51025-29-N^|m- -988854- 

The lines after m — 2 lie in the violet outside the observed region. To test them 
therefore recourse must be had to sounding, only the e.u.v. links have been used for 
this purpose. The residts are given in the middle column of the subjoined table and 
exhibited in diagram (Plate 3). Details are given in the notes following the table. 
Lines were calculated down to ni = 15 and tested. The result may be regarded as 
conclusive in establishing the series, as well as increasing confidence in the method of 
sounding — a confidence which reposes not on a single coincidence, but on the 
recurrence of. a large number of successive ones. As will be seen the agreement 
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between the calculated values and those found by sounding is remarkably close. The 
only doubtful case may be that for m = 1. If 20559 be taken for this the formula is 
only slightly changed and the agreement almost as good, the calculated value for 
m = 3 giving 0— C = '05 instead of '00. It is excluded because it cannot belong to 
a diffuse series in which the limit is S ( <» ). 

Table of Parallel XD Series. 

After m = 2 the wave-numbers at the head of each set are those calculated from 
the formula and are not, as usual, enclosed in [ ]. The links are entered as attached 
to the respective observed lines. On the right of each is entered the 0— C(dX) 
calculated as if the error were on the olwserved line. They would be less — often 


considerably less if calculated on the series line itself. 



(28,)D(o.). 

D(«). 

(-2«,)D( 

O)). 


1 

[205.50-68], = (-28,) 

31-06 

(1) 20581-64 

31-06 

[20610-70], = 

( + 23.) 



e.(2) 27864-16 

-06 



6.(6) 27926 -.53 

- 

•22 


«f.{6) 24683-37 

-06 



«.(<!) 24749 • 35 (- 

5,) 

•11 


r.(2) 24977-40 

-18 



®.(5) 25036-99 


•26 

2 

(2) 38345-76* 

20-60 

(10) 38.366 -.36 

21-20 

[.38.387-61] 




(1) 31033 -15 (8, ).e 

-02 



(<1) 34251 •.50.« 


•02 


(5) 33915-20(-28i).r 

•00 



(2) 3,3062 ‘43.?^ 

- 

•02 


or 




v.(5) .3,')499*89.c 


•12 


[38.346-11] 

21-25 



(26940 -esl.e.® 

- 

•05 


(<1) .34212- 13.« 

•01 



or [,38390 -24] - 

(25,) 



(4) 33908-99(68,).® 

-09 



(<1) 31076-51.6 


•07 

3 

44004 -.50 = -8, 

21-94 

44026*48 

21 76 

44048-20 




(<1) 36690 -52.e 

-01 

(1) 36712-34.C 

0 

M.(l) 40867-04.6 


•01 


(]) 32262 -6.5.e.« 

•02 

(2) 39.598-9.5,® 

- -02 

(-2) .32.304 • 23 ( - 

2^i).e,v 

•03 

4 

46.5.57-99 

20-24 

46.578-23 

21 43 

46.599-66 




(3) 34815 -79.C.® 

-00 

[39264 -1.3.6] 


(1) 31971-46.26 


•00 




(<1) .348.36-78.6.® 

- -05 

(1) 278.36 •93.26.Jt 

•17 




(35130 •95).c.« 

0 




5 

47927 -.39 

21-39 

47948-78 

21-45 

47970-23 




{<!) 28871 -19.2«.® 

-00 

(<1) .33.322 -4.5.26 

- -18 

(2) .3662.3- 4 1.6.tt 


•0.3 


(3) 33301-47.2fl? 

-20 

(3) 36209-04.6.® 

•24 

(.3) 36229-78.6.® 

- 

•13 




(1) 29189-92.2e.tt 

- -29 




6 

48748-78 

21-35 

48770-1.3 

21-35 

48791-48 




(1) 37.300- 91.«.m 

-04 

(<1) 34140-88.26 

•09 

(4) .34163-39.26 


•09 


(3n) 29692 -79.2e.® 

-02 

(1) 29710-88.26.®' 

- -06 

r.(.3) 38589-92.26 


•09 




(2) .37320 •68.6.tt 

•15 







(5) 30005 •34.26.W' 

- -01 




7 

49280-00 

21-25 

49301-26 

21-25 

49322-50 




(3) 37829 •36.e(-8,).tt 

-00 

(1) .34870-17.26 

•24 

«.(!) 306.59-83.26 


•14 


(2) 37634-68.c (-8,).® 

-00 

(3) 37849 •82.6.M 

•29 





».(1) 39082 -95.2e 

•21 

(<1) .37564 -87.6.® 

•32 







(<lft) .30444-37.26.® 

•07 





* This i8 also Se.Pj (1) (8) the 90 Aj linked F*. It is probably not (28i) D (2) but hides it. 
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Table of Parallel XD Series (continued). 


m. 

(28i)D(<x,). 

D(»). 

(-28i)D(<»). 

8 

49643-23 

21-25 

49664-48 

21-25 

49686-73 



(3) .37901 -76.e.v 

- -04 

(<1) 35037-31.26 - 

--08 

?t.(l) 39193-40.26! 

- 19 


(<1)36011-06 


(1) 38217 -68.6.tt ■ 

-03 




16-47.2S 

- -03 






(4n) 36019-89 


(1) 30607 -90.26.t> 

-04 




(1) 30879-26 







81-78.2e.t» 

-00 






(1) 30884-31 







(2) 30588 -24.2«.t' 

- -13 





9 

49902-63 

21-25 

49923-88 

21-25 

49945-31 



(1) 38159 -20.«.» 

•09 

(36295 -68).2e 

00 

(1) .3820.3-51.6.?; 

- 03 


(.3) 31139-94.2e.« 

-13 



?;.(!) 39745-63.26 

- -04 

10 

60094-30 

21-25 

601 15 -.55 

21-25 

50136-80 



«.(2) 39598-95.26 

-02 



(1) 38689-81.e.?» 

- -03 


(2) 310.35 •76.2«.»i 

•24 

(1) 38666 -63.e.« 

•11 

(<1«.) 31076-84.2e(-S,).v 

•07 


or e.fi (Si).v 

-0 

(31355 -28).26.« 




11 

.60239-95 

21-25 

60261-20 

21-25 

.50282-45 



(3).38791-71.c.M 

-06 

(1) 35637-28.26(8,) 

•03 

(l?t) 388.35-86.6.?* 

- -04 


(4) 36610-00.2« 

-14 

(1) 38521 *55.e?.i; 

•16 

i;.(3) 40082 -56.26 

•00 


«..(1) .39745-63.26 

- -04 






(.3) .31479-21.26.U 

- -07 






(<l).31180-6.3.6.6(-8i).r 

-09 



(3) 31224-82.6.e(-8j).?; 

•or 

12 

5036.3-24 

21-25 

50.374-49 

21-25 

50.395-74 



M.(l) 38906-95.6 

- -06 

(2) 35745-69.26 

•05 

(6) 35767-81.26 

- -02 


(1) 31592 -28.26.« 

- -04 

(1) ,38632-72.6.?; 

- -02 

(1) 31636-86.6.6(8,).?* 

- -02 

13 

5044.3-04 

21-25 

.50464-29 

21-25 

50485-54 



(.3) 31680- 16.26.W. 

-15 

(1) .3.58.36-52.26 

- -0.3 

(<1) 38935-20 







38-00.6.?*. 

•01 


(6) 31384- 86.6.6 (- 8, ).ti 

- -03 

(1ft) .38720-67.6.?; 

•10 

(1) 38940-81 





??.(2) 39969-62.26 

•02 

(6) 31725 -89.26.?* (8,) 

•00 






(<1) .31431 -51.26.?; (8,) 

- -03 

14 

50516-60 

21-25 

50,536-76 

21-25 

50558-00 



(3) .38970-66.6(-5,).m 

-02 

(3) 314 79-21.26.?; 

•13 

(1) 39107 -56.6 (-8,).?; 

•05 


(1) 3.5889 -.37.261 

~ -16 



(1) 35929-09.26 

•06 


(1ft) 31755 -50.26.M 

- -13 



?t.(l) 40063-94.26 

- -06 

15 

60574-68 

21-25 

50595-93 

21-25 

.50617-18 



(1ft) .388.36 -86.6(8,).!; 

- -06 

(2) .35963-72.26 

•30 

(.3) .35985 - 33.26 (-8,) 

- -07 


(1) .35949 -76.6 (8, ).6 

- -07 

or 2e( - 8,) 

- -05 

(1ft) 31755 •50.26.W 

•03 


#.(3) 40082- ^6.6 (S,).6 

- -02 

(1) 38852-76.6.?; 

•06 

(<1) 31559-98.26.?; 

•10 


(.5)31717-1.3.6(8,).6.m 

- -05 

' 





Notes on Table ofD( oo ). — m = 3. The e linked line has separation 1780 • 29 to (4n) 38492. 
m = 4. The e linked lino is not observed, but it would be separated 1781 ‘65 from (1«) 41045. 
35130. There is no line to this, but it seems split into two as indicated in the scheme 

(2) 36126-06 (1) 37720-05 

31-05 1776-96 (3) 36908 00 816-17 24 17 


(2) .35136 -06 


(1) 37728-30 
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In which it may be notic^ that the sum of the separations is 2593*12, the normal value. The order m 
is too large to definitely settle the sequence displacements if in them. They would be close to ± inSj for 
the first and ± 148j for the third. But if the connection is real a better explanation might be modification 
of the links, ± 8j on e.u give the exact numerical agreement for the two D33 lines, and e ( ± 8^), u ( ± ^8|) 
would give 5 * 86 where 6 is observed. 

m = 5. 33322 has separations 1782*14 (4), 811*06 (4), the sum being normal. 

m = 6. 34140 has separations 1782*92 to (2) 35923. Further, there is 30005 1780*45 (1) 31785 
813*4 (1) 32599, in which the sum of the separations is closely normal. The 2e.u and 2e.v linked lines 
differ by 3*41 and 3*06 from the calculated, but are correct if the links «' = «(- 28j) and v' = v( - 28,) 
are taken. They are inserted since the corresponding normal links occur in other lines and the amounts 
are exact. 

m K 7. The 2e linked 34870 has triplet separations 1784*44 (3), 813*73 (3), also the 2e.v has 1778*14 
to intensity (<1). The e.u, e.v linked lines are inserted although their difference as they sUnd are so 
considerable, because they all arc exact if the links involved are taken as displaced ( - 8,). 

m = 9. There is no observed 2e linked line, but it seems to have split up into two, thus 

(<1) 25293*16 1778*20 (4) 37071*36 

95*65 

(<1) *25298*14 

The two observed lines are numerically D,, (9) ( + A3). 

m = 10. The ie,u line is split up into two (< 1) 31350*91, (< 1) 31359*66, of which the former shows 
1778*79 (4), 811*75 (5). 

It should be noticed how many of the e and 2e linked lines introduce the modified triplet separations. 

Notes on Table of (±23j)D. — m = 1. The displacements on the limits wouhl give 20560*40 and 
20602 • 89. There is the already noted 20559 near the first discarded for I) ( od) because it does not pass 
the multiple test. It servos better for ( - 23^) D, but would require at least an observation error 
rfX =r ~ • 1 which we have regarded as excessive. There are no observed lines connected by e, a, v links 
to either, nor near them. Those given in the toble are, however, very clear. They make the sequence 
term displaced 25^ from that of the D series, viz., - 2^ for -H 2^^ on limit, and -f 28j for - 2\ on limit, 
i.e., interchange of ± 23j for + 2S^ on limit. In the third series the e and v linked lines differ respectively 
by e 4- 1 *74 and v- I -70. They form therefore a parallel inequality, and are good evidence in spite of the 
considerable difference 1 * 7. 

m = 2. The limit separation should give for the first series 38345*11, and it apparently exists 
although possibly it belongs to a series commencing with 20559. There is clear evidence of a set 
corresponding to m = 1, shown by sounding and giving a sequence displacement of -* 63i. In the third 
series the line depending on the limit change alone would be 38387 * 56. This gives links -f 2 * 85 and 
v - 2 • 87 with the lines indicated or a parallel inequality.. They are explained by ± 23^ displacements in 
the sequent. 

m = 3. Here as a displacement in the sequent produces a separation of * 5. The sequent displace- 
ment in the first series is therefore - 6^ and +61 in the third. The line 32304 however shows - 2d^, 

m = 7, Modified links « ( - 3i) are introduced. This is supported by the fact that the two lines given 
differ respectively by 2 * 37, 2 * 32 from values given by normal 6, whilst the modification of e by produces 
2 * 32. The double example and exact difference give weight to the suggestion. 

m = 10, 11. Similarly the modified e makes exact agreement, and they enter in a corresponding way 
and in both series. 


3 I 2 
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We can now use this series to test the question as to the existence of parallel 
series depending on ( ± 2^,) D ( oo ). This does not mean that the sequences must be the 
same in each. In fact it is to be expected that there may be a concomitant change 
in them also, but they can only differ by a few multiples of the oun. The important 
point to notice is that for large values of m, the effects of such differences become 
negligible and the observed separations from the standard D should approximate to 
±2r25, which is that due to 2i, on the limit. It will not be necessary to go into 
such a full discussion as in the standard series with D ( » ), except for the first three 
sets, where th(5 tividence for changed sequence terms with displaced limits is conclusive 
and important. The lists and soundere are given in the same table as for the 
standard series, in the first and third columns respectively. The considerations adduced 
enable us to feel that the ground is safe in recognising that parallel series depending 
on displacements on the limit II (o°) = S(<») I’eally exist. The evidence does not 
depend on a single numerical coincidence of a line, or of a line found by sounding, but 
on the fact that these numerical coincidences appear for so many sounding links in 
all the 15 sets tested. This is not affected by the high probability that several of the 
sounded lines are chance coincidences. This I'esult then gives more confidence to the 
method partially applied above, in the application of the law that the D sequences 
must have mantissse which differ by multiples of the oun from multipb's of or in 
other woixls must be themselves multiples of the oun. I’bis method consisted in 
testing certain lines to see whether by using the displaced limits (2/^1) D ( oo) — now 
seen to really exist — tb<! above relation bolds. 

The evidence seems to show that the typical lines — — for w = 1 
have Ix'-en much affected by displacement effects, and that consequently the intensities 
of the normal lines themselves are much diminislu'd. Although this is some 
disadvantage, it will be well to attempt here to get some insight into the complete 
satellite system for the first two ordera. ' 

We have seen that 19989 belongs to this normal set with a mantissa = 8OA2 and 
that 20581 satisfies the condition necessary for a Dj line with this. The difference of 
their mantissa (see below) is 29^J. If they are of the D,2, Du types, as is indicated 
by the fact that the first l)eIoiig8 to a doublet and the second stands by itself, a triplet 
satellite set should te expected whose first line D,,, is separated from the D,2 by about 
three-fifths that of Dia from Du- Its mantissa should therefore be about 18^= Ag less. 
This would mean a line about 19623' forming the first line of a triplet. No line is 
observed here. There are, however, lines at (l) 19602'66 and (3) 19632'44 of which 
19602 passes the suitability test for a normal D line, and the other does not. The 
mantissa of 19602 is 79Aa— 5, i.e., 19i l)ehind that of 19989 and rather too large. On 
the other hand the problematic 1 9623 may be too weak, in which case the corresponding 
Dg, Dg lines which should be stronger might be observable. The Dg line should be 
about 21400. We do find this, in fact, with triplets of a kind. The whole set of these 
lines can then be arranged as follows : — 
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(1) 19602-66 

S 

[19623-05] 

18S 

1774-45 

(3n) 21377 11 821-04 

(2)22198 15 

1777-90 

(2) 21400-95 809-53 

(2)22210-48 

(1)19989-72 

29f<5 

(1)20581-64 

1780-27 

(6ri) 21769-99 



in which it may he noticed that in the first the sum of the separations is the same as 
1780‘19 + 815‘30, i.e., the modified ri + i'a, and in the second 809‘53 = 815‘20 — 5 (»7 
whilst a displacement on the sequent produces a change of 514. With the limit 
51025'29+^ the mantissm of the d sequents are — d\ = ‘()5p — 

19602, 868240-2973^+6p = 79 x 10998-2-G18 + 6j»-2973^ 

19623, 868846-2975^+ 6ju' = 79x 10998-2-12 + Gy-2975^' 

19989, 879853- 3029^+ fijo = 80 x 10998-2-3 + 6^-3029^ 

20581, 898040-31 17^+ 6-.5jt> = 80x 10998-2+ 18184 + 6-5/>-31 -17^ 

in which p lies l)etweeu +1 and p' depends on error of extrajjolated line, and may he 
>1. Writing tis before 10998-2 = A.j—x these become respectively 

79A„-5-7 + 6jo-79.r-2973^ 

79A, -l2 + 6j[>'-79a;-29-75^ 

80Aa -3 + Gj;)-80a:-30-29f 

80Aa + 29|5+7 + 6-5j[)-80a:-3l-17^ 

The multiple rule requires that the last four terms in each (expression must vanish. 
This is clearly possible for small values of p, say <^, and a single relation Ixjtween 
X and say 8a; = —3^, 

As a further test of the reality of the extrapolat(*(l line 19623 linked lines may be 
sought for. Thene is none for +e, but lines are found close for 91, v, e±r, viz., 


(6)23754-27 

1778-40 

(3) with M— 2-1 

19623-19 

In) 24053-37 


„ P + 2-1 

19623 16 

(2)24509-92 


„ e-v 

19623 82 

(2)3136271 


„ e + v 

19620-66 


Taking 19623 as D,8, the satellite differeiMXJS are 29f5 and 18^. Since 18x5 = 90 
and 29f X 3 = 89 25, these separations are very closely in the ratio 5 : 3 in accordance 
with the rule for the known triplet series in other groups. The triplet set 19602 
appears somewhat anomalous. The middle line appears to have? the modification so 
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common in the middle set of a triplet, but in the opposite direction to the usual one, 
t.e., the sequent to the second line is d (— ^,) instead of d (Si). 

The preceding considerations have shown the existence of a complete set of D(l) 
satellites. But further, the D suitability test shows that 20305 '60 may be a Dj line 
with normal limit and that with it may go two sets of extrapolated triplets in which 
the mantissa of the first is a multiple of Aj. They are 


[16013-45] 

[17725-30] 
(1) 20305-60 


' 1777-90 

1784-83 

1777-90 


(1) 17791-35 

(1) 17798-28 
(3) 19503-29 


816 - 44 ' 

809 - 51 ^ 

816-96 


( 8 ) I86O7-79 
(4) 20320-25 


The first set, however, iiivolves for the Dj, the line 18607, which belongs to the 
1864 F set discussed above, and is stronger than we should expect. Provisionally we 
will suppose the true D 33 is hidden by the F line. The line 20320 has been already 
adduced (p. 383) as showing connection with the 1864 separations in a similar way to 
20312. The mantissa} of the Di lines are {p' indicating extrapolated lines), 
769890 = 70 X 10998-2 + 16 + 3 2p' - 25-2^ = 7 OA 2 + 16 + 3-2/ - 70a; - 25-2f, 
814815 + 4-2/— 27 - 25 ^, and 889493 + 6p— 30-75^. They, differ successively by 44925 
= 4 X 10998-2+1^5+16 + 4-2 (/2-/,)-2-0^ = 73^5+ 16 + 4-2 (/a-/, -4a:-2-0^ and 
74679 = 122|-5— 17 + 6/>— 4 - 2 /a— 7a;— 3 - 5 ^. The conditions are satisfied within error 
limits that the mantissa of the extreme satellite is 70 Aa, and that the differences for 
the satellites are due to 122^5 and 73^5. Since 122j^x 3 = 366-7 and 73^ x 5 = 367-2, 
the normal ratio of satellite separations is again reproduced. The evidence is clear, 
therefore, for two groups of normal diffuse series depending on 79Aa and 70Aa 
respectively. 

The fact that 20320 is connected with 1864 in the same way as 20312, that the 
1/3 separation is not good, and that we should expect a doublet here in place of a triplet 
rather point to the supposition that it is not a member of the set. For the D 13 line 
the sequent is 51025-29 — 16013-45 = 35011-84, on this the oun displacement produces 
a change of 6-04 which accounts for the modified vi = 1784-83 in the usual way. The 
mantisssB of the two D„ groups 20581, 20320 difier by 145. 

It will be suflScient here to attempt the allocation of the cori’esponding satellites for 
m = 2 only. They should be at about the same oun multiple distance from the 
Dji line as for m—1. The Du (2) has been taken as 38366 with denominator 
1 - 943447 . Taking the first group, the satellites should have denominators about 29f5 
and 47f 5 less than this. These would correspond to 38208-61 and 38111-69. With 
regard to the first the lines in this neighbourhood are (l) 38199-58, (l) 38203-51, 
( 1 ) 38217-68, of which the first and third are respectively 9-03 less and 9*07 greater 
than 38208, and suggest equal displacements on either side. They are found to 
correspond to 31^5, 285 from Du, or ±75i on either side of 38208, with errors 
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= +‘02, whilst 38203 corresponds to 30f5 with dX = *01. They should form 
portions of doublets with lines at 39977*48, 39995*58. None have been observed, but 
it must be remembered that these are close to the end of the observed region where only 
the stronger lines would be seen. Sounding with — (c+m) we find lines (l) 28530*91, 
(3) 28548*26 respectively, e+w— *71 and c+m + *04 behind the expected lines 
showing no lines at ahead, which should be visible if they existed. We may, 
therefore, conclude the two lines in question belong to a doublet set. With regard to 
the suspected Dj, line (38111) we find in this neighbourhood 

(1) 38134*61 1780-23 [39915*84] 815*20 (bi) 40731*04 

(1) 38129*37 1778-21 (1) 39907*58 810-36 (1) 40717*94 

(In) 38108*60 


Calculation shows that the first lines of these sets give with D„ (2) separations 
depending on displacements 43^5 (dX = O), 44^5 (dX= *0l), 48^^^ (dX = — *03). All 
that can be said is that these lines may be the required satellite sets. As, however, 
a displacement of only produces a change of about *05 in X it is not possible to get 
any certainty. It is further possible that some of the set may btilong to parallel 
series. For instance 38108 = (2^i) 38129. The first two are, however, so close 
dX = *00 and *01 that they are entered as D„ lines. 

For the second group 20305 is a 145 displacement from 20581. We should expect 
the corresponding w = 2 lints about the same displacement from 38366. This is 
satisfied by the line (l) 38292*32 giving 145 with dX = — *01. There is also a doublet 
(l) 38285*86, 1778 * 08 , (l) 40063*94 with normal separation and displaced 15j5 with 
dX = *00. The first D (l) is displaced 122^^5 from its D,, line 20305 and the second 
by an extra 73|^5. If the Du (2) line is taken as 38285 the calculated line with 
122^^5 is 37611*59. There is no line here, but there is a doublet, which with this line 
may be written 


(2) 37606*15 
[37611*59] 


1780 - 83 ' 

1775 * 39 ^ 


(1) 39386*98 


The mean of these two separations is 1778*11 or the normal Pj. We have here a 
parallel inequality due to 25, displacement in 39386 and an extra 25, in 37606, or 
37606 is 123^5 ahead of D„. 

Again calculating the 73^5 displacement on 30706 the line should be 37174*40. It 
is not obser\'^ed but there is a triplet close to it showing a similar inequality to the 
former. It is 


1774 - 38 ') 


(1) 37159*39 
(In) 37166*43 


1781*42 


(1) 38940*81 813*67 (<1) 39754*48 
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The mean of* the two first separations is 1777 ’90 or exact and we have an exact 
parallel ineqnality. The- inequality is due to two successive displacements, and 
37159 is exactly extra on the calculated 37174, or 7QS from the first satellite. 

The first two orders of the two groups are represented in the following scheme in 
which the satellite separations are given as sequent displacements from : — 


The 79Aa group. The 70 Ay group. 

m ^ 1. 


[19623 06] 

(2) 21400-96 

(2) 22210-48 

[16013- 4.3] 

(1) 17791 -.35 

(8) 18607 

473s 


488 

19538 



(1) 19989-72 

(6h.) 21769-99 


[1772.5-39] 

(.3) 19503-29 


2933 



12238 



(1) 20.')8l-6i 



148 (1) 20305-60 






m = 2. 



(1) .3H120-37 

(1) .39907 -.58 

(1) 40717-94 

(1) .37159-.39'1 




4418 

46J8 

199|8 

,(1) 38940-81 

(<1) 39754-48 




(Iw) 37166 -43 J 






1978 

198|8 

198f8 

(1) .-18199 •.')8 









(2) 37606-16 

(1) 39386-98 


(1) .38217-08 

(3) 28.348-26.0. 

u 

123J8 

122|8 


288 

288 





(10) .38.-160-.36 



148 (1) 38285-86 




Without dealing with the whole of the material at disposal we will illustrate its 
application by considering in more detail the jx>rtion of the spectrum given on p. 382 
in which the majority of the lines undoubtedly belong to D (l) systems. It is to be 
noticed that the effectiveness of the method in the present case depends on the facts, 
(l) that the observation errors do not exceed d\ = '05, and (2) that with m = 1 it is 
consequently possible to determine the values of the mantissse to within 6 units in 
the sixth significant figures, whilst a displacement of one oun in the sequent procluces 
a change in A of the order I '2, or twenty-four times the maximum observation error. 
The limit 51025 being supposed displaced by lx?comes 51025‘29 — 10’62y-|-^. The 
mantissie of the sequences are then calculated with this limit, and expressed in terms 
of A 2 , ^ 1 , X and p where A^ = 10998 ’2 + a;, and —p is the ratio of the observation error 
to the maximum (dX = 05). Tlie series more fully discussed above is definitely taken 
i\8 depending on the limit y = 0. In other words the mantissa of 19989 is exactly 8OA3 
which condition requires, writing q for its p, 

.3’2-|-30’29^-6g-|-80a: = 0, 

and gives a relation between ^ and x. The term in x in each mantissa is then 
eliminated by means of it. There can be little doubt about the allocation of 19889, 
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but even should it be in error the doubt does not affect the argument as to the 
relative displacements of the different lines, as denotes the displacements relative 
to 19889. The final results are given in the following table : — 


1 

19880 

80A2 + 2ySi 

- 6J8 + 66+14y + 

•2^ + 6 (q-p) 

-4, 

11 

-6, 

- 4 

2 

19942 

8OA2 •— 

with y ~ 4 



4, 

11 



3 

19959 

8OA2 4“ 2f/S] 

- 8-6l4-16«+ •06^ + 

91 

4. 

3 



4 

19989 

80A» 

with y = 0 



0 




6 

20017 

8OA2 4- 2y5i 4- liS 4“ 77 4“ 17y — 

•05^ + 

19 

-4, 

9 

4, 

- 8 

6 

20021 


+ l*S + 62 + 17y- 

•06| + 

99 

-3, 

1 

6 


7 

20029 


+ 28 ~31 + 17y- 

•05| + 

19 

2i 

3 



8 

20041 


+ 218 + 60 + 17y- 

•07^ + 

99 

-3, 

~ 1 

6 , 

0 

9 

20080 


+ 6|8- 2+18V- 

•11^ + 

91 

0. 

- 2 



10 

20107 

1) 

+ 108 -33+18y- 

•17^ + 

91 

2, 

3 



11 

20306 


+ 15f8+14 + 21»/- 

•46^ + 

99 

0. 

14 

-1, 

- 7 

12 

20312 


4-165 4-824-21y- 

•47| + 

19 

-4, 

- 2 

3. 

- 8 

13 

20320 


+ 1618+ 9 + 21y- 

•47^ + 

99 

0 > 

9 



14 

20333 

91 

+ 17iS-60 + 22y- 

•60^ + 


2, 

6 

-5, 

•• 7 

16 

20443 

81A2 + 2ySi+ 4|8-ll + 24tf- 

•30^ + 


0 . 

- 11 

-6, 

- 2 

16 

20464 

19 

+ 6i8 + 41 + 24y- 

•30f + 


-2, 

- 7 

6, 

8 

17 

20467 

91 

+ 68 - 12 + 24y - 

•45| + 

11 

0 , 

- 12 

-6, 

- 3 

■ 18 

20470 

It 

4- 65 4'76 4-24y- 

•45^ + 

11 

-3. 

4 

3, 

-- 6 

19 

20500 

9t 

+ 748 + 71 +26y- 

•48^ + 

11 

-3, 

~ 7 

3, 

- 4 

20 

20529 

91 

+ 98 +80 + 26y- 

•48^ + 

11 

-3, 

2 

3> 

5 

21 

20559 

99 

+ 1048 + 71 + 26y- 

•48| + 

99 

-3, 

- 7 

3, 

- 4 

22 

20581 

91 

4“ 1 1^5 4- 10 4* 26y — 

•61| + 

11 

0. 

10 



23 

20596 

91 

-f* 12^54- 11 -f- 26y 4* 

•53^ + 

11 

0 , 

11 



24 

20636 

11 

+ 14|8 + 36 + 26y- 

•62^ + 

19 

-1, 

13 

4, 

-13 


Of the above (14, 18) must be set aside at once: (14) because it belongs to the 
triplet set linked by 2e to the parallel set F (l), and (18) because it is Fj (2). It may 
also bo noted that neither have the prevalent separation 1780 to lines of higher 
frequency. Of the numbers on the right of the list, those in thick type give the values 
of y which bring the outstanding differences to the corresponding number in ordinary 
type. These differences nnast be due to errors either in ^ or observation. Since ^ is 
small, it is seen that they must be capable of annulment by the observation errors 
6(g— p), and must, therefore, at the maximum be <12. The smallness of ^ can be 
seen from the following considerations which connect it with the corresponding ^ 
(say ^') for the 18G4 F series. The limit of the F is ;30725'30 + ^ with mantissix 
889322 — 3074^'. It is a (l) sequent. If 19989 is a D line with y = 0, its sequent 
i8 51025-29 + ^'-19989 72 = 32035 57 + ^'. The mantissa of this is 8798 53- 30-29^'+6g. 
Both being d sequents must differ by a multiple of the oun. Their difference is 
9469 + 30-29f- 3074^- 6g and 15|.5 = 9470. Hence 

30-29^-3074^' = l+6g, 
or, 

1-015^'+ -03 + -25-. 

Thus ^i *3. Since the 1864 limit is determined as the mean of F and F series 
its value is subject to a very small uncertainty and ^ will be a small fraction. 

VOL. ccxx. — A. 3 K 
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Consequently in the above list the value of f has no importance in settling the order 
of the displacements. 

The whole of the foregoing argument is based on the constancy of Aa for all series. 
This matter has been referred to in the introduction in which the question of what is 
to be understood by the atomic weight was brought up. The accuracy in the 
determination of the oun is rendered so great by the constitution of the d and^* 
8<;quence8, that the mass of the electrons connected with the nucleus affect it. It may 
be intt'resting to illustrate tlu; considerations there adduced by a concrete example. 
Tht! example we will take is (l), as the result may possibly throw some light on a 
dilhculty which will apixuar later. The line 19880 is seen to require a displacement 
of — J. Let us determine the transfer of electrons in order to produce a change by 
one oun. Suppose this transfer changes x to x + x\ This means that the mantissa 
as represented in the list must be diminished by 80«', by putting y = — 

Hence 

x' = = •0.'). d<^ = -o.'r;. 

80 

The change in the nuinlxir of electrons (see p. 342) = 925 x 'OJitJ/Gl 1 x 130 = 1 ‘97 = 2. 
The addition of eight electrons to the mass acting in our standard case, would render 
19980 a jwssible D line with limit (— ^,)D(oo) instead of a possible one with 

The preceding tr«!atment of the mate-rial is only a first step towards unravelling the 
intricacies of these D systems. An exhatistive treatment is here iiujjossible, and 
would involve the consideration of other data — the triplet separations, linkages, 
similarities of arrangement, dependence on F series and so on. All that can be done 
is to give a lew illustrative instanct'-s and to bring into prominence certain problems 
whose solution in the future may be of extreme importance. 

(l) The line 20021 is given as requiring the displacement — 3(^i in the limit, and in 
this case the mantissa is 8OA2. This displacement increases the limit 51025 by 31*88, 
and the resulting vi should be greater by 3 x ‘535 = 1‘60 and = I779'50. As a fact the 
line (see p. 382) forms a doublet with separation 1779‘51, and with intensities 1, 10, in 
the proper order for a Dij, set. All the tests support each other. Again in the 
doublets 

(7) 20500-13 1784*68 (2) 22284‘82 

(8) 20559-08 1785*64 (< In) 22344*72 

the same displacements (or of +3^i) are indicated. If we suppose these modified 
values of i/, produced in the same way as in Kr by a relative displacement in the 
sequent, the oun in this case alters the separation by 4*91. The modified rj therefore 
becomes 1779*50 + 4*91 = 1784*41, or within error limits of the observed value for 
20500, but too small for 20559. That for 20559 corresponds to an extra displacement 
of — 25j on the limit, or — 5<1, in all, which is quite inadmissible on the qualifying test. 
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The mantissfe of both lines differ by an exact 35. This is the natural conclusion, viz., 
same limit, sequents differ by 35, but then the value of 1785 remains \inexplained, 
and we should not expect to find two Dj, lines of the same group so close together. A 
possible explanation is to allot 20559 to the alternative displacement of 35, which 
gives i/, = 1776‘30 and to take 25, in the sequent of the second line. This would give 
a modified separation 177G‘30 + 2 x 4’91 = 1786’12 or ’48 greater than that observed. 
It may be noted that as they stand the four lines (18 to 21 of list) requiring —35, 
displacement have their sequence mantissse equally spaced by 1^5. The line 20041 
also comes into the system with an exact 5 sequence displacement from 2002 1 . 

In an analogous position to the 1(5013 line in the D(qo) set appears the 
(—35,) D ( oo) set 

[16044 05] 1785-37 (l) 17829-41 810-13 (2) 18639-54 

in which the 16044 is extrapolated from 18639 by the r, H-va = 2595-5. As the oun 
displacement on the sequent here produces 6-06, the modified r, should be 1779-50 
+ 6-06 = 1785-56, and the modified = 816-02 — 6-06 = 809’96 which agree with the 
observed. We may regard the 16044 as subject to the observation errors of 1 8639, 
say d\. The mantissa of 16044 is 769863 = 70 (10998-04 — -36dx), or 70Aa as in the 
case of D ( CO ). 

With the examples here given the arguments from the capability test and the 
observed separation agree. Complete sets for ( — 35,) D(qo) series are obtainable 
but are not here adduced. 

(2) The line of 19942 has already l»een consalered on (p. 396) as a (45,) D(oo). It 
again is a case whert; the capability t(»8t and i/, separation lx)th point to the limit 
displacement of 45, or 5. The list also gives 19959 jis requiring the same displacement. 
But it is ?<.F4(3) of the series below and shows a forward link 1864 in analogy with 
these F series. 

(3) The line 20312 is clearly of special importance. It gives the source of the 1864 

separations. As is seen the capability test reqires —45, b\it there are many difficulties 
in the way of properly placing it. It forms part of a strong doublet (6)20312 
1783-72 (5)22096 in which the intensities are not in normal order. If 1783-72 is 

the usual modified r,, the seqiience oun displacement is here 4-98 and the true v, 
= 1783-72—4-178 = 1778-74. This difters only by -13 from that proper to ( — 25,) D( °°), 
instead of to the —45,. The 1864 separations are greater than in the F series, being 

1865- 5I, 832’13 against those found from the F above 1865’10, 829-64. The latter 
were based on the limit 30725-30 on which a displacement of 5, produces ‘45 in 1864 
and '22 in 829. There is clearly here some triplet modification as the ratio of the 
separations is not correct. With 1865‘5l should go 830-15 or with the given sum 

1866- 87, 830-77. Now —35, on the limit produces 1865*45 and increase the limit 
itself to 30740*21. This should be the d sequent for 20312. If so the D limit should 

3 K 2 
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be 30740'21 + 20312'70 = 51052‘9l which is 27’62 above the normal and has no 
reference to the onn displacement. If 2031270 corresponds to the — 4^i indicated, 
the limit is .5106779 and the d sequent is the difference, or 30755‘09. This is the 
source of the 1864 separations. It is 2279 greater than the limit 30725‘30 of the 
F series considered in connection with this series and which gave 1864’10 and 829’64. 
This limit corresponds to a sequent 65, less displacement or 29 82 greater value which 
is practically exact. This present sequent will therefore increase 1864 '10 by 6 x ’45 to 
186670 and 829'64 by 6 x *22 to 830*96. The new sum is 2697*66, as against the 
observed 2697*44 in remarkably close agreement. This then supports the —45, 
indication of the capability test. A —35, displacement would make the sum = 2697*00 
— which though a worse agreement may yet be witbin observation errors. The same 
— 35, would make the modified »/, = l779*.')0 + 4*97 = 1784*47, or *72 greater than the 
observed. One is almost tempted to suspect here an error greater than the ordinary 
observation error. An error of *36, dX= — *09, would make all three tests agree in 
allotting 20312 to the —35, set, and would bring it into the group of lines considered 
in Case 1. 

It should be noted that this 20312 line is the line with wave-length 4922 referred 
to by Liveing and Dewar for its peculiar l)ehaviour (see p. 350). 

(4) The separations of the triplet 19880 are 1778*42, 815*30. They suggest the 
separation —5, to which belong 1778*43, 815*42. The capability test gives —35, and 
the two are incompatible. In the D series given below the calculated limit from 
the first three lines give the limit as 51045*37 or 20*08 above the normal. With the 
uncertainty in a limit found in this way this is a displacement of —25, which gives 
21*25. Further there seems some evidence to show that this line with 20021, 20041, 
20312, 20500, 20559 belong to one D (l) group of lines. The (jvidence consists in the 
existence of parallel F sets showing displacements equal to the separations of these 
lines. In other words these lines are D sets with the same limit. All these tests 
mutually exclude each other. How can tlu'ir indications be riiconciled ? I suggest 

(1) The limit for the line is (-5,) D ( oo) and the observed v,, vj are thus explained. 

(2) The capability test is met by the transfer of six electrons indic.ated above. 

(.3) It is not the first line of the series in question. 

(4) The F separations will be found to offer a natural explanation. 

In what has preceded an attempt has been made to allocate normal D series, but 
they are clearly not the strongest sets. In my first attack on the D, F problem the 
procedure adopted was to take the 19880 triplet as a clear satellite set, and attempt 
by the application of Rydberg’s table to find a series for this satellite series. The 
three sets found were : — 


(1) 19880 

1778-42 

(5)21659*14 

815-30 

(10)22474*44 

[37888*59] 

1777*90 

(1) 39666*49 

814-42 

(2) 40480*91 

[43801*1.3] 

1777-74 

[45578*87] 

818-18 

[46397*05] 
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The second set is near the end of the observed region, and the fainter D, line is 
extrapolated by the normal i/„ this will introduce a small possible error. The third set 
is wholly outside the observed region and was obtained by sounding. The data are 
as follows, the lines used being regarded as linked by e to the first triplet 36487, .... 


[43801*13] 

d\. 

[46578*87] 

dk [46397*06] 


(1) 36487 •0.3.C 

*00 

(In) 38264 *77.e 

*00 (1) .39082 -ge.e 

*00 

(1) 29175*18e.e(8,) 

*00 

(1) .30949 *88.2« 

*08 (<1) .31768 *9.3.2(’ 

- *01 

(1) 39372*71.r 

- *02 

(1) 41156 * 14 r (28.) 

*03 (<1) 34659 *40.6.1; (28,) 

- *07 

(1) 39666* 49 .« 

*09 

(1) 3.3841 •74.c.»(28j)* 

*12 


(3) 32361*67.e.M(-8i) 

*10 

(1) 34126 •78.e.M(- 28,)*- 

*12 


(<1) 24749*36.e.e(S,).»(8,) 

- *04 

(1) 26814 •18.2e.M^28,) 

•03 


The formula obtained from these is 



n = 

51045*37-N/|m-|-*898460- 

*0225041* 



This was tested to m = 13, with good agreement with the exception of m = 4. 
All are in the ultra-violet and require sounding. As the evidence of the efficacy of 
sounding already adduced may be regarded as convincing, there is no advantage in 
giving further details of the results, especially as no aflditional conclusions are based 
on this formula. 

XF . — We are to look for parallel F sets with the same separations as those of the 
D satellites. Starting with the triplet 19880 as an undoubted I) satellite triplet it 
was then attempted to determine the otheis, by picking out those lines of larger 
wave-length whose mantiasiB differed from that of 19880 by oun multiples. The data 
are contained implicitly in the list on p. 407, independently of the form into which the 
mantissas are there thrown. It is clear that the. above condition is satisfied by all 
those which show unsatisfied remainders of the same magnitude as that of 19880 — i.e., 
66 — within (^rror limits of, say, ±6. The selected lines were 19880, 20021, 20041, 
20312, 20500, 20559. We have shown above that the second, third, fifth and sixth 
of these satisfy the capability test for — 3(J, displacements on the limits, and have also 
found some evidence that 20312 also belongs to this set, although perhaps with a 
somewhat excessive observation error. It has also appeared that 19880 cannot 
belong to this set, but it has so happened that the satellite separations from it reproduce 
themselves in the F series sufficiently well as to serve for identification. We shall, 
therefore, use this allocation. The selected lines give separations from 19880 
respectively of 140*94, 161*01, 431*98, 619*41, 679*36, In these 19880 was treated as 
if it were a fifth satellite to 20559 and the notation adopted of Fg, ... Fj series. Such 
series were found, and in what follows I shall chiefly confine consideration to them 
leaving aside for the present purpose, with one or two exceptions, the very numerous 
other groups which exist. It would not be advisable to suggest a definite notation 

* Parallel inequality. 
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for these groups until the whole system of D and F series is placed on a secure and 
comprehensive foundation. The above notation, thei’efore, is only to be regarded as 
one which in this communication serves to identify certain of those groups here more 
specially discussed. 

The material was treated by the same method as in Kr, and search made for the 
above separations in the region whei-e F (2) lines should be expected. From the lines 
thus obtained the actual F lines were sought for, bearing in mind the large sequence 
displacements so common in the low orders. In oidy three cases — those for F^, 3, « — 
were suitable tindisplaced lines found for m = 2, and of these only Fj, Fg gave 
observed lines for m = 3. They were — separations from Fg — 


m. 

2 . 

3. 

5. 


F«. 

(h) 18H12-.5.5 
(J) 24253-30 
(2) 28108-52 


F». 

432*46 (8) 18380-00 

432-49 (<1) 23820-81 

432-00 (1) 127070-52 


F.J. 

619*82 (1) 18192-73 


For m = 4, F;, showed no undisplaced line, but in good position for m — 5 there were 
lines for Fg, F3. From the three lines for F;, the following formula was found 


30740 - 1 7 + ^- + -980181- 022^- ~ 


We can at once apply two tests to this as to ftdfilling the conditions for F series. 
The limit 30740 must b(> a d-sequent, /.c., must differ by oun multiple displacement 
from some other known d-sequent, and the first y’-sequent must depend directly on a 
multiple of We already have a very accurate d-sequent found as the limit of the 
1864 series, viz., 30725-30 + ^. On this a displacement produces a change of 4-97 
so that — 3<J, produces 30725-30 + ^' + 3 x 4-97 = 30740-21 +^', and this condition is 
accurately satisfied by ^, = ^'+-(>4 where belongs to the present case. For the 
second test the mautissji of y'(2) is 

978810-121^, = 89(10997-93-1-30^,) = 89 (Aa--27--30^i-.'r) 

which again is seen to satisfy the test exactly. The satisfaction of these two conditions 
must give full confidence as to the correctne.ss of the allocation of the F;, lines. 

From this fornnda lines were calcidated from m = 4 to 27 and the other sets 
allocated by their corresponding sepjirations. They are not reproduced here, however, 
beyond m =15, partly becaiise they are oidy of importance in a systematic 
arrangement of the X spectrum, and partly because the lines to be identified are 
so close that it IxiComes a matter of extreme difficulty to allocate them correctly. For 
instance, the calcidated values of F.^ (14) and F, (15) are 30064-38 and 64-16; of 
F4(l2)and F3(l6) are 30360-47 and 60-29 with many other examples. With the 
high orders successive lines become close, and with the large number of separate 
series involved the observed spectrum should be expected to be crowded, as indeed 
in this region it is. 
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The results are given in the annexed table, with notes up to w = 7. Numbers in 
brackets refer to values obtained — when none have been directly obsi^rved — by 
connection with linkages or displacement. It may be recalled that a link from an 
observed line to an expected but unseen one leads to the inference that the 
unobserved really exists, whereas a displaced line, when the displacement is on the 
limit, gives evidence only for the value of the sequent f{m), and when the displace- 
ment is on the /-sequent, is evidence to that effect alone. 

The true F;,(c») Is 30740‘17 + ^ where ^ is small. The other limits will depend on 
oun displacements from this. Estimated from 20312 — the source of E;,(qo) — these 
displacements, expressed as multiples of are —21^, —14^, —13^, 12^. Their 

values can, therefore, be calculated with exactness relatively to F.., ( oo ), I’liey are 


El. 

Fa. 

Fj. 

F 4 . 

Fs. 

F,. 

1493- 11 + 1-0121 

30652- 13+ 1-01^ 

30740- 17 +^ 

31010-41+ -99^ 

31030-6S+ -98^ 

31172-24 + -98f 

4-910 

4-927 

4-964 

5-030 

5-043 

5-090 


.'59-02 247-06 517-30 537 -47 679- 13 


The numbers Ixdow the limits give respectively the changes produced in them by 
the displacenjent of one oun. The numbers in the last line give the calculated 
accurate separations of the corresponding F lines from F,. 

For the first order, m = 2, considerable displacements an; to be; expected. Only 
nox’mal lines for Fjj, .i, e are observed. The set {b) 189!)8’40, (3) 19515’81, (7) 19676’25 
give close normal stfparations 5 1 7*4 1, G77'85. Now the limit of F, is 30493'n and 
the denominator of 18998 calculated from, this is 3’088906 — 134'3^, or a mantissa 
= 1088906-134-3^-1-24/) = 99 (10998-14- 1-35^+ -24/)) = 99A,. The normal /(2) 
sequent is 89A2. There is, therefore, a displacement of lOA^ in the sequetjce term. 
Further the defect in the separation 677-85 from the normal is r28 whilst a 
displacement on the sequent produces Til. The lines in question, therefore, are 
F, (2) (lOA,), F/2) (lOA,), F«(2) {lOA-S,). 

To find a representative for Fj we may test (l) 18332-41, 290*35, (3) 18622-76 and 
(l) 18018-31, 289*60, (6) 18307 91 in which the separations refer to that of F.„ Ff,, 
vix., 290-40. The mantissoe difference for the first set is 5740, and the nearest oun 
multiple 9^^ = 5804 is outside error limits. That of the second is 42758 and 
4 A 2 — 25 = 705 = 42770. An observation error of d\ = -03 would make this exact. The 
lines in question may therefore be Fj (2) (705), F 5 ( 2 ) (705). So also it may be shown 
that 18466-47 is Fij(2) (- 2 A 2 ). 

With the F difference-series occur also the P summation type. As their existence 
is a new fact of great importance the evidence available up to m = 10 is given. The 
results are embodied with those of F in the table. 
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Table of the F,.P, Lines 



n = 1. 

V2. 

n = 2. 

Fa. 

» = 3. 

Limit 

.30493*11 

59*02 

30552 13 

247*06 

30740*17 

in. 

2 

[18133*42] 
93*63 
(428.13*85) 
(In) 268 l.M 
(6) 5262 \ 

18998*40 J 

69*31 

57*68 

(1) 6496 
18192*73 
52*13 
(42911*53) 
(8,)(1) 2808.e 

246*67 

247*91 

(8) 6439 
18380*09 

40*92 

(43101*76)1 
(<1) 3187.e.n 

a 

(3) 4240 

23576 • 1 1 
92*72 
37409 .33 
(3) 2672*35 

59*21 

59*01 

».(.3) 3662 
(23636 .32) 
51*83 
37468 *.34 
(3) 2668 *14 

244*70 

251*29 

(<1) 4196 
23820*81 
40*74 
(37660*62) 
(-38i)(l) 2655*67 

4 

(2n) 4617.» 
(26078*04) 
92*12 
34906*21 
(<1) 2864 

59*25 

67 98 

(-28,)(1) 3826 

(261.37*29) 
60*74 
(34964*19) 
(38,) (1) 2858 

247*86 

247*92 

».(3) 3250 
(26325*90) 
40*01 
(35154*13) 
(-28,) (3) 2844 

5 

(2) 3644 
27430*33 

91 83 
.33553 -.33 
(6) 2979 

58 49 

60 86 

(-8,) (2) .3636 

(27488*82) 

51*50 

(3.3614*19) 

(8,) (3) 2973 

246*19 

251*18 

(1)3612 
27676*52 
•40*51 
(33804*51) 
(-8,) (5) 2957 

G 

(1) 4197.» 
(28242*73) 
94*09 
(32746*46) 

(1) 3630*40.t) 

58*23 

59*26 

(8,) 3531*93 
(28300*96) 

52 49 

(32804*72) ' 
(-8,) (In) 3047 

247*06 

246 90 

(1) 3509 
28489*79 
41*07 
(32992*35) 

( - 8) (In) 3031 

7 

(1) 3474 
28773*67 
93*06 
(32212*45) 

58*57 

69*96 

(5) 3467 
28832*24 

52 33 

(32272 *41)t 
(-28,)(1) 3098 

245*65 

247*29 

(1) 3445 
29019*32 

39 53 
32459*74 
(4) 3079 

i 1 






* Fc(7) and F2(9) are coincident. 


DR. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES. 


415 


from w = 1 to n = 6. 


»'3. 

w = 4. 


71 = 5. 

^6- 

n = 6. 

617*30 

31010*41 

537*47 

31030*58 

679*13 

31172*24 






(8) 5314 *15 





679*13 

18812*55 






.72 34 

617*86 

(4.3371*71) 

536 27 

(4.3.390* 12) 

678*29 

(4.35.32*14) 


(4) 277 ±e 


(In) 2.546.W 


(8,)(<1) 2759.e 


(3) 5122 \ 




(7) 5080 \ 

517*41 

19515*81/ 



677*85 

19676*25/ 


(1) 5008.7t 


(.5) 4145 


(1) 4122 

516*71 

(24092*82) 

637*71 

2411.3*82 

677*19 

242.5.3 .30 


10*58 


31*52 


71*22 

519*02 

.37928-35 

538*89 

.37949*22 

679*81 

.*18089*14 


(1) *2635 


(.3) 26.34 


(1) 2624 


«.(5) .3253 


(1) 37.56 


(1) 3736 

617*36 

(26595 * .39) 

537*59 

26615*6.3 

680*03 

267.58*07 


08 22 




72*37 

515*84 

.3.5421*05 


’■ 

680*47 

.•1.5.586*08 


(1) 2822 

j 



(.3) 2809 


(5) 3576 


(1) .3574 


(2) .3.556 

519*81 

279.50*14 

637 32 

27967 * 65 

678*19 

2.S108-52 


10*60 


30 57 


72*33 

517 53 

(.34070*86) 

540*17 

34093 *.50 

682*82 

.34*2.16*15 


(36i) (4) 2932*72 


(3) 29.32*27 


(3) 2920 


(3,)(1) 3475 


(<D0 4056.« 


(<1) 40:i.*l.tt 

617*56 

(28760*28) 

537*14 

(28779*87) 

678 89 

(28921*62) 


10*33 


30 41 


71*78 

614*93 

(33260 .39) 

635*50 

.33380*96 

676 36 

(3.3421*95) 


(28,) (1) 3004*81 


(2) 2994 


(6i)(l) 2990*74 


(In) .3413 


(28j)(<ln) 3409 


( - 8,) (2) .3.394 

514*91 

29288*58 

536*94 

(29310*61) 

678 95 

(29452*62)* 


10*79 


30 34 


72*48 

620*66 

(32733*01) 

537*63 

(32750*08) 

679*90 

(.32892 *.3.5) 


(-8,) (4) 3054 


(-28i)(2) 3494.W 


(8)(1) 30,37 


- 1 





t Coincident values. 




O r 
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Table of the F,.P, Lines 



» » 1. 


, n-2. 


n 3. 

m. 

8 

(In) 8998.U 
29134*58 
93*83 
(31861*09) 
(-S,)(l)3139t 

68*74 

69*46 

(1) 4669.e 
29193*30 
51*92 
31910*56 
(1) 3132 

246*56 

247-11 

«.(2) 3070.tt 
29381*12 
39*66 
32098*20 
(4) 3114 

9 

(23]) (1) 3400 


(-8,) (2) 3394 


e.(8i) 3046.tt 


(29393*36) 

69*16 

(29462*60)* 

247*68 

(29640*93) 


93*82 


61*90 


41*04 


31692*28 

69*01 

(31661*29) 

248*87 

(31841*16) 


(1) 3164*43 


(8,) (4) 3632.tt 


8,(1)3139] 

j 

10 

(2) 3379 


(3) 3918.tt 


1 

(8,) (In) 3350 * 


29684*48 

60*21 

(29644*69) 

248*12 

(29832*60) 


92*68 


62*20 


40*44 


(31400*68) 

69 04 

(31459*72) 

247 61 

( 31648 - 29 ) 


(-2«i) (3) 3184*74 


(8,) (2) 3177 


(-28,) (2) 3160 

i 

11 

(1) 3362 


(1) 3942.® 


1 

(8) (6) 3332** 


29727*88 

69*41 

- (29786*96) 

247*36 

(29974*93) 

12 

(3) 3349 


®.(5) 2912 


®.(<1) 2896 


29843*17 

68-88 

(29902*05) 

246*94 

(30090*11) 

13 

(1) 3339 


(6) 3332 


(<1) 3312 

F(2A,) 

29934*65 ' 

60*16 

29994*81 

247*01 

30181*66 ! 

or 

(8,)(1) 3339 *37 


(-28i)(l) 3334 


(-28,) (In) 3313 i 


29932*42 

69*67 

29991*99 

247*34 

30179*76 

14 

(6) 3331 




(28,) (2) 3303 


30005*34 


[.30064*38] 

247*17 

30252*51 

15 


m 

(1) 3318tt 


(<1) 3298 


[30064*16] 

B 

30123*20 

248*14 

30312*30 


* F«(7) and F} (9) are eoineident. 
t Coincident values. 

I May be either. 

§ Coincident with ( - 23|) Fi (12) of 1864 series. 
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from n = 1 to n = 6 (continued). 


Vj. 

n » 4s 

^5. 

* « 6. 


n ■> 6. 

517-87 

516-92 

[29661-93] 
09-97 
(32368-01) 
(-8i)(l) 3089 

536- 65 

537- 09 

[29671-21] 
29-70 
(32388-18) 
(80(3) 3537.U 

677-80 

689-72 

(-28,)(1) 3364 

(29812-36) 

f71-68 

(32680-81) 

(-8i)(4)3073 

516-71 

518-30 

».(<!) 2911-38 
(29910-06) 
10-32 
(32110-58) 
(8i)(3)3112 

537- 23 

538- 45 

(280(2) 3339 -00 
(29930-68) 
30-65 
(32130-73) 
(-380(3)3112 

679- 52 

680- 55 

«.(<!) 2922-62 
(30072-87) 
72-87 

(32272 -83)t 
(-28i)(l) 3098 

* 

516-70 

519 -03 

(2Si)(6) 3322§ 
(30101-18) 
10-90 
(.31920-61) 

(- 2 Si)(l) 3132 ir 

538-72 

637-00 

(1) 33181 
30123-20 

30-44 

(31937-68) 

(2) 3595.tt 

678-20 

680-16 

(2) 33031 
30262-68 
71-76 
(32080-84) 
(8i)(l) 3614.e 

516-61 

(-8j)(4) 3306 

(30244-19) 

535-10 

(2) 3303tt 
30262-68 

677-17 

(6) 3288 
30404-76 

517-78 

0.(2) 2873 
(30360-90) 

539-32 

(<1) 3290 
30382-49 

678-26 

(-8i)(3) 3276 

(30621-43) 

516-79 

516-98 

(380(1) 3281 

(30461-44) 

(- 80 (<1«) 3283 

30449-40 

538-38 

538-01 

(4) 3280 -66 
80473-03 
(<1) 3280-94 
30470-43 

678-54 

678-89 

t;.(8i)(2n) 2852 

30613-19 
(28i)(4) 3264 

30611-31 


[30622-68] 

538-53 

(3) 3273 
30643-87 

679-30 

(1) 3268 
30684-64 

517-33 

(-80 (<1) 3269 

(30681-49) 

587-17 

(8) (4) 3264 
(30601-33) 

677-56 

(28i)(3) 3250 

30743-72 


I Fe(lO) and F 5 (ll) are coincident. 
IT This line is F, (8). 

** 3332 is Fj (13). 

ft Ft (10) and Ft(15) coincident. 

8 L 2 
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In this table under each order the first line gives the wave-length of the observed 
line to the last Angstrom, its intensity, and, where necessary, the displacement or 
linkage to be applied. The second line gives the wave-numbers of the F lines and the 
thick type the separations from the F, line adopted. Up to wi = 10 the fourth line 
gives in the same way the wave-numbers of the P lines and the fifth the corresponding 
wave-lengtha In the third line the numbers give the mean limit i(F+P), but only 
the last four significant figures are entered, the complete calculated values being given 
at the head of the table. 

Notes to Table.—m «= 2 . For Fa in addition to that given there are ( - 28) ( 1 ) 38632 ’72.v = 43101 '20, 
(38,) ( 1 ) 38687*71.t) = 01-63, ( 8 ) ( 1 ) 38988-33.tt = 01-27, ( 8 ,) (< 1 ) 38973-69.M = 0171. 

m = 3. The linked Fg agrees with (38,) (2) 23660- 79 = ...36-79. The linked F 4 with (38,) ( 1 ) 24077-41 
and ( - 68 ,) ( 1 ) 24062 - 12 both of which give the same value ...92-30. * 

«* - 4. The linked F, agrees with (- 68 ,) (1)26048 "86 =...78-32. For Fj, (28,) (1)261 47 -89 =...38-06 
is closer to the calculated value ...37-96. F 4 hasslinkv = 4428-62. ForF 0 ,(- 28 ,) ( 3 ) 26744-64 =...64-72 
is only -26 greater than the calculated value. Most of the observed lines of this order are one 
or two units larger than the calculated. P* is also given by (38,) (<l)-37675-75 = 60-66. For 
F 4 , (- 8 ,) ( 2 ) 35417 16 = ...22- 19 gives separation correct. For P« (- 8 ,) (I) 36680-98 = ...86-07^vo8 
much closer separation. 

nt = 8 . For Fj, (28,) 27498-89 =...88-03. ForF4,e..36261-18 - 27947 ISand (38,) 27963-69 = ...48-50 
both give better separations. Fs shows a series ineqviality with - (u + 3 • 28) and a - 2 - 93. For Fo also 
( 8 ,) 28113-68 = ...08-49 and ( 8 ) 28133-98 = ...13-62. P, is a strong observed line which makes the 
mean limit . . .91 - 83 too small and some of the other separations too large. ( - 28,) 33644 * 66 = . . .64 - 37 or 
(- 68 ,) 33630-96 = ...66-60 are better. The latter makes mean limit .. 92-92 practically exact, and the 
separations 58-70, 249*00, 538, 680*65 all much improved. 

m = 6 . All the F are in good agreement with the calculated except for Fj. For this 
«.35617'10 = 28303*00, but too large. Also 28336*60, 28306*20 differ by 30*40 and 68 , gives 29-68. 
Near P, 32727-98, 32762*39 differ by 34*41 and 78, gives 34*37. 

- 38 , on the. first or 8 on the second give 32742*71 a better line for P as it makes the limit 
sum = 92*77 and gives better separations with Fs, 4 . 5 . There are qjearly two sets with probable displace- 
ment in the / sequent. With the P, in the table would go better (- 68 ,) 33232-22 = ...62-39 for P 4 
and ( - 8 ,) 33378 - 17 = . . .83 - 21 for Ps. The linked P« agrees with ( 8 ,) 33427 - 04 = ... 21 - 96. 

f» = 7. This presents several interesting points bearing on general theory. We may consider Fs as 
correctly allocated since it differs only - 55 (db. = • 06) from the value calculated from the formula, but it 
is coincident with F, (7) of the 1864 series. Judging from the separations which are too small (except Fo) 
the observed F, is from 1 to 2 too large. This F = 28773*67 would seem to give some insight into the 
conneetion between sequent displacements and concomitant limit displacements or linkage attachments. 
Thus this line has relations with displaced limits with the two lines 28788*83 = (- 38 ,) F-f *43 and 
28733*40 = (28) F- - 99 very close, but scarcely sufficiently so to exclude the probability of small sequent 
displacements. Further, it is linked fomi-ards and backwards with all the three links e u.v as shown in the 
following scheme on the left. The 24638, 32912 form with F, an exact series inequality. Now a series 
inequality indicates that in the successive lines each is displaced from the preceding by the same amount, 
in this case about 168,. The whole set may then be arranged as indicated in the right-hand scheme 
where X = 28771*80 = 28778*67 {~h) and k denotes the displacement (1 158,). The k may be the same 
for the different links within observation errors,*^ but probably not. If we take X as normal F, the other 

* To make exact it would require the following;— 78 gives 1*84; 48,1*06; 88 , 2 * 10 ; 98,2*36; 38, -79. 
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•eparations beoomi) normal also, bnt as tiiey stand Fi and F give the tme limit. In other words 
tb^y have the same sequent, or the sequent is modified in the same way for hath. The normal Fi should 
he as much greater as the normal Fi is smaller, and we do find such indications. The value given for Fi 
was found as the mean of two observed lines 32211*10 and 32213*80, supposed as ± displacements from 
the true line. If 32213*80 be taken as normal Fi it gives as mean limit with X ...92*80. The whole set 
of F and F in this order afibrds good illustrations of the remarks on p as to the general properties 
of these series. All the F lines show link connections. Thus F2, -(«- *1), w - *1 ; Fs, +«- *73* 
F4, -(«- *.32), «-2*33, V- *9 j Fj, +« + l*7 ; F* +«+ *2. 

21466, 21462 
e- *29±2*38 

24638 32912 

u + l*87 11 + 1*86 

Fi 

▼ -*70 ▼+2*06 

24346 33203 

e-44*0 
36083 

% 

In the preceding table the wave-numbers where deduced are entered as depending 
on one given line. But in nearly all cases these are substantiated also by links or 
other displaced limit lines. Although in an exhaustive treatment of the spectrum all 
these must be considered, this is not requii*ed for the illustration of general theory, 
and the notes do not go beyond m — 7. The number of the associated lines is 
remarkable. The proof of the existence of these lines depending on other d sequents 
as limits is so important, as a matter of general theory, that a large number have been 
adduced up to m = 7. To go beyond would be to overload the present communication 
with detail. The prevalence of the u.v. links over e may be noted in the F series. 

In dealing with the 1864 series the mean of the common F and F limits for different 
orders was treated as giving the true value within a very small possible error of 
about ^ = *3. It may be interesting to see how in the present cases the corresponding 
averages deviate from the values which have been established on the 1864 basis. 
The mean values found from the tables and expressed in terms of differences from the 
adopted ones are '26, '24, —'33, '06, '05, '15 and justify the supposition of the small 
limit of error in The mean separations as found from the same 10 F lines deviate 
from the correct values by '02, '86, '05, '06, '11. Tlie large deviation '86 is due 
chiefly to the uncertainty of the displacement in Fg (3). 

The preceding discussion is sufficient to show the excessive number and 
complication of the lines belonging to the F systems in this neighbourhood and that 
the complete problem has only been touched upon. As however the allocation of the 
extrapolated lines 16013 and 16044 as extreme satellites of D series based respectively 
on D(<») = S(<») and ( — 3^i) S ( 00 ) is important, it will be well to consider shortly 
if corresponding F series can be indicated. The two lines referred to give the same 
d sequence, depending on a denominator I+ 7 OA 2 . This makes d(l)= d5012'30. 


e.X, 6.x (2i) 

W.X X{2k)M 

K{k) 

v.X{k) X(2k).v 

X(-k).e 
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Taking this as F ( oo) and using the f{m) sequences as given by the formula (p. 412) 
it is possible to calculate the positions of the lines in question. The results are given 
down to m = 8. 


m. 

F. 

36012-30. 

F. 

Calculated. 

Observed. 

Observed. | 

1 

Calculated. 

2 

22662-26 

...(3) 62-88 

11-98 

(...71-08) ! 

47372-34 

3 

28092-94 

(...93-64) 

11-86 

(...30-16) j 

41931-66 

4 

30594-43 

...(1) 95-63 

13-60 

(...31-36) 1 

39430-17 

5 

31948-38 

(...47-00) 

12-02 

(...77-06) 1 

38076-22 

6 

i 32763-63 

...(1) 62-39 

12-76 

...(!«) 63-13 1 

37260-97 

7 

32292-00 

(...92-05) 

12-14 

(.. 32-23) ! 

36732-00 

8 

33663-80 

...(3)53-04 



36370-80 


[Note . — Si displacement on F ( oo) gives a change 6-045.] 


2. F requires sounding. (2) 35923 'SO.c.® = 47371-08. 

3. (-58i) (3) 28063-32 = ...93-.54; F requires sounding. (Si) (1) 37508-25.V = 41930-21. 

4. (-28i) (2) .39419-27 = ...31-36. 

5. (-28i) (27t) 319.34-91 = ...47-00; (28i) (1) 38089-14 = ...77-05. 

6. For P. (Irt) 37263-13; also (-68,) (<1) 37226-34 - ...62-88, or the same. 

7. v.(l) 37720-05 = ...92-05; also (-38,) (4) .3.3274-11 = ...92-24; (2) 32304-23.® = 36732-23. 

The mean limit is 350 12 '37. The set form an additional test that the extrapolated 
lines 16013 really exist. It is curious to note that the even orders of F only show 
directly observed lines, whilst the odd show displaced limit lines. Tlie F lines are far 
to the violet end and come into the observed region only when weakened by high 
order. The F lines are all linked to lines of higher frequency by the 1864 link, also for 
m 5= 4, 6 to lines of lower frequency. The same tendency is shown in P to lower 
frequency, any such to higher frequency lead to unobserved regions. This fact is 
important as showing that at least here the 1864 separation enters in the link 
relation, and not as a direct displacement on the limit. 

To the F 3 (oo) limit corresponds a 1864 triplet series parallel to that originally 
considered. I have l)een able to follow it up in the same way as the foregoing aa far 
as m = 26 at least. It accentuates the evidence for the displaced sets but as that is 
sufficiently supported by the results already discussed it would seem unnecessary to 
overburden the present communication with additional detail. Whenever the actual 
relations of the various displaced lines to one another are the subject of discussion 
these details will be of the first importance. A knowledge of these relations should 
be expected to throw a flood of light on the constitution of spectra, but this new 
question camiot be taken up here. It may be noted, however, that the first F and P 
lines of the triplets up to m = 10 are given in the table under Fa. 
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Bitz Combinations. — ^The results obtained enable us to test for additional series, 
associated with the name of Rrrz who first pointed out their existence. They are 
represented by the expressions n = P (l)— /(m), and s{l)—/{m). Here P (l) = S ( oo) 
= 51025*30 and/(w) is given by the formula on (p. 412). s(l)=P(oo) = 93178*69 
and should give a parallel series 42153*39 ahead, and therefore in the extreme ultra- 
violet. The results are for the sets Pj, Pa, Pa. 


in. 

Calc. Pi ~f (m ) . dk. 


Observed. 


2. 

38665*21 - 07 

(1) 38666*56 1784*06 

(2) 40450*62 806*91 

(1) 41257*53 

3. 

44105*93 *18 

(44102*34) 1783-08 

(45885*42) 815*66 

(46701*08) 

4. 

46607*42 *03 

(46606*52) 1784*28 

(48390*80) 807-29 

(49198*09) 

5. 

47961*81 *06 

(47960*42) 1777-90 

+ 813-68 

(50552*00) 


Notes.—m = 2. 1784*06 + 806*91 = 1777*90+813*07 

m = 3. There is some ambiguity as to F., (3), which gives the calculated value. 
The deduced ultra-violet lines are from the observed triplet by the e link. 

(7) 36788*24 1783-08 (2) 38571*32 805-66 (l) 39386*98. 

Also 

c + t) + (l) ,32362*98 1777*90 (<1) 34140*88 give 44105*08, 45882*98. 

w + (2) 39969*62 = 44102*8 with the »/„ v.^ lines in the ultra-violet, but an extm 
V sounder gives u+v + (2) 37320*68 813*93 (l) 38134*61 = 45881*86, 46695*79, 

the former being 1779*06 ahead of 44102*80. 

m = 4. e + (l) 39292*42 1784*28 (1) 41076*70 = 46606*52, 48390*80 with 

2e+(4) 34569*89 = 49198*09 which is 1777*90 + 813*67 above 40606. 

m = 5. 2e+(2tt) 33332*22 1779-90 +813-68 , (2) 35923*80 = 47960*42, 50552*00 ; 

also c+w + (l) 38292*32 815*34 (1) 39107*56 = 49739*60, 50554*94; the former 
being 1777*79 above the calculated first line of 47961*81. 

The Value of the Xenon Oun. — In the case of xenon the triplet disturbance appears 
to be small. The result has been obtained that Aj = 24893 = 40f5 and Aj = 10999 
= 185, giving respectively for 5 the values 610*87, 611*05 or 610*94 from Aj + Aj. In 
the preceding 611 has been adopted for 5 which is sufiiciently close except where 
very large multiples of 5 are in question. To obtain more accurate values of As 
recourse must be had to the F and D sequences. Incidentally they have already been 
touched upon, but we are now in a position by a discussion of the whole material to 
attain a greater exactness. 

Xenon, as has been seen, shows numbers of parallel displaced groups of D and F 
series, each of which gives data for the determination of Aa- Unfortunately those 
lines which might be expected to give the most accurate values are in the ultra-red 
beyond the observed region, and the process of extrapolation by the vi separation, or 
by links, leaves a considerable margin of uncertainty owing to the 1780 modification 
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of vu and the well established, but not yet thoroughly understood, modifications of the 
e links, although in X this latter is not so marked as in Ag and Au. The material at 
disposal is — 

From the D Series. 

1. [16018-45] = 17791-35-1/1 = 51025-29+^-d(l + 70Aa) . . . (p. 404), 

2. [16044-24] = 17829-41-1/1-1/, = (-S^i) 51025-29 + £-d(l+70Aa) (p. 409), 

3. 19602 66 = 51025-29 + ^-d(l + 79Aa-5) (p. 403), 

4. [19623-05] = 21400-95-1/, = „ -d(l + 79A3) . (p. 403), 

5. 19942*53 = (d) ( „ )-d(l + 80A2-^,) (p. 396), 

6. 19989*72 = ( „ )-d(H-80Aa) . (p. 396), 

' 7. 20021*66 =(-3<li)( „ )-d(l+80A2) . (p. 396). 

From the F Series. 

a. [3010*35] = 17638-55-2e = 30725*26 + ^-/(1 +90A,) . . . (p. 388), 

9. 18380-09 = Fa (2) = 30740-17+^,-/(2 + 89Aa) . . . (p. 412), 

10. 30725*26 + ^ = d (l) sequent. 

The relations between the have been already determined. 1*015^'+ *03 

+ -2g' from the fact that (lO) and the sequents of (O) are both d sequents (p. 407). 
Here q is the proportion of maximum error in (6). The *03 may be supposed merged 
in this and 1*015^'. Also ^i = ^'+*04 from the fact that (lO) and 30740*17 + ^1 
are both d sequences (p. 412). Within the accuracy attainable for our present 
purpose we may treat the ^’s as all equal. This was certainly not to be expected, 
for the limit S ( » ), obtained by formula constants from S lines, is in general 
uncertain to a few units, whilst the ^i and depending on limits found from 

(F and F) should be very small. 

The mantissse conditions of the above give (d\ = 04/?) 

*1. 769890+ 2*5/?, -25 -27^= 70 A, A2= 10998-43- -36^+ *036/?, 

*2. 769867+ 2*5/?, -25*27^ = 70A, = 10998-10- *36^+ -036/?, 

3. 868240+ 4*6/?;, -29*73^ = 79A3-^ = 10998-16- -37^+-06/?3 

*4. 868846+ 5*5^4 -29*75^ = 79 A, = 10998 05- -37^+-07/?4 

5. 879711+ 4-8/)5 -30*29^= 80A2-5i = 10998 29- -37^+ -Oe/?^} 

6. 879853+ 4-8p« -30-29^= 80Aa = 10998*16- *37^+*06/)« 

7. 879855+ 4*8/?, -30*29^ = 80A, = 10998*18- *37^+*06jc), 

*8. 989285+ 35dn -35*4£ = 90A2-«1 = 10998*84- *39^+*41dn 

9. 978842+16*4/), -120^ = 89Aa = 10998*22-1*35^+18/), 

10.889326+ -30*28^= 80Aa+ 15^5 = 10998*19- *37^ 
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leaving out for the moment the extrapolated lines, indicated by *, and weighting No. 9 
with three times the possible error of the others, the mean value of Aa = 10998'198 
— ’37^, the same as from No. 10 alone which is exact. They all, with the exception of 
No. 5, satisfy this within observation errors < = *04. No. 5 requires that the 

observation error shall be *06 A and the true wave-number 19942*47 in place of... 2*53. 
With this the vi separation = 1775*69 and is brought into practically the exact (5) i', 
value (see p. 396) required, which is 1775*76. The outstanding *07 {d\ — *017) would 
be attached to the strong second line of the doublet (10) 21717. This is in very 
striking support of the general argument. We have already seen good grounds for 
putting ^ a small fraction of the order *25. To determine it with greater exactness 
a corresponding mantissa differing from the above by considerable multiples is 
necessary : e.g. with mantissa of order *5 the coefficient of ^ is 15*4^. The differences 
equated to Aj, multiples would then give an equation to find f in which the error 
term would have little effect. We get this different f coefficient in No. 9, but it is 
due to an order 2 in which the effect of an error is multiplied to the same extent. 
The extrapolated lines do not help us as their limits of error are too large. On the 
contrary the argument enables us to determine their values more correctly : e.g. in 
No. (2) the error is dependent as the line 21400 from which the line is extrapolated. 
To make the multiple correct requires p = 2*7, dn= *42. This reduces the observed 
1 / 2 = 809*53 to 809*11. It is supposed modified by a shift on the sequent which 
here produces a change of 6*3 pointing to an original 1/2 = 809*11-1-6*03 = 815*14, 
practically exact. Applying the method to Nos. 3, 9 gives 

*98f = *06 -I- *18^?3- *06^3 

^ = -06 -f 'ISps- *062>3 = 06 + *24 

with 

Aa= 10998*14-*064j52-|-*043p3= 10998*14±*10 

But the preferable choice is to use the fact that (lO) is the limit to (9), the same 
value of ^ must enter, and the result depends only on the observation error. 

The result is now 

*98^= *03-h*18p9, ^= *03-t-*18p„ Aa = 10998*187- *06i>9. 

Thus with maximum error d\ = *04 maximum uncertainty in Aa is ±*06, but the 
line (9) is a good one for measures and the probable eiTor will not exceed *02. 
Hence as the definitive value Aa = 10998*18 is probably within *03 and certainly withip 
*06. Hence 

As = 10998*1871*03, S = 611*01041*0017, 

value of S obtained from the vi displacement = 6.10*87-1- *76ci?:/i— *04^, to make 
these the same requires di>i = *19, = 1778*09. This is possible though not probable. 

We cannot say defi^nitely here therefore as in JCr that the triplet modification produces 
VOL. CCXX.— A. 3 ^ 
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a slight difference in the deduced S. Here the difference '14 would correspond to a 
difference in mass of 27 electrons. 

Radium Emanation , — ^The emanation does not apparently produce the two 
spectra exhibited by Kr and X. The measurements in the spectrum are very scanty 
compared with those in the latter. We have early rough determinations by Ramsay 
and associates.* More accurate and complete by Ruthebford and RoYDf, and later 
by Watson.J In order to diminish the absorption by the electrodes Ramsay also 
used copper instead of Pt electrodes and found a number of new lines, the majority of 
which have not been seen by succeeding observers. They have generally been 
explained as due to contamination by xenon as they lie close to X lines within their 
errors of observation. At fii-st sight this explanation would seem to be very nattiral, 
but Ramsay was confident that there was no such contamination. T am inclined to 
suspect that the opinion that these lines belong to X is too hasty. As is well known 
Baly found quite a large number of lines in Kr and X coincident within his 
observation errors, which indeed were much smaller than those in any measures yet 
made in RaEitt. Now as a fact those suspected lines of Ramsay and Cameron’s 
are also very close to these Kr lines. A strong argument also is this. There are a 
number of strong lines undoubtedly belonging to the RaEm spectrum, and observed 
by l)oth Rutherford and Royd and by Watson, which are also near strong X lines, 
yet separated so far from them, that if Ramsay an*d Cameron had had X in their 
tube they must have seen them and RaEm lines as double, one due to X and 
the other to RaEm. Compare for instance the following lines: — ’ 



RaEm. 


X. 

Kr. 

C. and 11. 

li, and B. 

j 

; w. 

1 

(5) 4681 

(10) 4680-92 

(9) 4681-01 

(5) 4683-76 

(4) 4680-57 

(10) 4626 -.6 

(8) 4625-58 

(10) 4625-66 

(15) 4624-46 

(10) 460.5 

(4) 4604- 46 

1 (8) 4604 -.58 

(10) 4603-21 
(6) 4577-36 


(.3) 4.578-, 5 

(7) 4577-77 

1 (8) 4.578-0 

(6) 4577-40 

(8) 4463 -.5 

(7) 44.59-3 

i (10) 4460-0 

(20) 4462-38 

(1) 4463-88 

(;)) 4189 

(4) 4187-97 

(5)4188-2 

(10) 4193-26 

(6) 4114 

(6) 4114-62 

(6)4114-71 

(7) 4116-25 

(1) 4113-90 


I therefore included these Ramsay and Cameron lines in the purview, with the result 
that a considerable number were found to fall in with places in which they are 

* Ramsay and Soddv, ‘ Roy. Soc. Proc.,’ vol. 7.3, p. 346 (1904) ; Ramsay and Coli,ie, Und., vol. 73, 
p. 470 ; Cameron and Ramsay, ibul. A, vol. 81, p. 210 (1908). 

t Ri-therfokd and Royds, ‘Phil. Mag.’ (C), vol. 16, p. 313 (1908): Royds, Mil., vol. 17, p. 202 
(1909). 

t H. E. Watson, ‘Roy. Soc. Proc.,' A, vol. 83, p. 60 (1909). 
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required by known spectrum laws. It must be remembered that the appearance of 
the Em lines varies very much in relative intensity with different observers (q/!, for 
instance 4604, 4460 above) that some appear early and then disappear, that othera 
come in after the emanation has stood for a few days, and further that the copper 
electrodes, which extended the useful duration of the tubes, would probably have some 
effect on the nature of the emitting sources in the gas. To account for this, the 
suggestion might be thrown out that the activity of the emanation would by itself 
ionize the molecules of the gas, and that especially the a-rays would ionize in a 
different and more drastic way than the ordinary cathode or vacuum tube ionization. 
That with time the y-rays from the active deposit might ionize in again a different 
way and produce again new lines. One w'ould expect that the self-effect — as it may 
be called — is so drastic that it destroys those configurations which should give the red 
spectrum analogous to that in the other gases. It is a fact, as I hope to show, that 
the spectrum, so much as there is of it, is decidedly of the jar, or blue kind. 

The degree of accuracy of the observations is not of the best. Royd claims an 
accuracy of OTA. The spectrum was obtained by a concave grating of 1 metre 
radius and extended from 5084 to 3005, with some additional lines by a prism 
spectrograph, subject to errors of ‘5 A. Watson’s lines extended from 7057 to 3867 
with several new lines. His degree of accuracy is probably about the same as that of 
Royd. In the following we shall treat the maximum errors as ■2A except where lines 
are only given to the nearest unit. 

The extent of the spectrum observed is too restricted to exptjct to find more than 
the S (2) and D (l) lines, and even in the case of S (2) the (2) and Sj (2) may be in 
the violet where only glass apparatus was used. Further, there is the added 
disadvantage that the links are so large that they can stretch from the unobserved 
ultra-red to the unobserved ultra-violet, and consequently can only act as sounders 
for lines so far in the ultra-violet that an e link lands within the visible red. The F 
lines should be expected to lie wholly in the observed region, and this must be the 
chief giiide in the unravelling of the series relations. 

As a preliminary and definite starting point, we have the value of the oun as 
calculated from the atomic weight. But here also there is some uncertainty. The 
value of Honigsohmidts’ determination of the atomic weight of Ra, 225 ’97 is now 
generally accepted as close to the real value, as against the earlier value of 226 '4. 
This makes the atomic weight of the emanation to be 222 to 222 '4. These two give 
values of J = 361 '80^* as between 1783T and 1789‘5, with the probability that it is 
close to 1783. The imcertainty in the value of the constant 361*80 will not affect 
this. 

An examination of the spectrum for constant separations shows a large number of 
triplets with i/j in the region 5371 to 5383 and vg at 2671 and less. Further, the 
higher values appear in sets which show inverted order of intensities. This suggests 
that the lines belong to D satellite systems and that the separations about 5383, 2671 

3 H 2 
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belong to the modified v^, va wWch D satellites have already shown in Kr and X, whilst 
5371, 2641 or thereabouts belong to the normal separations depending on displacements 
in the S(oo) alone. Moreover, another very frequent separation is 5631, connected 
with other sets as triplets with a j/j in the neighbourhood of 2800. This at once 
suggests the analogue of the 1864 F series of X. 

A first quite definite starting point, from the material at disposal, is found by a 
search for lines of the F and F type, or the twin A±B sets. The limit A belongs to 
a D sequence, which from analogy with Kr and X should be expected to be of the 
order n = 30000. Now in the observed spectrum there is a long gap between 27671 and 
32031, within which such limit must be. That no lines should be found near this 
limit is to be expected. If, however, such double sets exist we should expect to find 
sets of lines with exactly the same separations on either side of this gap. 
Unfortunately there are only four lines on the violet side, but one such set is found. 
They are 

(1) 26669*23 (0)3325905 

897*13 896*91 

(2) 27566*36 (O) 32862*14 

The corresponding limit should be the mean of either of the two corresponding lines, 
viz., 29964*14 or ...4*25, say 29964‘20±*05. The possible observed errors in these 
lines are not large and the practically exact equality of the two separations is strong 
evidence of the reality of the suspected connection. But any doubt on this point 
must be removed when it is noted that by Bydberg’s tables, the separation 897 is 
that due to two denominators 5*78, 6*78, whilst if the denominators are calculated 
using 29964 as limit the same values are found. The two results are quite independent. 
By a further use of Eydbebg's tables it is possible to find approximate positions for 
other lines of the F system, the P being quite beyond the observed region in the ultra- 
violet. Such lines are found at (5) 15846, (4)22310*4, (8)25171 for w = 2, 3, 4. 
Again, connected with 15846, are (3)21488, (6)24296*9 giving separations 5642, 2809. 
The lines 22310, 21487 are due to C. R.’8Copper electrodes and are subject to considerable 
possible errors d\ = lA, dn = 5, or even more. These strikingly correspond to the 
1864 sets in XF. 

The limit 29964*20 must be very accurate and subject only to any systematic errors 
in li. and R.’8 measurements. This is shown by the exactness of the observed 
separations in sets so far removed from one another as 26669 and 32362. Using this 
limit with the lines 15846, 26669*23 for m = 2 and 5 the calculated formula is 

w = 29964*20-Ny| w-H *757457-1- 

The two lines used may be regarded as having possible errors dn= 2 and *7 
respectively and any consequent errors in the constants will scarcely affect the 
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calculated frequencies for m > 2. These for m = 8, 4, 6 are 22277‘28, 25148*60, 
27569*40. The last gives d\ — *40. No lines correspond to the others, but 22211 
observed by C. and R. with Cu electrodes and (15) 25107*14 (R.), (9). ..6*64 (W.) are 
respectively 66*28 and 41*56, (41*96) less. Now a Si displacement on the limit gives 
13*96, so that these correspond within error limits to a (5^i)F(oo), d\z= —'5, and 
(3^j)F(<»), d\ = — *06, and stand in some analogy to what has been seen to happen 
ill X. The intensity of the second line however would seem very great for m = 4. In 
support of the C.R. line with its large possible error is (2) 22196*92 (Royd) at 18*08 
behind it or an extra Si. It would make 22196 = (6^i) F, and consequently F = 22280*68, 
i.e., d\ = — *7. If the 5640 lines exist, they all lie outside the region of observation 
except in the case of the first line 15846 where the corresponding triplet*8et is found 
(see above). However, anticipating the value of the links obtained later and using 
them as sounders, viz., e = 23678*3, u = 11191*8, v = 13680*6 with some uncertainties 
we can test for their existence. Taking the observed lines 22196*92, 22211 we expect 
lines about 27838, 27858,' only to be observed if strong. There are none, but there 
are (8) 14166 (W.) 2816 16982*0 (C.R.) which with the v link give 27846*6 ±1 *9 +di', 
30662*6 ± 3 separation = 2816±5. These suggest the triplet set (^j) F, viz.. 


22196*9 5649-7 
22210*9 5635+l-9p+du 


27846*6 + 1*9;) +di; 2816+3p'-l-9p 80662*6 + 3y+dv 


The results of sounding are indicated in the following, where, since e, m, v are only 
approximately known, their values are supposed corrected by de, du, dv. The letters 
after wave-lengths refer to observers : — 

m = 3. (55i)F. 

Outside (3) 14166 (W.).« 16982 (C,R.).t» 

22196-9 6649-7 

22210-9 6636 + l-9p + dv 27846-6 + l-9/)+rf» 3816 + 3p' - l-9p 30662-6 + 3p+dv 


With the calculated value of F, the first separation is 3*5 larger. The first line is 
Si displacement) on 22210. If the former does not l)elong to the system, we may take 
C.R’s direct line which has possible error of 4 or 5. 


Outside 

26107-14 5640-6 + 4p+da 


wt = 4. (3^i) F. 

(28i) 19583 (C.R.).tt (28,) 22398 (C.R.).u 

(30747-8) + 4p+dtt 2814-8 + 6p'-4p (33662) + 5p+d« 


|«.(0) 16136 (W.).« 


• v.(0) 20784-31 (W.).e v.(0) 23698*2 (W.).e 

«.(-8i)(l) 20799 (C.R.).« 

(30782-6) 8814-9 


3. 


(25134-3) 5648-31+de-dv 

[26148-60] 6648 


».(1) 20799.« 


8816-0 


(33596-6) 

tt.(l)21126-0.« 
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No. ( 2 ) is close to (—25,) 2^107 or (5,) F,. It should be noted that the C.R copper 
line is a (—5,) displacement on that observed by Watson, and that the latter was 
only observed after the emanation had been standing two days. No. 3 gives the 


calculated values. 

m = 5. 


r Outside 

*■ 1 ( 1 ) 26669-23 

5648-6 + da 

(1) 21 126-0 (W.).M 

32317*8 2822 + 6p 

23948 (C.R.).« 

36139 + 6p 

{ 26669-23 

5658 -8 + dv 

(2) 18641-4 (W.).w 

32.322-0 2817-4, 

(6) 21458-86(W.).«, (6-66) (R.R.) 
35139-46 

’■{ 26669-23 

5659-7 + de- 

«.(1) 19842-4 (W.).e 
da 32,328-9 2793-6 + 6p 

tt.(4) 22636 (C.R.).e 

36122-6 


These would seem to show in Nos. 2, 3 sequence displacements ; 25 would here 
produce a change of 4. In (2) it is displaced in the second and continued in the 
third. In (3) it is displaced only in the second. 21126 acts as a sounded line for 
Fa (4) and Fa (5). Both cannot he real or the line is double. 

m = 6 . 

r ’ (1) 220ir> (C.R.).m 

I (2) 27566 • 36 5640 • 4 + 6p + da 33206 • 8 + 6j) 

r (3) 19527-8 (W.).v 

I 27566 -.36 5642 + dT 33208-4 


There is a C.R. copper line ( 2 ) 16386 ±3 which with the u link gives 27577 ±3 and 
may be (—5,) F ( 6 ). 

The two last observed lines have been included in order to show that sounding is 
justified by them. The calcvdated line for m = 7 is 28155 '7, with eiror probably 
within 3 or 4 units. There is 16982 (C.R.) which with u sounder gives 28173‘8±3 
and may well correspond to (5,) F, ( 7 ). Also 22636 (C.R.).« gives 33827 '8 which is 
5654 ahead and may be (5,) F 3 ( 7 ). But this line with an e—u link also gives F 3 ( 6 ). 
It should be noticed how the lines observed by Camebon and Ramsay with copper * 
electrodes come in to fill parallel and displaced lines where they seem called for. 

The corresponding P lines for the orders above the observed ones are in the ultra- 
violet, but evidence for their existence is given by sounding. In what follows, the 
value of P, calculated from F, is enclosed in square brackets. 


1 . 


2 . 


{ 

{ 


(5,) (6)21712*09 (R.). 2 w 
44081 *7 + 2dw 


w = 2. [44082*4 ±2.] 

(35,) ( 0 ) 27389*61 (R.). 2 m 
6649*6 49731 *3 + 2dw 


(3) 16725*1 (W.). 2 u 
44086*3-H2rfi; 


8445 « 6845 + 2814 - 13*96 


( 8 ) 25170*10 (W.). 2 tJ ? 
62531*3+2 c2v 
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In No. 1 the sounded line Pj is on the verge of the qlbserved region. In No. 2 the 
sounded is about 4 too large, and there appears a displacement on the last. The 
u, V links themselves are too short to reach. 

m = 3. [37650-6 from Calculated F, 37717 from Observed (5^,) F.] 

(3) 23973-69.'y (O) 15944 (W.).2t) (2) 18739 (C.R.).2'U+4p 

3765429 + dt) 6661 + dv 43305 -2 + 2^1) 2766 +4p 46100-2 +2di) 


Here the reproduced line refers to the normal line calculated from the formula. 
The V link is too short for the second and third lines, 2v reaches it, but 2v on the 
first would require a reference line in the ultra-red. Also 15944 is possibly 
{-7S,)F,{‘2). 

m = 4. [34779-80.] 


(3) 23584 (C.R.).m 


(5,)(0) 23598-2 (W.).w J 
34776-0 


(-25,) (3) 16725-1 (W.).fi 
6655*2 -f-de—du 4043 1 2 


Again note a C.R. copper line supported by a W. and HR. displaced 5, line 

m = 5. [33259-17.] 

(2) 25213-7 (W.).r (O) 18024 (W.).e 

83259 05 6635*25+dv 388943 2808'0+de-dv 41702 3 

Here appears the frequent 5635. It is 5649 — 14, that is, there is a limit 
displacement of 5, in the second line and an extra one in the third, making the 
second separation 2816. 

w = 6. 

The same links cannot serve as sounders for all three lines. 

For P, is (2) 211725-4 (W.).w = 32364-34-hdw as against calculated 32362-14. 

For P2 is v.{2) 16816-5 (W.).e.M = 38004-8-l-de4-dw-dv. 

For P, (4) 18448 (C.R.).2w = 40831-6 + 2c?m. 

These give separations 5640-5, 2826-8, where the sum has the normal value. In 
(—5j) (3) 23973-69 (W.).tt = 35178-45 which is 2816-2 ahead of P, we have the 
completion of a mesh with the other three lines. 

The foregoing discussion has shown : (1) that this F set belongs to the 1864 type 
discovered in X ; (2) that the usual displacements are present and that the calculated 
value per oun — 13-96 — satisfies all the numerical relations formed ; and (3) that the 
lines observed with copper electrodes by Cameron and Ramsay seem to belong 
specially to parallel series to this set. We could feel complete confidence in the 
allocation of the lines were it not that the a constant in the formula is positive, and 
that the line m — 6 is not reproduced more closely. The absence of direct 
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representatives for m — S, 4 is not surprising as their limit displaced values are 
certainly observed and the change is in full agreement with what takes place in the 
other elementa 

We shall assume in what follows that the preceding allocation is correct, in other 
words the limit is 29964'20+f, the line for w = 2 is 15846 + 2'5p, and that the series 
belongs to the F type. In that case the mantissa of the limit and of the sequent are 
both multiples of the oun. These mantissse are respectively 913165— 31’92f and 
787174 + 246j>—987f. As both are oun multiples, so must be their difference. This 
difference is 

125991-246p + 68f = 70i(l78710-3*49p+‘97f) 

( 1 ) 

= 70f(178075-3-49p+'97f) 

In which if Watson is correct to nearest unit p is equally probable between ± '5. 

It is very unfortunate that here we have to deal with two uncertainties not 
generally met with, viz., on the one hand the uncertainty as to the real value of the 
atomic weight, and on the other the magnitude of the possible observation error in the 
fimdamental wave-length, which Watson has only measured to the nearest Angstrom. 
If this had been 1, *.e., jp = '1, the above result would show that since S lies between 
1789 and 1783, the multiple must be 70|^ without any doubt, and consequently S in 
the neighbourhood of 1787. The value of ^ is so small, that its term will not affect our 
present reasoning. We have, however, to allow for this uncertainty and a value of 
JO = --7 makes the second multiple = 70fxl783'2 with a possible S. ' In this case the 
first multiple gives 70ix 1789'55, or S just on the improbable limit and it might be 
excluded. The result, therefore, is 

Equally possible, J9<’5> — ‘5, multiple = 70^ and 5 between 1785‘3 and 1788. 

Improbable, but perhaps possible, p = —7, multiple may be 70f and 5 = 1783*1. 

Very improbable, p =1, multiple 70j and S = 1783*6. 

But also the limit and sequent mantissse must also be oun multiples, now 


913165-31*92^= 512 (l783*52-’062f) 

mmmrn * ^ * 

= 51l(1787*016-*062^) 

787174-1- 246p-98*7f= 441^ (1782*95 -f-*55jt)-*22f) 

= 440j (1787*00-1- •55i)-*22^) 


( 2 ) 

( 3 ) 


It might occur to the reader that the last should be a multiple of Aj. But if the 
series is the analogue of the 1864XF, to which the foregoing argument has pointed, 
it should have a line of order m = 1 (n about = 3260). This should show M (Aj). 
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The limit condition is independent of jp and can only be modified by ^ in the second 
decimal place. It gives quite definitely six possible values for S, viz., 1783*52, 1784*39, 
1785*26, 1786*13, 1787*01, 1787*87 Mrith multiples 512 diminishing by to 510f. 
Of these the following can be satisfied by the mantissa difference condition (l) 

1783*5 by jp = — *8, multiple 70f, not probable. 

1783*5 by p = 1, multiple 70^, very improbable. 

The last four by jp> — *25<*5, multiple 70|^, equally probable. 

The others byp>*5<l, multiple 70^, improbable. 

If Watson’s readings are really to the nearest unit, p = ±*5. This probable 
consideration would largely reduce the limits of uncertainty. It would in conditions 
(l) exclude the second and with multiple 70|- give 1787*0 with p = 0, 1786*1 with 
p = *3, 1785*3 with p = *5. Conditions (3) would then of these give 1787 with = 0, 
multiple 440|-, 1786*16 with 440f, 1785*27 with 441. All of these have equal 
probability, but they exclude the 1783 based on Honigschmidts’ atomic weight. The 
lowest • value 1785*3 would make the atomic weight = 222*15 + *02, and that of 
Ra = 226*15 as cdmpared with Honigschmidts’ 225*97. 

Before passing from this series it will be important to get as close an estimate as 
possible of the two separations. Regarded as oun displacements on the limits they 
should give some further data for the determination of the oun — or, vice versa. The 
separations given in the sounding operations above are here collected. EIrrors from 
Watson’s, or Baly’s observations will not amo\mt to more than a few decimals at the 
outside. 


p. 

P. 

1. 


2816 + 3/- l'9p 

9. 

10. 

5649-6 

50‘9+dv 


2795 + 4j> 

2. 

40 • 6 -f 4/) + du 

14*2 + 5y-4w 

11. 

55 * 2 + rfe - 

dn 

8. 

48 * 31 + i/e - dv 

14-9 

12. 

35 • 25 + dv 


2802 'l+d^-dv 



IQ'O ~(lu + dv 

13. 

36-6 


33*0 

4. 

48 • 6 + 

22 + 6» 





5. 

52*8 + dv 

17-4 





6. 

59 * 7 + - du 

793-6 + 6p 





7. 

40*4 + 6p + fZi? 





8. 

42*0 + dv 







The vi cluster round 5649, 40, 35 and the around 2816. 

In vy the 49 and 35 differ by 14 and are clearly due to a displacement in the 
limit. We will consider the exceptions in order. In (2) there is an uncertainty 4p. 
Tf^? = —1 we get, with other errors close to 35, in this case v.^ — 18*2 + 5^' and a 
small error in p' brings it to the 16 neighbourhood. In (4) the uncei-tainty 6p reduces 
again v.^ to the 16. In (5) ordinary errors bring to the 49 value. In (6) modifi- 
cation of 10*7 in the middle line brings vi to 49 and p = *25 brings v.^ to 16 or Pi+v^ = 
normal In (7) the error allows 35. No. 8 does not seem amenable and may not 
VOL. OOXX. — A. 3 N 
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therefore be a real connection. In (lO) vi is a normal 49 with error 2 and v, with 
p = 1 is 00 = 14—14 or the oun displeMM^ment in the last line. In (12) also the oun 
displacement in the last line makes — 16. No. 13 can be explained by the oun 
displacement on the middle line alone. They can all then with the exception of one be 
explained by v, = 5635 or 5649, and = 2816 within limits of about ±1. The 
consideration of their source is postponed until the D sequents have been touched 
upon (p. 441). 

An examination of the spectral list shows values of vi varying between 5361 and 
5388 with from 2639 to 2685. In many cases two lines are separated by about 
5371 and a line approximately midway with separations 2680 ±. Now in the other 
gases the appearance of such separations is so common as to be almost the rule. 
This lends weight on the one side to the assumption that 5371 ± is i/j and on the 
other that 2680 is not but corresponds to ^ i/,. Values therefore in the neighbour- 
hood of 2686 may be left out of account in the search for vq which is always less 
than 

There are a considerable number of separations in the neighbourhood of 5380 ± 
which again suggest the analogous modified i^i related to the D satellites in Kr and X. 
In those cases the explanation was adopted that at least in the main they arose from 
displacements of small multiples of the oun in the sequence term. No exact value of 
these displacements can be obtained until the value of the limit itself is known, but it is 
possible to arrive at an approximate estimate by employment of a value of the limit 
which may be a few hundreds wrong. Such an estimate will be of great value in 
guiding our search. 

The values of S(oo) for A, Kr, X are respectively 51731, 51651, 51025. From 
analogy, that for Ra, Em would be in the neighbourhood of 50500, say 50500+^. 
With in the neighbourhood of 5371 ±1 calculation shows that a displacement of 
will produce a change in the limit of 30*86 + ’0011^ and in the of 4’72. The D 
sequence terms vary with each satellite set. One such sequence set has already been 
found in the F series already discussed, viz., 29964. Here the oun displacements 
produces a change in n of 13 ’96. But higher values than this for d(l) sequents are 
to be allowed for up to even 31000. For 30500 the oun displacement pro<luces a 
change of 14’88. It is safe therefore to take the oun displacement on the sequent as 
producing a change varying from 14 to 15. 

If now the 5370 ± separations be analysed it will be found that three lie at 7 1*4 ±’4, 
eight at 74*2 ±'6, five at 80 ±'5, six at 84'2±1 and a group at 88 with nonO between. 
There is a clear majority about 74 with a set at 88, or about 14 ahead — 5j on the 

sequent) and a few about 61, or 14 behind. Whilst the 71*7 and 78 sets suggest the 

displacements in the limits, definitely seen to exist in Kr and X. 

For the i/j, the oun changes on the sequent are the same and on the limit are about half 
the previous, say, about 2 or 3. In this case are found a majority near 2649 with 
some about 14 on either side, and another few about 2652. 
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The material at disposal then goes to show that the S separations are near 5371, 
2649 for some definite limit and 5374, 2652 for another whose limit mantissa is one 
oun less. 

m 

Arguing from analogy with the successive spectra of A, Kr, X we should expect to 
find in the observed region only lines corresponding to D (l) and S(2). TheD(2) 
lines would be considerably shorter than the last observed line n = 33259. The S (l) 
would be in reversed order with Sj (l) near —42100 or 83(1) near —34000, the first 
absorbed by the glass apparatus used. We should expect D(l) lines up to the 
longest observed (n = 14166) with Dji(l) lines down to at least n = 21000, and 
showing the same kind of modified separations as in previous cases, and taken 
account of above. 8, (2) should be about 25600 with 83(2) about 31270, just on the 
observed boundary and 83(2) quite beyond about 33900. This absence of 8 sepa- 
rations is the reason why it was so difiicult above to obtain accurate values of j/,, va for 
a definite limit. By themselves therefore the material is hopelessly inadequate to 
determine the 8 (00) limit, the values of A,, Aj, or of the various links. We have 
only five possible — or three probable — choices for ^ to 5 significant figures, and also the 
value of one dl(l) sequent correct to a few decimals, with estimates of the F and 8 
triplet separations. The only method of attack then seems to be an indirect one, to 
tabulate the sets of lines giving the triplet separations, to try to distinguish between 
those related to D and 8 systems, to obtain as close a value as possible of the r,, v.^, to 
determine some of the satellite separations, and from these last to attempt to find the 
corresponding F series with the same constant separations. These F series ought in 
each set to consist of several orders (m) at least, as the F ( 00) all lie in the observed 
although badly observed region. The observed separations and the values of i/j, 
combined with the approximate value of the oun may enable a determination of the 
important constants 8 ( <»), A„ Aj to be arrived at. 

We shall take then 5371 4- di/, 26494-^1/8 and a set about 3 larger for the values of 
i/j, i/j, the two sets belonging to two limits, relatively displaced by an oun, and both 
giving the same values of Aj, A2. In the above the dvi, dv^ will probably not be 
greater numerically than 1. The calculations will be made with the 5371 set and the 
conditions applied di/, = ± 1, &c., and dvi = aj± 1, dva = y± 1 where x, y are the changes 
produced by the oun displacement. We start the first approximation by taking 
S ( 00) = 50500 4- ^ where ^ may amount to several hundreds and in which x, y are of 
the order 4*7, 2’2. The denominators of the 8,, 8a, S3 limits with their differences 
calculated from these are 


1-473697 -14*591^ 

1-401073-12-538 (^4-di',) 

1-368995-11-699 {i+dv^+dva) 

3 


72624-2-053^4-12-54 dv, 
32076--839 (^4- dr,) 4- 11-70 dr, 
N 2 
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These differences may be written 

72624 = 40f (178218 -050^4- -Sldi/,) 32076 = 18 (l782’00--047^-*047di/i + ’65d./2) 

= 40^(179318... „ ) = 171(18071... » )' 

The first consequence to be drawn from these numbers is that as is to be of the 
same order of magnitude as calculated from Aj and A^ it can only take place in the 
first arrangement since the co-efficients of f (the only variable capable of large values) 
are practically equal. In other words Ai= 40f5, A3= 185, the same multiples as in X. 
This is one quite definite conclu.slon of importance. 

But further we know that S must be one of the following sets 1783'5, 84’4, 85*3, 
86*1, 87*0, of which the first two though perhaps possible are improbable and the last 
three equally probable. We will state the results for the first, third, and fifth, the 
others behig intermediate. The values of dv.j being uncertain to about unity, the 
values of f can only lx*, estimated to the same order. Taking A„ in order to produce 
the required values of 5, ^ must have the respective values of —27, —64, —100 within 
a few units, and the numbers inside the brackets for Aj, A,, become 

1783*53 - *050f -I- *31c?i/i 1783*27 - 047f- *047di/, + ‘Gbdv.^ 

1785*38-... „ 1785*00 ... 

1787*18-... „ 1786*7... 

where now f cannot exceed a few units. The respective limits become 50473, 50436, 
50400. One of those is close to a S limit. There is another corresponding to the — 5j 
displacement about 31 ahead and giving 1/1= 5375 about. We already have an 
accurate value of one d sequence, viz., the F (<») = 29964*20. Combined with the 
limit this should give a 1) line = S ( oo) —29964*20, i.e., near 20509, 20472, or 20435, or 
the 31 higher values. We only find the following possible lines, viz. (2)20515 and 
(4) 20438*8 (W.), (o) 20446*38 (R.R.), 20473, the first and fourth being C.R.’8 copper 
electrode lines. The first is one of a chain of 2680 separations, or ^j/j stretching 
back to 15136 and by 2689 to the strong line (lO) 23204*6 (R.) or 7*57 (W). It has 
none of the signs of a D line-. The line 20438 is one of the strongest in this neighbour- 
hood has no vi separation link, but 5625*8 back to 148 13 ±2 (W) to which also 20446 

has the (5,) 5649 link, viz., 5633. Again the 14813 shows a D modified i/j, 1/3 set, viz., 

(0) 14813 (W) 5382*71 (4) 20195*71 (W) 2672*41 (5) 22868*12 (W), 

5385*91 (0) 20198*91 (R) 2669*16 (l) *07 (R). 

Hence here we have all the signs of a Dj, line in 20438 with the above as a satellite 
set, at the F separation (56...) tehind. Now it is a very striking fact that the 
measures of W. and of R.R. for these lines not only differ by amounts larger than 
can be attributed to observation errors, but also that their intensities are not 
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comparable. Where W. gives 20438*8, with intensity 4, B.R. give 20446*38 with 
intensity (0), and a similar effect is shown in the second line 'of the above triplet (B.R. 
have not observed so far in the red as 14813). The differences 5*6, 3*2 are comparable 
with the differences shown by the vi sets roughly estimated above, say 5371, 5374, and 
would seem to be due to the same effect, although this would not go with the 
explanation there suggested. Further R,R.’s 20446’38 is 5633'4±2 ahead of 14813 
and is therefore one exact determined value of the Fg separation. We are justified 
therefore in taking 20438 as a D,, line belonging to the 8(00) = 50400 +f. With 
d = 29964*20+^' the calculated D line is therefore 20435*80 = 20438*8 4- *4^ 

f = 3*0+*4p + ^' 

where is small. Hence S (00) = 50403*00 + ^ where f is small and equal to f^±*4. 
A reliable value of this limit has thus been obtained. The measure of its reliability is 
that of two assumptions (l) that the 5649 (or 34) series studied at the beginning of 
the discussion of this element is an F type analogous to the 1864 of X, and (2) that 
20438* is a D,i line. With this, S(oo)= 50403*00 + ^ and r, = 5371 + dvj, vj,=2649 
+ dp2 the denominators and values of Ai, A^, calculated directly are 1*475114, 1*402290, 
1*370130 and 

Ai = 72824-2*06^+ 12*571di/i = 40|{l787*09-*050^+*31d»<,} 

Ai,= 32160- *84 (^+dO + 11*726^1/2= 18 {l786*66-’046 (f+dr,) + 'GSldi/a}. 

The S as determined from the A.j has always been the same as those found from the 
D and F mantiss®, here 1787*015 — *062 (^-“‘4/)). Hence dv^ = *53 correct to the first 
decimal place and vg = 2649*53 + di '3 where dv-j < *1 and A 3 = 32166. If the S from Aj 
is the same dv^ = — *3 and i/j = 5370*7, A, = 72820. Wherever it is different it has 
always been slightly less than that from Aa, so that we may regard 5370*7 as a 
maximum estimate for It may be a few decimals smaller, but we have no direct 
means from observed lines to determine it more closely. 

A similar treatment with the four equally probable values of S are appended. Also 
changes in dvi, if S from is the same as from rg. This will at least give maximum 
values of vj. The cases are given for the limit used above and also in the last two 
columns for that if 20446 is the Du line, that is the limit about 7 larger. 



d$>i 

dv2 

dv\ 

dp2 

1787*87-*062^ 

2*5 

1*7 

3*5 

2*5 

1787*01- 

- *3 

*5 

*9 

1 

1786*13- 

-3 

- *8 

-2 

- *3 

1785*26 

-6 

-2*1 

-5 

-2 


* Possibly not so certain. 20446 gives one of the normal 5633 to 14818. Its weak intensity may be 
due, as in the other gases, to the presence of displacements and so may be Du. It would make 
S(oo) » 50410. 
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The limit 50403 and 1787 '01 require the smallest changes and seems prefer- 
able, although limit 50410 and S = 1786 is perhaps possible. Both 1787’87 and 
1785*26 would appear excluded. The numerical work to follow will be based on the 
limit 50403, = 5370'7+di'i, vg = 2649*5 -I- S(oo) = 50403*00 + ^. These make 

A ,= 72820, Aj = 32166. 

With these more exact values of S ( «> ) and i/j it is now possible to obtain the 
important constants, the |)-links. They are found to be 

a= 4630'72-411aj-t-'010^+*74di^, c = 6277*21 -6*16a;-*020^-l-l*347di/i 
b = 5370*70-5*01* d = 7399*60-7*67*-*046^+l*822di/, 

e = 23678*42-22*96*-*056^+4*912di/i 

where the terms in x denotes the changes for a displacement of xSi in S ( » ). 

To determine the u, v links requires a knowledge of S, (l); It is impossible to obtain 
really definite information on this point from direct observations. In default of this 
the following considerations will give some indications, and will serve to illustrate how 
the laws of relationship already determined can give clues indirectly. In the cases of 
A, Kr, X the lines for Sj (l) are respectively —42642, —42469, —42153. The corre- 
sponding line for BaEm should therefore be looked for about —41800, with s (l) = 
P(oo) about 50403-1-41800, or, say 92200. The e link unfortunately is too large to 
test for the lines for it would reach back to lines about 11103 2649*5 12751*5 

5370*7 18122*2, of which the last only would be in the observed' region. Con- 

sequently no evidence can be obtained with reference to it from the vj, separations. 
There is a strong line at (8) 17909*9. It would give Sj (l) = 41586, smaller than 
seems likely. Also it has a 5637 link not usually connected, so far as we yet know, 
with S lines. It however is the only strong line in the neighbourhood, and it will be 
probably wiser to conclude that the S (l) line has no linked e line to it. The alwve 
value for P ( oo) gives a v link about 13660, and this link on the supposed S (l) should 
produce a line about 28140. We find the set 

(2)20163*7 2845 (4) 22808*68 [28183*7] 

in which the last is extrapolated by the normal vi+v% from the first. 

It falls in the large gap where no lines have been observed and the spectroscopic 
apparatus was defective. If this be really the 8(1)—^ set, it is possible to calculate 
what the u, v links are. Thus Sj (1) = —(28183*7 +v), a (l) = P ( <») = 78586*7 +v, and 
V is produced by the — Aj displacement in the denominator of thia As u by a rough 
determination is in the neighbourhood of 13660, it can be put = 13660-faj where x is 
not very large and can be determined by the condition that 13660-1-* is the change 
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produced in 92246 +9? by a decrease of Ai = 72820 in its denominator. The result 
is that 

P ( oo) = S (1) = 92266 = N/{1-090264}> 

11191*8 
V = 13680*0 
Si(l)= -41864-3 

The set of S (l) Jines would then be 

-41864*3, -36493*6 or 89*7,* -33844*1. 

On the two latter u, e—u, e—v links as sounders should give the following lines, 
below which are placed the nearest observed. 


—u< 

f 25301*8 or 297*3 

22652*3 

[ (2) 25299*1 ± *7 (W.) 

(4) 22636 ±6 (C.R.) 

—{e—u)-< 

r 24007*1 or 3*2 

21357*6 

1 

[(20) 23993*82 (R.) 4*45 (W.) 

(10) 21357*43 (R.) 6*57 (W.) 

—{e—v)-< 

\ 26495*3 

23846 

I 

(2) 23841*9 (W.) 


They are not satisfactory sounded lines, but are given as material at disposal only, 
M.Sa and 6.83.^ are really good. 

There is a striking triplet which has all the aspect of being a S (l) set except that 
of position. It is 

(2) 18611*7 (W.) 2648*9 (5) 21260*21 (W.) 

(0) ... 09*94 (R.) 2662-3 (3) 21262*25 (R.) 5371-3 (lO) 26633*64 (R.) 

Its separations give support to the values obtained above. It is a parallel set to 
our adopted S (1), separated from it by 15230*7. I have not been able to recognise any 
arrangement of links which give this value although 2&+a, and e—v + 6 are close 
to it.t 

* Sounded from observed line. 

t There is the possibility to be kept in mind that it may be a real and independent S set of lines, not 
analogous to the set considered in the previous elements. If so, it must have the same limit and 
«(1) = 77036*64 = N/{1‘193177}^. Now the » sequence depends on the atomic volume, although the 
exact relation is not known. In the next group, the alkalies, the denominator is of the form * 987 + kv, 
where v is a number proportional to the atomic volume. If here the group constant be *99, the 
denominators of the two types of s sequences can be expressed as *99 + l!V and *99 + 2^. In other 
words, this new type may depend on twice the atomic volume. 
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S, (2) should be a strong line in the neighbourhood of 25900, with Sj (2), Sj (2) in 
the ultra-violet. There are three strong lines in this region* viz. (8) 2526273, 
(lO) 25769*9, (lO) 26633*64. The last is that which has been seen to be a parallel to 
Sx (l). The first line gives a mantissa less than that for S, (l), and therefore would 
make the a constant positive, in opposition to all experience for S series. We are 
left therefore with 25769 *9 ±3, but this is a C.R. copper line and so far dubious. If, 
however, it be taken as Sj (2) the formula for the S series is 

n = 50403-N^|w+*129855~ ’^^^- --|'. 

The value of Si(3) calculated from this is 39112*08. Sounding with —v gives 
25432*08. Watson gives a line at (o) 25432*3 ±1 and this is corroborative so far as 
it goes, but the formula is out of step with those for A, Kr, X, and does not give 
confidence. If, however, lower intensities are admitted it is possible to obtain lines 
which fall in excellently with all the conditions, and moreover indicate other displaced 
sets. We find the lines, to which extrapolated i/j lines are added 

(3) 25416*89 (R) i/j [30788*59] (O) 25432*35 (W.) i/j [30803*05] 

(2) 25425*51 (W.) i-x [30796*21] (O) 25457*0 (W.) [30827*7] 

(1) 25453*1 (R.) 

If the extrapolated lines are sounded for by —v, the 30803*05 should give a 
line at 17123*05. This was seen by W. at (O) 17123*0, the nearest to this being 
(l) 17150*93 (R.) which might possibly be within error limits of v.[30827*7]. If, 
with this indication of 25432*35, 30803*0 as part of a triplet set suitable for S(2) we 
calculate the formula with the previously alloted Sj (l) and S ( »), it comes to 

x= 50403-N^|w-l- *101230- 

which is in close analogy with that for the other elements. For w = 3 it gives 
38972*54. A v-sounder requires a line at 25292*54. Royds has observed (3) 25292*12, 
and again in this neighbourhood we find some close lines observed by only one of W. 
or R, viz., (8) 25262*73 (W. and R.),* (2) 25299*1 (W.) again evidencing the 
presence of displacements. For m = 3 the ouii produces a change in the sequent 
of 3*30, so that 25299*1 which is 6*66 above Si (3) is Sj (3) (2^i) exactly, and 25262*73 
which is 29*39 behind is Si(3){— 9^,). The lines calculated from the formula for 
w = 3 ... 8 are given in the accompanying list, which also gives the values as sounded 

* R. gives intensity 8, W. gives .8, although as a rule W.’s intensities are higher than R’s — again 
pointing to changed displacements with changed conditions of excitation. 
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fi?om an obeerved line. Thus in m s: 3, the observed is entered as v.(3) 38972*12, 
whereas the actually observed is v less. 


m. 

Calculated. 

Observed. 

d\. 

1 


-{(2) 20163*7 (W.) + i/i+r8}.v 

* 

2 


(0) 25432*35 (W.) 

* 

3 

38972*54 

v.(3) 38972*12 (R.) 

*02 

4 

43873*80 

e.(4) 43874*02 (W.) 

-*01 

5 

46184*76 

see Note 

*07 

6 

47454*96 



7 

48227*14 

w.v.(l) 48227*00 (W.) 

*00 

8 

48731*22 

see Note 



Note. — For m = 8 the e sounder is too large, and for m = 4 the v is too small to 
act. 

The agreement is so good that the chosen low intensity lines for 8i (l) are justified. 
The low intensity may be explained by the supposition that the energy of the normal 
line has been partly transferred to other displaced ones, in the way indicated above 
for m = 3 and as shown also by higher orders. For m = 4 together with 20195 — the 
line sounded from — W. only observes (2) 20163*7, and R. only (O) 20133*0. These 
differ successively from the first by 30 ±. For w = 4 the oun displacement produces 
1*42 on the sequent and the normal 30*5 on the limit, lliey are therefore possibly 
c.(^,) Si (4) and e.(25i) S, (4). In m = 5 the e sounder requires 22506, not ol)8erved by 
either, but there is an isolated group, 22516*9 by both, (5) 22535*5 (W.), (3) 22540*4 
(R.), of which 22535 is 30 ahead of the required line and 22540 is 35, so that the 
former is (•— ^i) on the limit. The latter, however, sounds to 46218*71 for (— ^i) Si(5) 
and gives Si (5) = 46183*25. The d\ = *07 of the list is based on this. For m = 6 
the e requires 23776*65 with observed (O) 23760*9 (W.) and (lO) 23783*75. In m = 8 
the u+v link = 24871*8 requires 23859*5. The only observed are (2) 23841*9 (W.) 
and (4) 23871*3 (W.) or (5) 70*00 (R.), about equally displaced on either side of the 
normal line. 

Some space has been devoted to the consideration of the S series as on it depends 
the determination of the important u, v links as well as the limit for the D series. 
The latter is perhaps in general the more important as it affords with the F, the 
means of obtaining accurate determinations of the oun. In the present case, however, 
the measures have such large possible observation errors that they do not add to the 
accuracy already found in the foregoing discussion. A few points only will therefore 
be here referred to. Both the D satellites for m = 1 and the F lines for m = 2 with 
related lines form the majority of the lines in the long wave end of the spectrum 
(w < 20000). One clue as to a distinction between the two sets may be found in 
the fiswst that where the 5640 link occurs on a D line it links backwards, while in 
the F it links forward. Consequently where a line has a link forward it is probably 
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not a D line, but is either a F line, or is attached to a D line (as in the 1864 set in X 
attached to the D group near 20312). The D-qualification test with D(oo) = S(oo) 
can be applied to these suspected D lines, taking the 20438 as a definite D,x line. 
That is the mantissa difierence of the lines from that of 20438 must be an oun 
multiple. A very large number are found to satisfy this test. It must be remem- 
bered that as the oun is so large as 447 there can be no doubt as to the satisfaction of 
this test or not, even for the largest allowable observation errors, nor to the actual 
oun m\iltiple when it is satisfied ; on the contrary the possible observation errors are 
so great, that the observations do not enable us to increase the accuracy of the oun 
itself as already found. By combining a large number of cases it would no doubt be 
possible to diminish the probable error of its value, but the heavy work would not be 
justified at present, especially as there should be hope of better measures in the 
immediate future. At the same time the existence of the D lines may be illustrated 
by the following two sets for = 1 . 


.(2) 18641-4 (W.) 


6387-12 


18367 (C.K.) 

6671 ±4 

(1) 24028-52 (W.) 2840 71 


(1) 210.36-26 
5633-0 
(1) 26669-23 


20JS 


Wl) 19842-4 (W.) 6371-3 


19683 (Ram.) 

6630 

(2) 26213-7 (W.) 


348 


i (2) 16062 (W.) 

6660 

(6) 21712-09 (R.) 


6377-68 


(1) 21466-66 (R.) 

6633-21 

(2) 27089-77 (R.) 


(3) 16725-1 (W.) 6372-9 


(0) 16446-61 

5662-4 

(4) 22098 (C.R.) 


(0) 19086-1 (W.) 

6662 

2660-6 (2) 24748-6 (W.) 



(1) 17493-05 (R.) 


(0) 18609-94 (K.) 
(0) 14813 (W.) 

6626-8 

L(4) 20438-8 (W.) 


6376-2 

5383-9 


(1) 22868-07 (W.) 
(1) 18357 (C.R.) 

6636 

(10) 23993-82 (R.) 


In these it should be noted : — 

(1) The satellite separations are in the usual ratio 5 :3, for in the first 20^x5 
= 101-25, 34 X 3 = 102 or for 20ix 5 = 102-5, 33f x 3 = 101-25. In the second 
IS^-x 5 = 91'25, 3l|-x 3 = 93-75. Both sets have the same undisplaced limit = 50403, 
and the two corresponchng D„ lines are displaced 23|5 in their sequences. 

(2) The 21712 which acts as a Dj, line shows the modified vi separation to a second 
line but of much smaller intensity, in close analogy with what has been seen in X. 

(3) The mantissa of 16725-l±-5 is 804601— 26-8f+13-4p = 25 (32166*16 — 1-07^ 
+ -53 ^) + ^! = 25A2+^i. The second line of the triplet 22098 is one of the copper 
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O.R. lines. Behind this is a line (2) 22079*34 W. {d\ = ±*05) corresponding to the — 
displacement in the sequent — t.e.,. the modified D separation. With S(<») its 
mantissa = 804161— 26*77^— 26*77di'i +5*35/) 

= 25(32166*44-l’07l^-l*07d./i + *21p). 

If this be combined with the mantissa of 29964 = 913165 = 5115 giving 
Aa = 32166*27— 1*116^, there results the equation 

•14 + *045^+*21/)-l*07d;', = 0. 

This can be satisfied by ^ = 0, dj/j = 0, and p a fraction. It does not therefore help to 
a closer determination. With good measures it should be practicable to find dv^ 
within *05 and p a small fraction. This equation would then give the small correction 
for ^ and so increase considerably the degree of accuracy of and 5. The particular 
point however gained is that here is found one of the fundamental d sequences 
depending on pure multiples of A^. 

(4) They all show —5640 links when this link lands in the observed region except 
22868. Where the measures are reliable they congregate round a value 5633 + . The 
22079 of the last paragraph is 5633*73 above tbe 16445. This is a further justifica- 
tion of 22079 belonging to a — 5j displaced sequent. 

With 20438 as Dj (l), Rydberg’s table gives D (2) as in the neighbourhood 37486 
+ 100. A u sounder gives the region 23806. There is a line (lO) 23783*75 (W.) 
which if linked in this way gives Du (2) = 37463*75. The two lines m = 1, 2, and 
S ( 00 ) give the formula 

n= 50403-N^|w + *909601+ 

with D{3) = 43242*02. The c-sounder requires 19563. The only line in the neigh- 
bourhood is X = 5105 by Ramsay, who says his measurement is very rough. If we 
allow dX = 5A, the wave-number is 19583 + 20, and it may be the line sought for. 
There seem also other D„ groups as in X. One instance is adduced in the next 
paragraph. 

I end the discussion of the RaEm spectrum by a consideration of the source 
of the "5640 separation. In X we found the conditions satisfied by oun displace- 
ments on the F ( oo) of 5 Aj— 5i, and 2 A2+65,. But here the values of the separations 
themselves seem very indeterminate. The values as arranged on p. 431 would seem 
to point to 5633, 5649 with about 2800 and 2820. The limit of the particular 
F series on which our whole discussion of RaEm is based is 29964*20. As a fact, how- 
ever, this limit can only generate in the proper neighbourhood separations of 5646, 
2806, and the displacements are 5A3— 65i, 2A2+25ji. The dependence on these 
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displacements so analogous to those in X is evidence that the links in question (5640, 
1864) are of analogous type. We have already seen in X that these separations occur 
as links, as well as direct displacements on sequences present in the wave-number. 
Let us determine the F limit required to give a separation in the correct neighbourhood 
with a displacement 5Aa. The conditions are that not only must the 5 As give the 
but since it must belong to a'd(l) sequent, the mantissa of the limit itself shall also 
be an oun multiple. The result is that the limit should be within close limits of 
29617 and that then the v, will be close to 5648 one of the most probable values found 
on p. 431. But this 29617 = F( oo) = d (l) should belong to a D line 50403—27917 
= 20786. Now there is an observed line (O) 20784’31 (W.) with another at 
(7) 20750'34 (W.) or (7) ...52*70 (E.) behind it. Taking 20784*31 its sequent is 
29618*69 and mantissa 924298 or 11133 above that of 29964*20. Now 6J-5 = 11169 
and the difference 36 requires a change in wave-number dn= 1*10 or d\ = — *25A. 
The line was only read to *1A so that this error is permissible. The F(c») is then 
29617*57. The — 5A3 displacement on this gives 35266*16 or a separation 5648*59, 
and on this it will be found that an extra 2A8-l-55i gives 1/3= 2810*97 = 2811 say. 
Further a change of on 5A.j or 2Aa-|- 5^, produces changes in respectively of 
17*88 and 20*00. This accounts for the concomitant value of 5630*71, and 2831 also 
obseiwed is due to 5Ai— and 2 A3 -I- 65, precisely those in X. 

The Value of the Oun. — The data for the evaluation of the oun are : — 

(1) The triplet separations and S(qo). The v„ are not determinable directly 
from S lines and consequently no exact values can be obtained from observation. The 
general argument on p. 433 is in favour of 5371, 2649, or about 3 larger according to 
limit. These are strongly supported by the set of lines on p. 437, clearly a linked S (l) 
or an independent S (l) set showing also the displaced S3, S3 by W. and E. 
respectively. These values point to 5 = 1787*0. 

(2) From the F and F series giving definite F(oo) = 29964*20 and ^'(l); p. 430. 
The definite result is a limitation of 5 to one of six alternative values, of which four 
between 1785*26 ... 87*87 are equally probable, the ambiguity being due to imperfect 
measurement. This argument is independent of the values of i^,, v.^. 

(3) The mantissa of the D,3 line 16725 is 25A2-l-5i and that of the D33 line 
22079*34 is 25 Aj. This gives 

A3 = 32166*44-l’07f-l*07di'i-»-*21p, 

5= 1787'024-*059^-*059di/,-f-*012jp. 

Here probably 

f<*5, dvi<’l, p<*5, or, say, 

5= 1787*024±*05. 

These three determinations are all independent. 
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Argon . — ^There are a large number of strong lines in the visible spectrum 
evidently connected with D(l) and F(2) lines. The oun is so small that the 
qualifying test for D lines is not so definite as in the other gases, although this is to 
some extent remedied hy the fact that the measures on the whole are good with a 
possible maximum error of *02A. We shall therefore make no attempt to discuss the 
F and D series with the same fullness as in the other cases. The groups selected are 
certainly not the only ones and possibly may not be the most important ones, but 
they will be sufficient to give data for the determination of the oun to about the 
same degree of accuracy as for the other gases of this family. Take for the first 
group. 

m = 1. m = 3 

(1) 23782-51 (K.) 179*92 (6) 23962-43 (E.V.) (1)44827-37) 175*51 (1)45002-88 

7l^S 39i^ 

(2) 23899-08 (K.) (3)44835-41 


m — 2 

(3)39357 06 178*95 (4)3953601 

17lf^ 

(3) 39420-68 

(5)39439-33 


The lines for m = 2, 3 are by Edeb and Valent A. Again the low intensity for 
Dji(l) is to be noticed, but we have' here some indication of the source of this 
peculiarity. Edeb and Yalenta give the line at 23899-83 of intensity 9, and state 
that it appears only with a very strong condenser discharge. The difference in the 
two measures {d\ = -13 A) may possibly be due to observation although it is greater 
than is the rule between the measures of K. and of E.V. As an oun displacement in 
the sequent produces a change dn = -4, the difference may be due to 25, displacement. 
If so, no error will be introduced in the succeeding considerations by overlooking this, 
treating it as due to observation error and using Kayseb’s measurements, subject to 
a smaller possible error. For in either case the dependence of the sequent mantissa 
on the multiple law is not affected and although the multiple itself is different, at the 
same time the difference in the two readings wiU not modify the formula constants to 
an extent to appreciably affect the calculated lines for m>2. 

Using the limit D(«)=sS(oo) = 51731-03 and the first two D,, lines the formula 
found is 


n = 51731 


- 08 -Nyi 


w+989074- 


- 003976 l» 
m J ‘ 
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This gives for m = 3, 4, 5, the lines n - 4483416, 47323-04, 48672-56. The O-^C 
for the first is cZX = — ‘06 whilst the others should be weak and are near to the limits 
of observationa The links are so small that as sounders they produce lines also close 
to the observed region. For w = 1, the difference of the sequent mantissee of 23899 
and 23782 (Dia) is 4144 and 4Aa— 6^i ss:71^^z= 414r2, or exact with d\ =* "013 on 
two linea It will be shown later (p. 447) that D,a depends on the A3 multiple. The 
series is, therefore, probably a real doublet series with this for the outer satellitea 
For wi = 2 the D,, set with a displacement of about 17 if 5 is inserted since it recalls 
the order of magnitude in Kr and X, whilst the two Dia satellites for m — 2 and 3 are 
inserted because they show the same displacement of 39f5. An extrapolated line on 
an observed one [23611*5], 179 * 5 , (2)23791*0 gives a displacement 1755 for m= 1 
corresponding to that for w = 2. It may also be noted that in Argon the third lines 
of the triplets appear to be missing in this D seriesr 

The following arrangement would seem to indicate the existence of a set parallel to 
the above : — 


23899*08 

20*74 

(3) 23919*82 

186*73 

(1) 24108*55 

39439*33 

20*65 

[39459*98] 

171*60 

(8) 39631*58 

44835*41 

20*65 

• [44856*06] 

. 177*22 

(4) 45033*28 

[47323*01] 

20-66 

(47343*67) 

178*97 

(1) 47522*64 


The [ ] in the second column are calculated from the first column by adding 20*65. 
The line in ( ) is determined as the mean of the linked lines w.(l) 47784*02 = ... 44*55 
and (1) 46183*62.'M.e = ... 42*80. As 55 on the limit produces a separation of 20*65, 
the lines in the second column would correspond to the parallel displaced series 
(— 55)Dji. The separations of the last column increase with the order to a normal 
value of Pi and point to a constant displacement in the sequent. 

With the above D set should be associated a doublet F series whose Fj (00) = du (l) 
= 51731*03—23899*08 = 27831*95 and separation that of the D satellite or 116*5. In 
searching for this allowance will have to be made for the prevalence of displacement 
in the lower orders. As a fact, however, this only appears for m = 3 in F^, although in 
F3 there are considerable signs of it. The following table with succeeding notes 
contains the data, including also those for the corresponding P series ; also for certain 
lines which show a separation about 150, and which may probably be the analogue of 
the 1864 X series. 

We shall denote this last set by dashing the letters. 

The formula obtained from the two first Fj lines and the given limit is 

n = 27831*95-Ny|m+*75770l4- 
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The O—C between observed (or deduced from obeerved) and calculated are given 
under the heading d\. As before ( ) refers to deduced lines [ ] to calculated. 


w. 

P. 

d\. 

27831*96. 

P . 

1 < 

-(4) 7404* 33 (P) 

116*65 

-(4) 7288*68 (P) 

* 


[63066] 

2 . 

(1) 13444*62 <P) 

116*12 

(1) 1.3.560*64 (P) 

150*91 

(1) 1359.5*4.3 (P) 

* 

SI ‘42 

(42218*3.3) 

115*89 

(42334*22) 

.3 ^ 

[20073*40] 

116 85 
(20190*25) 

151*05 
(4) 20224 *41 

1 

S1‘U 

(.35588*89) 

114 3 ± 2 
(35703*2 ±2) 

4 " 

[89*50] 

(10) 22991*57 

- *39 

SO- IS 

(32668*69) 

116*31 

(32785*0) 

150*50 
(2) 32819*19 

6 . 

[24*49] 

(.5) 24521*94 

115*31 

(24637*25) 

•42 

[SO -88] 

29 60 

(1) 31137*27 

116*67 

(31253*84) 

150*29 

(31287*66) 

6 ^ 

(2) 26429*28 

116 54 
(25545*82) 

152*84 

(1) 25582*12 

•17 

32*12 

(1) 30234*96 

116*85 

(4)30351*81 


(•26010*63) 

116*44 

(26127*07) 

- *19 

33*29 

(3) 29655*76 

8 • 

(4) 26402*01 

114*27 

(26516*28) 

147*75 

(5) 26549*76 

- *07 

30*99 

(29259*97) 

118*82 

(29378*79) 

9 * 

(1) 26679*62 

153*76 

(1) 26833*37 

* 

- *01 

34*96 

(3) 28990 *30 

119*00 

(29109*30) 

150*51 
(1) 29140*81 
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m. 

F. 

dk. 

27831*96. 

P. 

.o{ 

(6) 26885*78 

• t • 1 

-*29 

i 

34*10 

1 

(1) 28782 *42 

148*28 

(1) 28930 *65 


Notes . — ^Displacements are in evidence except for Fi. A desired wave-length can be obtained very 
closely since a displacement produces a change of only * 42. Consequently in deductions by displace- 
ment the results have little weight, and in fact would have none at all were it not that we now know as a 
fact that such exist. Failing such likely displacements, recourse has been had in a few cases to linked 
lines and here their evidence has weight. 

»» = 2. For Pi, (-16S) (1)42192*13 = 18*21; (93) (1) 42233*12 = 18*46; mean taken. For P 2 
(-6fi)(l) 42326*07 = 34*22. 

w = 3. There is no observed Pi, but (3) 19351*20.e = 20070*91 or with E.V. 71*66; 

Fi (3) (7 As) = 20103*85 and 20106*62 is observed by E.V. rfX = - *42. 

For F 2 , ( - 388i) (4) 20174 * 83 (E.V.) = 90*22; ( 20 Si) ( 2 ) 20198 * 39 = 90 * 29 mean taken. 

For Pi, ( - 66 ) ( 1 ) 36680 * 73 = 88 * 88 , also P 2 , ( - 58) ( 1 ) 35696 • 03 E.V. ± 2 = 703 * 18 ± 2 . 

m = 4. The observed line for Fi is much stronger than should be expected ; also its O - C is in the 
opposite direction to that of the others. It may be displaced by As on the sequent and so intensified. 
The As would produce 0-C = *00 and the observed = Fi (4) (As), or it may hide the real Fi. Pi 
is inserted as 32819- 160*50. It only indicates that 32819 is the correct value of P'. Ps is given as 
( 68 ) ( 1 ) 32793 *11. 

m = 6 . Pi shows a link e = 719*81 to (3) 26241*76. Fs is entered as (188) (4) 24665*69 = .37*26, 
but has no weight. Pi = (16^8) ( 1 ) 31279*10. 

m = 6 . Fs is the mean of (- 681 ) ( 2 ) 25536*18 = 45*87 and (78) ( 1 ) 25567*12 = 45*78. The 
calculated value of Fi gives a better 161*7 to F'l. 

m = 7. The calculated Fi is 26009*30. The deduced value is ( 1 ) 26290 *92.e = 26010*73, which again 
has an apparent approximate e Jink = 720*77 forward to an E.V. line at ( 2 ) 26731*40. This is 
however a coincidence as the last line is Ss ( 2 ). In connection with the linked line 26010*73 may be 
taken the pair ollines (- 68 ) (3) 26001*11 = 10*89 and (7^8) (3) 26022*85 = 10*63 whose mean agrees 
precisely with the former. For Fs a similar split with two may be observed ( - 2 J 6 ) (3) 26123 * 03 = 27*07 
and (28) ( 1 ) 26130*61 = 27*30. 

TO = 8 . Fs is (5) 25796*57 .« ; also (-28) ( 2 ) 26512*75 = 16*05. It may be noticed that the separa- 
tions to Fi and F' are both about 2*3 too small, or 1^8 on the limit. Pi is (2) 28540 ‘26.e and Ps is 
( 1 ) 28669 *08.e. These linked lines in this order are therefore reliable. 

TO = 9. Ps is (1) 28389*59.6. 

It should especially be noted how with increasing order the normal calculated lines 
appear as observed with good intensitiea As in the other instances it suggests itself 
that this is due to the difiusion of the energy of the lower order lines into the 
formation of numerous displaced ones. The usual accurate determination of the limit 
as the value of ^ (Fj-f P,) is not here applicable as, for the reason given above, the 
determination of the actual displaced lines is unreliable. These values are printed in 
italics. The more reliable results point to a limit higher than that calculated in 
S ( 00 ), with f about +2. 
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The Value of the Oun . — The preceding results for the D and F series afford material 
for the more exact determination of the oun. The Du line 23899 must have a 
mantissa which is a multiple of the oun, though not necessarily of A^. The mantissa 
of the F ( 1 ) = — 7 404 should be a multiple of Ag. Pasohen’s estimate for the 
maximum error of the F(l) is lA, and Kayser’s for the D(l) is ■02A. These 
mantissas are, introducing the actual errors as d\ = pi, ’02^2 

985098 + 4062)2- 35 *66^ 

764245 + 1372)i- 25 03^ = 723 {1057*047 + OlOOlp, - 0346^}. 

In the case of F (l), given that its mantissa is a multiple of A2 the multiple must be 
723 for 724 or 725 would alter A2 by 1*5, whereas we already have its value as close 
to 1057*0. The mantissa of d,, is so large that by itself it is not possible to determine 
the oun multiple. But the difference of the mantissas of and^ is much smaller and 
also an oun multiple. It is 

220858 - 13*72), + 4*062)3- 10*66f 

= 209 {1057*047+ 01902), -•0346^}-55, + 2-17*72), + 4-06p3-3*G7^. 

Even this is too large to settle the multiple on account of the observation errors and 
uncertainty in It may l)e an oun more or less. The following consideration, 
however, will give some indication on this point. The mantissa of the satellite 23782 
as found above was 4A2— 6^, above that of D,,. Consequently its complete mantissa is 
209A2-55,±^,- (4 As- 65,) = 205A2+5,±5, above that of /(l) or = 928 A3 or +5, or 
+ 25,. Now this is so close to the A2 multiple as to point to the fact that this satellite 
is the fundamental one, in which the rule is a multiple of A2 for the mantissa when 
there is no relative displacement with the second or third of the triplet satellite set. 
But here the observed is 179*92 = 179*50 + *42 and *41 is the change produced by an 
oun displacement. In other words the mantissse of the D,3, D23 lines are either 
M(A2), M(A2) + 5„ or M{A2)— 5„ M (A2). But it cannot be M(Aa)— 5,. Hence if 
the multiple law holds here it must be in the D,3 satellite, the —5, must be 
taken above, or the difference is 209Aa— 65, and 16*4 — 17*72), + 4*062)3-“3*69^ = 0. 
This is easily satisfied by moderate values of the p's and Further, the mantissa of 
23782 is 928A2.* 

This makes the mantissa of D,, = 932A3— 65„ whence 

932A2 = 985098 + 65, + ... = 985184*9 + 42)a-35*66^ 

Aa= 1057*064 + *0042)3- '0382f 

* It may be noted in passing that the satellite separation is 116 ‘57, but is reproduced in the F series 
as 116*66 (P.) for m = 1, 116* la (R.) for to - 2, The latter, more reliable, is -45 less than the corre- 
sponding satellite separation. This general effect is therefore completely explained by the F limit for the 
second series being daa in place of dia. 
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The D, satellite gives 

928Aa = 980956 +P8—35‘44^, obs. eiTor = ’02^3 
A3= 1057 064 + *04^3-0382^. 

Also the/(l) gives 

Aa = 1057-047 + -0190p,- -0346^. 

The value of ^ iny’(l) is not precisely the same as in the others as it involves the 
observed error in Dj,. If ^ is the value for (l) that forjf(l) is * 12 j 02 (dX = ’ 02 p 2 ) 
and 

Aa = 1057 047 + 01901^1 + '004|)2- 0346f. 

Thus Pi is of the order *9 and the best value is 


A2= 1057*064--0382^±-004. 

The value of ^ is probably a very small positive quantity. The O— C for Dj, (4) is 
dn = r25 pointing to a positive The data for the accurate determination from 
|■(F + P) are defective. Of directly observed lines those for ni = 6 appear reliable as 
the separations are good. This gives the limit as 27832*12 or ^ = ’17. Failing any 
Ixitter determination we put '17 + ^ 


Probably 


A2 = 1057-057 --0382^1 -004. 

^ > 1 and 


S = 57 -9209 --0021^ ±-0002. 
<1= 57 -921 ±'002. 


The manner in which so many independent conditions fit in to give this value is 
very remarkable, and should give great weight to the accuracy of the above value. It 
must not, however, by itself be regarded as a definitive value free from all possible 
doubt without further support from independent groups of D or F series. This is not 
easy to obtain. In the first place the spectrum of A seems to approximate more to 
the doublet sets of He, and we lose the advantage of dealing with triplets. Again, it is 
clear from the way in which the lines are crowded in the region below n ^ 2300 and 
in which modified separations in the neighbourhood of 180 preponderate that a large 
number of displaced groups must exist, and displaced groups have generally shown a 
fragmentary quality. It is difficult, however, to deal with these in the same way as 
in Kr, X, or BaEm, because the oun is so small that the separations produced by one 
oun displacement are comparable with observation errors or uncertainties in the 
limits.* 

* I had prepared the details of an additional D group with corresponding F and F series depending on 
a displaced D ( oo). As however, while supporting the above value of the oun, it does not decrease its 
possible error, no present object is to be gained by printing it. 
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The separation 150 has been referred to as probably tbe analogue of the 1864 F 
separation in X. The reasons for this supposition are based on its magnitude and its 
occurrency curve. This separation in Kr, X and BaEm has been explicable as due to 
a displacement close to 5A, on the mantissa of a d (l) sequent. In the present case 
the example taken is not the most important F series, but its limit will be near that 
to which the separation is due. The displacement required in it to produce a 
separation 150 is very close to 5 A,, in fact SA^ produces 149. The separation in 
question then is caused by displacement of the normal Aj-multiple for this series. 
The second reason is l)ased on the form of the occurrency curve, which shows the 
same sharply defined single peaked curve as in X. It is represented in Plate 2, 
%. 5 . 

It may be interesting to note that all Stark’s A"*"*”*^ lines, i.e., whose sources have 
lost three electrons, all show e links except one. They are 

(3) 23674 719-23 (3) 24393 

(3) 23696 

(2) 24053 719-22 (4) 24772 

721-90 (1) 23639 719-46 (7) 24359 

?F,(5). (5) 24521 719-81 (3) 25241 720 - 24 . 

Neon . — The principal sources* for measurements in the spectrum of Neon are 
observations by Liveing and Dewar, Baly, and, Watson. These have been 
supplemented by interferential measures by Priest, Meggers, and Meissner. Rossi 
has added a few lines down to 2352. Through the kindness of Mr, W. F. Meggers 
I have also had the advantage of using an as yet unpublished list of very accurately 
measured lines made by himself and Messrs. Burns and Merril at the Bureau of 

Standards in Washington.! The lines by Liveing and Dewar are only roughly 

measured, but as in the case of the other rare gases comprise many not observed by 
others. Baly’s list extends from 6717 to 3037, Watson’s from 7245 to 2736 and 
contains a considerably larger number of lines. Both in Baly’s and Watson’s lists 
considerable gaps appear with only a few strong lines, especially between 4250 and 
3500. These are filled by a number of weak lines observed by LiVEING and Dewar. 
These latter are very important for the complete discussion of the Ne spectrum as 
they represent the scattered displacements and linked lines of low order series lines 
which normally should occur as single strong lines but which are here wanting. 

♦ Liveino and Dewar, ‘Roy. Soc. Proc.,’ vol. 67, p. 467 (1900); E. C. C. Baly, ‘Phil. Trans,,’ A, 
vol. 202, p. 183 (1903); H. E, Watson, ‘Roy. Soc. Proc.,’ A, vol. 81, p. 181 (1908); J. 6. Priest, 
‘Bull. Bur. Standards’ (U.S.A.), vol. 8, p. 2; W. P. Meogers, ‘Bull. Bur. Standards,’ vol. 12, p. 198 
(1916)’; K. W. Meissner, ‘Ann. d. Phys.,’ vol 51, p. 115 (1916); R. Rossi, ‘Phil. Mag.,’ vol. 26, p. 981, 
(1913). 

t Befen*ed to below as B.M.M. 


3 P 2 



450 


DR. W. M. illCKS: A CRITICAL STUDY jOF SPBCTRAL SSRISS. 


Unfortunately L.D.’s measures are only given to lA, and thereby their value is 
greatly diminished as they become merely indicatory and cannot serve as quantitative 
data. The accuracy of Baly and of Watson is good and probably about the same. 
Priest claims an accuracy with px>bable error < ‘0005A, Meissner with error not 
>’0015, but the accuracy of an interferometer measure depends very largely on the 
nature of the individual line. MEoasRs’ results are exceptionally valuable in that he 
gives interferometer measures of a number of lines of small wave-length 3701 to 3370 
where the S (2) and some of the higher order F lines occur. Rossi has succeeded in 
allotting lines to series. 

Neon affords an apparent exception to the rule amongst the rare gases of different 
spectra, according as they are developed with or without condenser in the tube 
discharge. On the other hand its spectrum would appear to be a composite one of 
the typical “ red ” and “ blue " spectra. It undoubtedly has a ’portion analogous to 
the “ blue ” as will be seen by the results obtained below, completely analogous to those 
found in this communication for the other gases, which refer to their “ blue ” spectra. 
On the other hand in some remarkable sets of accurately equal separations discovered 
by Watson* it shows a relation to the analogous well-known constant separations 
observed by Rydberg in Argon. Further, it is specially rich in lines in the red region. 
In the list of lines observed at the Bureau of Standards referred to above there are 
225 between 8783 and 5689. Since in each periodic group of elements the number 
of lines as a whole increases very rapidly with the atomic weight, the excess of red 
lines in Ne is even comparatively greater than the actual number sho.ws. The majority 
of these lines are weak, but they almost all fall into a few definite linkages in which 
the links are the constant separations discovered by Watson. Some of these special 
linkages again are connected together by the p and s links, especially the e.u.v. 
They belong to the F type of order m = 2, and should afford most valuable 
information as to the way in which parallel and displaced lines are related. I hope 
to return to this question on a later occasion, and only refer to them in the present 
discussion incidentally as they afford some evidence for the determination of the 
value of the oun. 

The wave-numbers of observed lines published stretch from 13251 to 36536. 
From analogy with the spectra of the other gases we must not therefore expect to 
find more than one order in each of the S and D series. Nor, with its small atomic 
weight will the e.u.v links be large enough to act tis efficient sounders. On the other 
hand the whole of any F series (m = 1 excepted) should lie within the above limi ts 
It is therefore clear that the attack on the problem must be made first on 
this series. One datum at least is at our disposal in the magnitude of the oun. 
Taking the atomic weight at 20'0 ± ’Of the calculated value of S is 14’47 ± ‘01. 
This value of 14 ’47 may therefore be treated as exact to one or two units in the last 
digit. 

* ‘ Proc. Camb. Phil. Soc.,' vol. 16, p. 130 (1911); ‘Astro. Journ.,’ vol. 33, p. .399 (1911). 
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"nie F ( 2 ) line should be a strong one in the neighbourhood of 17000. There are 
a number in this region. The lines in the following list are found to give a good 
series and is doubtless one F series. In this case we possess the great advantage of 
very accurate interferometer measure of the Ist, 3rd, and 4th lines in international 
units. These are used to determine the formulae constants. The wave-lengths are 
given as measured, the wave-numbers are all in Rowland units. 


NeF. 


m . 

X. 

n . 

0. 

1 

0 

2 

(10) 5852-48 I. 

17081-46 

-00 


3 

(0) 4157 -74 R. 

. 24044-88 

-05 

- -05 

4 

(5) .3700-89 I. 

27009-47 

•00? 


5 

(5) 3.501 -22 I. 

28.552-37 

•00 

4 

fi / 

3393 R. 

29464-2 

1-00 

- -66 

® 1 

(34l7.e) R. 

(294.54-2) 

1-00 

(-47) 

7 

3.329 R. 

30030 -.57 

1-00 

•58 


Notes to Table . — For the first line Pbiest gives X = 5852*4802, Mkissnbr *4875, 
and Meggers *488. These all give the same wave-number to the second decimal place. 
The second is a weak line by Watson not observed by Baly. Baly gives a line, 
intensity 4, n. = 24039*45 not observed by Watson. We have here a concrete 
observational example of the facility with which a normal F line of low order can 
split up into displaced lines by slightly diftererrt excitations. In this case the 
mantissse difference in the sequents is 159 and 115= 159*1, so that 24089 is 
F ( 3 ) (—115). The tim’d line is a strong line observed by both Watson and Baly, 
but the measure used is deduced from an interferentially measured line n = 28439*801 
by deducting the Watson link separation 1429*429 (both accurate). Watson’s 
measure is 27009*95. The line for w = 5 is by Meggebs, but Watson gives the 
same w. The remainder of the series comes in one of the gaps referred to above in 
which only L.D. have observed. They give lines which may serve for w = 6, 7. Also 
for w = 6 there appears a linked line at 29257*2-f-c = 29454*2 (using the value of e 
found below). The calculated wave-numljers for m = 8, 9, 10 are 30422*6, 30703*3, 
30906*5. No lines are observed between 30203 and 30722. The last two have lines 
by L.D. near them at 30722*7 ±9, 30922*3 ±9. 

The formula as found from m = 2, 4, 5 is 

n = 31850*19-N^|m-f- *794726-^^^^^!'. 

The calculated value for F (l) is X = 12241*97 in vacuo. 
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There can be little doubt about these bnes forming u series, but there is so far no 
independent evidence that it is of the F type beyond its analogous position in the 
spectrum to that of the other rare gases. If it is of this type we should expect to 
find a number of parallel series as well as of the associated F type. It is then 
necessary to test for these conditions. 

A considerable number of parallel series can be arranged all weSj^ for m = 3 as in 
the original series. Some of these are given in the following list in which the 
numbers in clarendon below the wave-numbers give the separations from the corre- 
sponding F lines. Those to the right of the vertical line are added. The others are 
deducted. 


2-67(0).. .71 


(1) 16768-^ 

(8) 16816 

(2) 16831 

(2) 16845 

(4) 16889 

312-73 15 - 66 ( 0 )., 

.71 265-36 

249-59 

285-84 

191-63 

2S62S 

___ 

(0) 23798 

(1) 23812 

(2) 23854 

315 2±3 


246-69 

232-58 

191-29 

26695 

26745 

26766 

(1) 26776 

26816 

314 - 6±3 

264 ±3 

244 ±3 

233-33 

163 ±6 


m.(9) 28396 

262-83 

(3) 291961 

261 7 

(1) 28302 

250-28 

28216 m 

228 ±6 

29257 

200 ±9 

(5) 16925 

(1) 16948 

(6) 16996 


(5) 17222^ 

(7) 17342 

155-86 

113-00 

85-23 


141-61 

261-22 

— 

— 

— 


24 I 8 S 

138 ±6 

24312 

267 ±6 

26860 

(26892)* 

(2) 26922 


(4) 27148-> 

27286 

150 ±6 

117 ± 

87-10 


138-83 

275 ±6 

(9) 28396 

(5) 28438 

(4) 28474 


«. (6) 28888 

(28819)t 

156-33 

113-61 

87-57 


138-68 

267 ±6 

(3) 29196.wt 

2934;3 

29369 


(1) 29592 

29727 

155 0 

115 ±9 

89±9 


134 15 

30175 

136 ±9 

268 ±9 

30194 m 

265 ±9 


The wave-numbers in italics are by L.D. and subject to probable errors dA. = -6 and possible dk = 1. 
For values of links see below. 


* u.26997’6 = 26891 -Oj m948.e = 26891-8. 
t u.m!S7 - 28820-3; mil.u = 28817 -7, mean taken. 

I One at least must be a coincidence, or the two series can simply be linked by u or v. 
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Still more striking, and as will be seen later, important, are parallel series with the 
separations discovered by Watson. In addition are found also others at 1932 behind 
F (2). They are 


(5) 15149*24 1932*22 
22103 1941-7 ±6 

26087 1922-9 ±6 

(3) 26628*53 1924± 


F (2) 1429-38 (6) 18510*84 422-33 (l) 18933*34 
F (3) see Note* 

F(4) 1429-43 (6)28438*85 417-44 (4)28856*29 
F(5) 1426 ±8 2997 6'6 424 30203.e\ 


* F (3) has a link 423 to ± 5 and then 1432 to £5899 ± 5 suggesting a mesh in which the required 
ine is wanting. Here the 1932 separation goes better with the strong displaced F(3) 24039*45, giving 
1936 ± 5. The mesh should be 

428 ±6 £US7 1432 ± 

F(3), 24044 £5899 

1429 * 42 [25474 * 30] 426 ± 6 

t Note that 1426 + 424 = 1429*4 + 420*6±9. 


Any lines of the P type up to rti = 4 will unfortunately lie in the ultra-violet 
beyond the observed region. P (4) should be 36690, and the largest frequency 
observed by Watson is (l) 36536. The others should be weak and in a region where 
ylass apparatus would only allow strong lines to be registered. P (5) should be at 
35148*01-1-2^ but is not seen. The line 35259*2 is alx)ut a v link ahead, in fact 
i).35259'2 = 35152*4. It may, however, be noticed that 36536 al)ove is just 154 
behind the expected P (4), so that it is the P line corresponding to the parallel F set 
ibove with the separation 1 56 (say F'). In the same series is also found 
P' (6) = (2) 34087*1 corresponding’ to the F' (6) = 29196.W. These are of value in 
that it gives the means of determining the limit with great exactness. Denote the 
parallel series by F'. For m = 2 using B.M.M.’s measure for F' (2) the separation is 
1708 1*46 ±0—1 6925*43 ±*05 = 156 *03 ±*05. For m = 5 both lines have been 
measured interferentially and the separation is 28553*342—28397*167 = 156*175, 
correct to the second decimal place. The two separations differ by more than the 
allowable observation error, and is possibly due to the common change in sequent for 
series with different limits. In these cases in the separation with the larger wi, this 
effect is very small. Consequently we are justified in taking the separation as 1 56 *1 7 ± 0. 
For m = 4 we have F (4) and P' (4) but only a L.D. line for F' (4). The separation, 
however, gives its exact value as 27009*47 — 156*17 = 26853*30. P^ (4) is 36536*62 
± *66(d\ = *05). The mean gives the limit for the F' series as 31694*96 ± 33 and 
consequently for F as 31851*13 ±*33, i.e., *94±*33. 

But further in the neighbourhood of calculated P (6) = [34242] are found also 
(1)34336*06, (3)33918*08 respectively 94 ahead and 323*9 behind it. .In analogy 
also are found (5) 17176*34, (3) 16757*91 respectively about the same amounts ahead of 
and behind F (2), but no other corresponding F [m) lines appear. We are justified in 
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taking the first two lines as really in the relation indicated^ and are thus enabled to' 
arrive at the value of F (6). Using measures the separations given by the 

F (2) lines are their dififerences from 17081*46 or 94*88, 323*55 with very small errors 
± 05. These, therefore, give for P(6) 34336’06± *25— 94*88 = 34221*18 ±’25 and 
33918*08±*5 + 323*55 = 34221*63. Both are therefore within error limits of their mean 
34221*40. With this for P{6), and the limit corrected as above to 31851*13 the 
value of F (6) is 29460*96. With the value calculated from the formula O— C = — *23. 

As illustrating the way in which D and F sequents are subject to displacements, it 
is interesting to notice that although the separations 94, 323 do not appear as 
directly dependent on F lines after ,m = 2, they nevertheless occur in the 
neighbourhood. It will be sufficient here only to refer in detail to the case of 
F (4) = 27009*47. At about 50 ahead of this there is a line (6) 27060*60 (W.). With 
this there is the following scheme : — 

26766*3 (L.D.) 96*6 26863*4 (L.D.) 197*2 (O) 27060*60 (W.) 321*4 27382 (L.D.)‘ 


As the L.D. lines are subject, even if correct to the nearest A.U., to equally probable 
errors between dX = ± *5, or here to dn = ± 4, these separations correspond to the 
94*88, and 323*55, whilst 197*2 is the link e. The displacement of 27060 from F (4) 
may then be in the F sequent or the limit — probably the former, or a, b or c link. 

The existence of the parallel sets, the indications of the associated P types, and 
the nature of the displacements all point to the conclusion that our original series is 
of the F type. Consequently the limit F(<») = 31851*13 is a d(l) sequent, but 
there is nothing as yet to show whether it belongs to a or a satellite set. If, 
however, we can find a D(l) set the value of D ( ») can be obtained with sufficient 
accuracy to obtain the values of Aj, and the e link. The further consideration of the 
F series will therefore be postponed until this further information has been obtained. 

It has already been remarked that only the S (2) and D (l) lines in any S or D 
group can be expected within the observed region. A superficial inspection of the 
list of lines shows a very large number of separations in the neighbourhood of 46 
to 49 and about 20, clearly related to ri, values as they show the normal ratio vi : 
and are in step with those of the other gases. In about the region in which the 
D lines should be expected Baly gives the strong set (4) 21200*90 49*24 ( 4 ) 21250*14 
with an equally strong line at (4) 21230*11 which might be a D„ line to the doublet 
D,, set. Watson, however, gives other strong lines as well, including a triplet. 
These give 


(1) 21156*77 (W.) 49*18 
44*13 

(4) 21200*90 (B.) 49*24 

(5) *31 (W.) 49^36 
28*21 

(5) 21230*11 (B., W.) 


(1) 21204*95 (W.) 19*71 (4) 21224*66 (B., W.) 

45*19 

(4) 21250*14 (B.) 

(5) *19 (W.) 
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We are justified by its form in taking this as a D(l) set for a preliminary trial, 
although the satellite separations are not in the usual ratio of 5 : 3. It is not so clear 
that the particular F(<») just obtained is a d sequent belonging to it, nor, if so, 
whether it is a d,i or a satellite sequent. The latter point, however, will have little 
effect for our immediate object • -the attainment Aj . Ag . e — as the differences are 
small and may be included in an undetermined The probability is that as this 
seems the only prominent D triplet set, it belongs to the normal group and that our 
F ( 00 ) belongs to it, although on this point something will have to be said later. 
We shall take on trial that F ( oo ) = d,,. In this case 

Di(c») = 21230-11 + 31851'13 = 53081-24+^ 

This should also be Sj ( <» ) and should give the separations by oun multiples in the 
denominator of the sequent. The three S or D limits would then be 

53081-24.+^ 49*24 53130’48+di^, + ^ 19*71 53150*19 + d»',+di/3+^ 

where ^ may be considerable, owing to uncertainty as to 31851 being of d,, or satellite 
type. The mantissse of these are 

437428-13*540^, 436752-13*521^, 436485-13*514^ 

which give as differences 

Ai = 666-*019fH3*5dM, = 46 (14*477 + *29di/,- *0004^) 

Aa= 267-*007(^+d.'i) + 13*5di'g= 18^ (14*432 + *7 3d»/g- *0004^), 

in which it must Imj remembered that calculations with seven-figure logarithms give 
uncertainties of a unit in the last digit. The direct calculation of 8 from the atomic 
weight has already given ^ = 14*47 ±*01. This gives 465 = 665*6 ±*46, 18^5 
= 267 *69 ±*18. Thus these limits give without any doubt the true oun multiples 
in Ai, Ag, and the calculated Ag then gives a closer value of 267 *7 ± *2. No possible 
change in ( can affect these results. Further, these multiples are quite in step with 
the march in the other gases. The remarkably close agreement sustains the allocation 
of the F ( 00 ) to the d sequence of this set, although not necessarily to dn. 

As a further test the satellite separations should be due to oun displacements in the 
sequences. These separations are 29*21 and 45*19, taking the latter because 21224 is 
a good measure (B. and W. agree) and the observed vg = 19*71 agrees so closely with 
the Ag value and the is subject to the very common triplet modification. These 
separations require displacements in the sequence mantissse of 851 — *040^+29di',* and 
1313-*060^+29di/. Now 595 = 853*7±1*2, 90f5 = 1313*1 ±1*8. This is sufficient to 
give the satellite multiples, but as the oun is so small, 5x = 3*62, the close agreement 
cannot serve as evidence one way or the other as to the satellite nature of the doublet 

* Watson’s value of the separation 29 • 30 makes this 2 • 6 larger = 853 • 6. 

VOL. pCXX. — A. 3 Q 
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and triplet lines in question. The points against the allocation of these lines to the 
normal D group are, (l) the satellite separations are not in the usual ratio 5 : 8 (they 
are in fact close to the ratio 3 : 5), (2) there is no appearance of satellite lines 
corresponding to the parallel F lines noted above, and (3) the limit 53081 is somewhat 
larger than we should expect from the march of the limits in the other gases. 

Taking it, however, as the limit, it is possible with the given value of Aj to 
calculate the link e. The result is 197+4dv,. The occurrency curve as found from 
B.’s and W.’s observations is given in Plate 2, fig. 6. The dotted line is the result 
when the numerous rough measures by L.D. are included. As is seen the maxima 
occur at 195’6 and 198, the calculated, at a minimum. The peaks look as if analogous 
to corresponding peaks found in other elements, but the analogy is doubtful. In the 
other elements these (much larger ones) are produced by the prevalence of displace- 
ments by a few ouns, and by At operating on (xS) S ( oo ). Such changes here would 
be very small and the corresponding effects are really shown by the flattened tops of 
the peaks. The peaks themselves are due in all probability to another cause to be 
considered shortly (p. 458). 

In the region in which the S triplets should be expected are found (all interferential 
measures) 

(6) 28787-86 49*81 (5) 28837-67 18*61 (4) 28856*28 

with intensities in the proper order, although the y,, are slightly different from 
those obtained in the D set. The interferential measures of Megobrs and of B.M.M. 
differ considerably (*008) and are not so reliable therefore as usual. Baly and 
Watson agree in giving the separations as 49*72, 18*64. The third line, however, 
has already appeared in the quite definite relation 1429 + 417 ahead of F(4). It 
cannot be S (2), but the latter may be a weak line close to it. 


There is also another doublet set 


(10) 27818*89 

47*76 

(1) 27866*G4\ 


49*93 

(1) 68-82J 

OO 

CO 

48*07 

(1) 6*80 

The suggested Sj line is 

abnormally weak. 

There are, however, here 


number of other weak lines which have the appearance of displaced debris. If the 
first set form a S group, the second would belong to a group with smaller limit, 
which is also indicated by the smaller triplet separations. The limit 53081*24 was 
obtained from apparently the only stable D set, whilst the first set are apparently 
the only stable strong S group. It is natural therefore to take its limit as the same. 
If so, the limit for the second, being 969*03 (or *35 dy) less, is 52112*20. The two 
mantissffi are 437420- 13*54^ and 450723-13*92^+ 13*92dv. Their difference is 

13303-*38^+13*92dv = 20(665*15-*019^+*7di') « 20Ai. 
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Furthermore the observed separation 47*75 requires, on this new limit, a displace- 
ment 664 + 13*9 dfvj. With dvi = *11 we have A, the same as before, i.e., the 47*86 is 
the proper vi separation of the new limit. The proper to this limit should be 19*15 
giving Ss = 27885*90. This is not seen, but the tt-linked line is possibly given by 
L.D.’8 line 27995*5±4— 106*8 = 27988*7±4. The actual Sj line appears split up into 
the additional displaced lines, each (l) 27858*26, (l) 27868*82, (l) 27873*63 from 
observed Sj. As a parallel w-link to the first we find also L.D., 27964*2±4— 106*8 
= 278 57 *4 ±4 for actual 58*26. The oun is too small to decide whether the displace- 
ments are produced in the limit or the sequent. 

The limit for this new set, 52112*20, is more in step with the progression of the 
other gases, viz. : — 

Ne. A. Kr. X. BaEm. 

52112 51731 51651 51025 50403 

It is possible to get an estimate of the u.v links although there is no means 
apparent at present of getting the exact value of s(l). Either of our S groups gives 
the same value for s(2), viz., 53081*24—28787*86 or 52112*20—27818*89 = 24293*3. 
The denominator of this is 2*1248, so that the /w+a/2 of s(2) is *1248. We can get 
an estimate of the value of s(l) from the law that (a + i A , )/(m + i A, ) is about *2 in 
the other periodic groups. The corresponding values in this group are A, *189 ; Kr, 
*198 ; X, *222. If the ratio *18 is taken for Ne /u+a comes to about *1139 with s (1) 
about 89000. These are only rough estimates, but the values of u.v will only alter 
slowly with considerable changes in s (1). The values calculated from this 89000+^ 
with Ai = 666 are 

u = 106*78 + *00 17^, V = 106*86 + *0018^. 

This shows that although the value of s(l) may be extremely rough, those of u.v 
may be relied on within a few decimals. 

. One is inclined to regard the weak S set as that which is analogous to those 
determined in the other gases, and which certainly belong to the blue spectrum, and 
that in Neon, which shows only one spectrum, it is composite, and the blue not 
strongly developed. The question naturally arises whether there is any evidence of 
an unstable or weak D set with the same limits, t.e., about 969 behind the former D. 
There is a set in this neighbourhood 

(0) 20173*82 42*86 (2) 20216*68 

of the right order of inverted intensities and a small i^i, possibly a case of the common 
D triplet modification. With the limit 52112*20 the mantissa of 20173 is 853094, 
which is .373 greater than that of the old d. This is within error limits of 26S =376 
This may be explained by the supposition that the d sequence is not affected by the 

3 Q 2 
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limit and that the present pair run parallel to one 26^ above the old D^g. If this existed 
it should be 21142'64, 21191'98, 21211'69. There are lines for the last two but none 
for the first. They are 


[2114274] [ 49 * 24 ] (0) 21190*61 20*10 (6) 2121071. 


There is thus considerable evidence for the existence of parallel S groups as well as 
of parallel D ones. Each set has its corresponding v^, v.^ separations, but with the 
same oun multiples for Ai, A^. We should consequently expect to find the presence 
of corresponding a ... e links. With the S limit 52112 the e link is found to be 191*49. 
Now the occurrency curve for e gives a maximum between 195*6 and 196 pointing 
to a S limit as bjisis about 650 less than 53081 or, say, 52430. This makes e = 195*63, 
y, = 48*9. Do we find evidence for S and D ^ts about this amount less in wave- 
number than the old ? For the S we are landed in a region which forms a gap in B.’8, 
or W.’s observations but which contains a number of lines by L.D. Amongst these 
we find 



Si. 


83 . 

1429 1 

195*7 

>27964±4 

47 

28011±4 

105*9 J 

213 




28177±4 

40 

28217±4 


The suggested Sj, S3 fall into the proper positions, the link 1429 is one of Watson’s 
constants, 195*7 is the e link proper to the limit, 105*9 is u or v, and 213 is 2 m or 2v. 

For the D sets we find amongst W.’s lines 

(0) 20551*35 49*62 (2) 20600*97 

157*51 
(3) 20708*86 

The 20551 is 601 below D ,3 = 21156, which when the variability of the satellites is 
considered may be taken as the analogue of 610 for the S set. If it is corrected* by 
dn = *7 {d\ = —* 17 ) the vi becomes the correct value 48*9, audit is then also separated 
from 20708 as a Di, line by 156*8, which at once suggests the origin of the 156 
parallel F and F sets previously brought to light. If this relation be real, the old 
F ( 00 ) 31851 is a d satellite sequent, belonging to 20551*35 or ...2*0 and the limit is 
20552*0 + 31851*13 = 52403*13. Not only is the 156 separation found, but there are a 
large number of lines in the neighbourhood which give, possibly within the error limits, 
the other separations indicated by the traces of parallel F series adduced at the 
beginning. Also as indicating a D region we find large repetitions of e and b links 

* Not necessarily error, probably the usual D displacement on sequent. 
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characteristic of D linkages. As referring to the F series we find, starting from 20551 — 
which corresponds to 31851 — 

(3) 20556 84 

44-13 


(0) 20551*35 49-62 (2) 20600*97 

(0) ... 2*02 85-81 

114-84 (0) 20642*61 

(5) 20666*19 
157-51 
Du (3) 20708*86 
194*42 

(2) 20745*77 

232*02 

(3) 20783*37 

249-22 

(1) 20800*57 

269*39 

[20820*74] [ 48 * 78 ] (2) 

275-00 ( 0 ) 

(1) 20826*35 48*78 (4) 


312-66 

20869*52 

... 72*56 
... 7513 


3-04 

2*57 


y 5*61 


There is also (l) 20542*57 at 166*29 behind the D,, line 20708*86 which seems related 
to Kossi’s series referred to later. 

The application of the D qualification test is unfortunately here nugatory on 
account of the smallness of the oun. It is, however, striking that so many of the F 
separations put themselves in evidence. This agreement adds considerable weight to 
the allocation. The evidence is also practically convincing when the Watson 
separations are brought into evidence as is done a few paragraphs below. Support is 
also given in the doublet system shown in connection with 20826, which show the 
same small displacements as are exhibited in the first of the parallel F sets adduced 
above. In this case to 20869 as a Dg would correspond a [20820] as a Dj 269*39 
ahead of 20551, whereas the F is 312*73 Ijehind the corresponding F, line (17081). 
If the two sets correspond, i.e., the d sequent and the F { oo ) for this set are the same, 
the D group must belong not to 20551 but to a parallel D group in which the limit 
is 312*78—269*89 = 43*34 behind the normal D(oo). Now this is the separation of 
20556 behind 20600. In fact the separation of 20556 and 20869 is 312*66. This 
further indicates that 20556 is a Dg line in the position shown in the above table, in 
which the corresponding Dj line is too weak to have been seen. This also gives another 
F separation — 85 — with 20642. The change 44*13 on the D limit requires a displace- 
ment on the mantissa of 611 and 42^^ = 611*3, which is exact. The vj corresponding 



460 DR. W. M. raOKS : A CRinCAL STUDY OP SPECTRAL SERIES. 

to this new limit, with Ai = 666, is 48*80. The diflPerenoe between this and the 
observed 48*78 is just within our assumed possible errors on two lines. 

Again, the double line 20600*97, 02*02 apparently reproduces itself in the F group, 
as Meissner says 17081 shows also a weak component. It is also in evidence in 
another relation as we shall see immediately. 

The existence of parallel F series with Watson’s separations and also 1932 has 
already been pointed out, viz., 

• 1932 F(l) 1429 • 422 • 


If these depend like the others on D series, the same separations should be found in 
the reverse order. They do not appear with D„ but they are seen with the stronger 
line Da = 20600, with which also the linkage relation enters. Thus 


1428^6 (8) 18753 419*13 (l) 19172J 


1428*68 

1429*73 


1925 ±3 22526 


(2) 20600-97 jj 

( 0 ) 20602 02 


in which there is also a mesh between 19172 and 22030 and a link back from 18753. 
There may also be a forward 1932 linked line if L.D. has d\ = —1*1. It is striking 
that a mesh is repeated in the F (l) set. Thus 

1429*38 18510*84 422*50 

17081*46 18933*34 

1430*24 18511*70 421*64 

If 


The separation of the 20600 lines is practically repeated in the 18510. 

The parallel D set, with Dj = 20556, also shows traces of the separations, with the 
mid lines not seen, in analogy with the weak mid one just considered. Thus 

(7) 18709 417*86 [19127] 1429*42 (3) 20556*84 

The absence of the corresponding lines connected to 20551 may be due to the 
scattering of the lines by displacement. The wanting lines should be [19122*07], 
[18704*6], the former corresponding to the weak 19172 of the second D group. Now 
we find strong lines corresponding to both these at the same separations ahead and 
suitable for the same displacements, viz.. 


[19122*07] 
20*79 
(5) 19142*86 


(1) 19172*29 
20*27 
(4) 19192*56 
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These numerous F and D relations render it certain that the sets of lines adduced 
belong respectively to sets of F series and the D series. Moreover, it suggests that 
the source of the 1429, 417 separations is the d sequent or F(oo) a: 31851*13. 

A possible supposition is that their source should be in the S ( oo ) limit. If so we 
should expect it to appear strongly in the S lines, and so in the (2) lines considered 
above. As a fact, however, there is no sign of such in either of the S groups adduced, 
except a very dubious one 1425 between two L.D. lines each of which has an 
ambiguity ±4. It takes place between S, = 27964 and 26539 backwards, so that if 
its source were here it would be a positive displacement on S(qo) or a negative one 
on «(2), both unusual. The strongest argument for its source being in the 31851 is 
that the separations in question show themselves in all ord&rB of F(7n) — in other 
words, occur in the limit F ( od). 

The Value of the Chin . — It has already been found that the value of the oun 
calculated from the chemist’s atomic weight is 14*47 ±'01 and that the oun 
multiple for Aj is 18^ or A, = 267*70 ±*02. This is too small — or the inexactness too 
large — to obtain a more accurate value as in the other cases directly from the F or D 
mantissae. It is, however, possible to arrive at an extremely accurate estimate by 
proceeding step by step with successive approximations, and for this purpose the F 
separations are clearly at disposal. The wave-lengths of many of the F (l) lines are 
very accurately known (B.M.M. will be used), they are so large that the dn are small 
multiples of d\, and being of order m = 1, an oim displacement will produce a 
comparatively large change in n. In spite, therefore, of the smallness of the oun it is 
possible to get some definite information. The reliability of the information will 
depend on two assumptions — 

(1) That the lines employed are F lines parallel to the series F (l) = 17081. 

(2) That no displacements occur in the/sequents themselves. 

If the assumption (2) is not satisfied the series in question will not show constant 
separations from the corresponding F, (m) lines, but will converge or diverge with 
increasing order. The lines we shall make use of have been measured probably up to 
a few thousandths of an Angstrom, and the accuracy is greater than one in the 
seventh digit in the value of n. Moreover, in calculating with seven-figure 
logarithms, in which also we have to do with differences between two numbers, errors 
amounting to unity or more are liable to enter. Consequently where these very 
accurate numbers occur nine-figure logarithms have been used. As the wave-lengths 
are given in I. A. the calculations have been made on that basis. The limit 
31851*1300 R = 31852*1816 I N = 109678*6. Put A^ = 267*70-l-», therefore 
4 = 14*4703 -h *05405 where at present x lies between ±*2. It should be noted that in 
the d sequences, the satellite displacements are not in general multiples of 4, but of 
4i = ^4. The correct value of a wave-length wiU be taken as the observer’s value 
— *001 xjo, so that dn = -h ... . 
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Amongst the sets of F series given (p. 452) two, in addition to F (l) itself have been 
measured to the required degree of accuracy. They are those showing separations of 
85 and 265. Under these conditions 


Mantissa of 31852 1816 + f = 855630*30-29*130^ 
Wave-numbers of 5852*4870 = 17082*0220- •0029jo, 

5881*8958 = 16996*6140- *0029p8 

5944*8844 = 16816*6702 -*0029jt>3 


86*4080- *0029 (pi-Pa) 
266*3618-*0029 (p,-P3) 


( 1 ) Separation — 85*41. — This is the same within error limits as occurs in the D series, 
but the corresponding F series shows v increasing to 87*57 W or 87*41 B at m = 5, 
which means additional displacements either in F(oo) or the sequences. As the 85 
agrees in both the F (l) and D series this will not happen in the F(oo), and the 
separation 85*41 will be due only to the actual separation in 31851. The limit of the 
F series in question is therefore 31852*4170-85*4080 = 31765’8336+f. 


Now 

Hence 


Its mantissa = 858133*15 — *085 (jpi— P 3 )— 29*247f 
Difference from F^ = 2492*85... 

9 A 3 + 5f ^ = 2492*504 + 9*31 lx, » < *2 

9*311a;= *35- 085 (l>i-i)*)-117f 

x=z *038-*009(pi-Pj)-*0126^ 


The important point to notice is that with our preliminary limit of uncertainty 
{x <* 2 ), the oun multiple cannot be any other than that used, so that the second 
approximation is quite definite. It has already been seen in the discussion of the 
F, series that ^ is probably within ± *33 also pi—p-j will not numerically be greater 
than 4. Hence x = *038 ±036 ±0042 = *038 ±'04 


A.,= 267 *738 ±*04 
S= 14*4705 ±*0009 


( 2 ) Separation = 265*3518.— Limit = 31586*8298 +f+ *0029 {px-p^ 


Now 

therefore 


Mantissa = 863408*31 — *085 {,Px—p^ —29*498^ 
Difference from F, = 7778*01 — *085 {p\—p^) — *368f 

29 A 3 +S = 7777*77+ 29 *05£c 

29*05® = *23- *085 (jo,-jP3)-*368^ 

•008-*0029(p,-p8)-*0126^ = *008±*016 
A, = 267*708 ±016 
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In comparing these values it must be remembered that ^ and jt>i enter in both. 
Equating the two, ( disappears and 

•030 - ’OOejpi + OOOiJa- •003i>8 = 0 

This is easily satisfied by possible observation errors — jOj = —p^ = Pa= 1’4 say, 

As= 267-713-*0126^±01 

(3) Watson’s Separations . — When the strong lines giving these separations are 
taken, the exactness of the equality of the separations obtained from them is most 
remarkable. Using the interferentially measured lines by Pbiest, Meissner, and 
Meooebs, with 9-figure logarithms the following values are found in I. A. for the 


means 

1429*4292 

8 

*0065 

•0048 


417*4533 

7 

*0120 

*0064 


1070*075 

1 




The last enters as a component of 1429, viz., 1429 = 1070-1-359. 

The second column gives the number of the observations used, the third the 
maximum deviation of a single observation from the mean, and the last the root mean 
square of all the deviations. Using these the mantissm of the following numbers 
have to be found with added — 

31852 1816 1429*4290 3328r6106 417-453 33700 0636, 1070076 32922 2530 


They are 


855630’30-29-130^ 
815343-78 -27-273 


804064-79-26-768 

825224-33-27-721 


40286*62 -l-857^-f27d,., 
11278 99- 606^-»-27dr, 

9980-66 --448^-27 {dv^-dv,) 


In this particular case, Fj = 17082, and Fi-fl429 have both lieen observed 
interferentially and the separation is 17082*0240—18511*4499 = 1429*4259, or 
dvi— —*0031. The 417 separation is altered, by some displacement to 422-52±*17 
and is therefore not directly applicable. The calculations have been carried out on the 
basis of the values obtained on the averages. It must be remembered, however, that 
when displacements enter in a sequent they frequently occur on values of the sequent 
which have already received a small displacement, in which case the separations 
themselves receive small changes. Too much weight must therefore not be given to 
the 417 case here, in which its actual value for the particular set is not obtainable. 
The dvj, however, is certainly very small. 

VOL. coxx. — A. 3 R 
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The disousaion of the two F separations has given Aj *= 267*713— '01 26^± '01, 
5= 14*4710-*00068^±’0005. Let x denote the correction required on this value 
of Aj. Then 

36Aa+16|^= 9880*057 -*4653^+ 36 -OOaJ 
42A8+2i5 = 11280*123 -*5306^+42*13® 

150A8+95 = 40287*19-1*896^+150*48® 

Supposing that the true multiples of the oun are y greater, and putting 
dv^ = — *0031+<ii/, 

36 *90®- *01 7^ + 27 (c?i'3-<ii/,)-*40 + 3-62y3 = 0 

4213®- 025^-27c?»'2+ 1*13 + 3*62^8 = 0 

150*48®-*040f-27d.', + *75 + 3*62j/, = 0 
or 

a:= *010+ *00046^- *73<fi/3- ‘0972/3 
X- - 027 + *00057^+ *64<ii'8- *0862/8 
®= -*0050+ 00026^+ *1 Sri:/, -*0242/1 

In these ^ cannot be more than a few units, dv <*02 and ® <*01. This can only 
happen if all the y = 0. Thus again there is the very important fact that the oun 
multiples are quite definite and are those used in the actual calculations. ^ is not large 
enough to aff'ect the limits of accuracy in ®. The separation 1070 is not so well 
determined as the others and dv^ may well l)e >’01. Thus the first and third can 
easily give the same values of ®, but the second would require dv.^ of the order *03, 
inadmissible if the v.^ were accurately determined. But as a fact the average v-i as we 
have seen does not enter in the line here considered and it may l>e so large as to alter 
the multiple. The second may therefore be considered as not at disposal, and the 
third then gives very close limits, viz., with dv^ >*01 

A^ = 267*708-’0124^±*002 
<1= 14*4708-‘0007^±*000l 

the same value, though with closer limits of accuracy, as was obtained from the 2G5 
sepamtion. With maximum *33, h — 14*4708 + *0003. 

But further, in addition to Watson’s separations, we have found affixed to the 
F series, another = — 1932, and this must be tested. The linked line is given by 
B.M.M. as 6598*953 LA. Still using 9-figure logarithims, the wave-number is 
15149*7338 giving the separation 1932*2902, and corresponding to a limit 31852*1816 
-1932*2902 = 29919*8914 +^-<Zk The mantissa of this is 914613*17-31*997 (f-rfr). 
The displacement on 31852 is therefore 58982*87— 2*867^ + 32cZi/. With the above 
values of A^, 5, 22 OA 2 + 6^ = 58982*58— 2*728f± *44. This again is an exact agreement. 

The foregoing does not give A^ with the desired definiteness unless the value of ^ is 
determined. The reason is that it has beenjbased on displacements on the same limit. 
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An independent datum is necessary to fix the value of which at present we know 
cannot be greater than a few units. In the other gases this is obtainable by the 
conditions that the mantissa of/(l) is a multiple of A 3 and that of F ( 00 ) of 5,. The 
value of F ( 1 ) is known with great exactness, probably to within less than '001 A. 
Priest gives \ = 5852 4862, Meissner *4875, B.M.M. '488. They all agree within 
‘001 of ’487 so that the wave-number of F (l) is 17082’02424-‘0029jo withp within 
± 1 . But here we have to answer the question whether our first F line 17082 is 
really the first of the series. If this F series — ^a very marked and definite one — 
belongs to the 1864XF type it has its first line for m = 1 in the ultra-red (calculated 
=—8168 ■62X = 12242) and far beyond the reach of any sounders. This un- 
certainty will therefore have to be kept in mind. The mantissa of 17082 must in any 
case be a multiple of and may be of Aj (if it is the first F line). In addition the 
D set 20551 may belong to that D satellite set with M (A 3 ), or since the ri separation 
is modified, differ from a multiple of A 3 by a few ouns only. We have then 

Mantissa F ( 00 ) = 855630‘30— 29'130f = M (^i) and possibly M (Aj) 

„ / ( 1 ) = 725012-36-92-257^--2675jt) = M (d,) and possibly M (Aj). 

The term in p will not affect our immediate purpose and may be omitted. There is 
evidence for "33. Also Aj = 267708— 01 24^-t-a^ with aj < ' 002 . We find 

27 O 8 A 3 = 724953'26-33'58^-l- 2708a;, 2708x < 5'4 

3196 A 3 = 85559477-39'63f-l-3196x, 319G.r <6'4 

Mantissa of F(oo) = 3196A3-f-35'5-l-10'5^-3196a: 

„ / = 27 O 8 A 3 -I- 59 '10-58 '68^- 2708a-. 

A first definite result is that 20551 is not a 1) line of the M (A3) type. Its mantissa 
must differ from such by at least 7 or 8 ouns. The coefficient of ^ is so lai-ge that 
the actual oun multiple cannot be uniquely decided. Further / cannot follow the A 3 
multiple law unless f be of the order 1 , or three times om- estimated limit of variation. 
We cannot say that it is impossible. If however this F line is the first of the series 
then ^ must be of this magnitude. It is seen that no further definite and certain 
information can be obtained. It will however be of some interest to follow out the 
assumption that its mantissa is a M (A3). In this case put ^ = 1 + f where now ^ is 
small, and 

'42-2708a:-58'68f-'2675p = 0 

The uncertainties in f are now '42±5'4 — 59^+ '26 = 0 , or ^ < ' 1 . 

A 2 = 267'6957-'01‘24^-j-a!. 

In conclusion some reference is necessary to the series due to Rossi.* These 

* Loc. cU. 

3 R 2 
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consist of two doublet series each ‘with separation of order 167 and a third singlet 
series. The two sets of doublet series appear to converge to the same limits, in the 
same way as the satellites of a D series, l^ie first lines given by him M’e of the order 
m = S, but amongst the B.M.M. as also the Meissner lines those for m = 2 are also 
seen. Further, there appear close strong companions to the second lines of doublets in 
the first series, and in this they recall the behaviour of the F lines in the alkaline 
earths* and so suggest that they are really lines of the .F type, but belonging to a 
different f sequence from that discussed above. If so the limit must behave as a 
displaced value from the 31852. The sets are, in Rowland units : — 


m. 

2 

3 

4- 

5 

6 

7- 

8 

9 


t 

(4) 11767*48 

165-44 

167-17 

(8) 11932-92 

(O) 4-65 

t 

107 63 

(2) 11875-11 

168-29 

(4) 12043-40 

t 

(5) 17176-58 ' 

167-16 

(8) 17342-68 

(1) 3-74 

t 

46-39 

(5) 17222-97 

168-21 

(5) 17391-18 

t 

(6) 19677-64 

166-58 

(6) 19844-22 

t 

23-92 

(4) 19701-56 

167-86 

(5) 19869-42 

04 

(5) 21033-94 

166 87 

(5) 21200-81 

-•02 

14-08 

(4) 21048-02 

167-59 

(3) 21215-61 

•04 

(2) 21850-62 

167 08 

(3) 22017*70 

-•25 

1017 

(1) 21860-79 

169-63 ^ 

(4) 22030*42 

•06 

(3) 22380-18 

167-18 

(2) 22547*36 

1 

d 6 

9-91 

(0) 22386-29t 

. (0) 22742-78 

167-31 

(0) 22910-09 


*20 [23168-167] 23168 (L.D.) 


1-73 


106 


* [III., p. 383, sej.] 
t Lines used in calculating formulte. 

I This line was not included by Bossi. 
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The formula) calculated from the hrst three lines of each series give 

n = 24104-67-N/{m+ -973110 + •016932/m}* 
n = 24104-48 -N/{m+ -987215 + •014948/m}* 

The 0— C values for these are given in the above list before the wave-numbers. 
They are larger than we should expect the observation errors to be. If, however, the 
limit be reduced by -40 and ft, a calculated from the first two, the 0—0 for m = 4 
is — -04 and ssero for all the others, m = 5. ..8. For m = 9, using L.D. 23168±3— 167 
as the observed for the first of the pair the 0— C is '2. The agreement for all is 
therefore exceedingly close except for m = 4, The calculated wave-number for this is 
19677’50 which makes the separation 166-72 and more in step with the others. The 
uncertainty in the limit 24104-67 must therefore be very small. 

The doublet separations show a tendency to converge with increasing order, but this 
is clearly due to the fact that the constant separation must be taken between the 
strong first line and the weak second. After m = 3 the weak is not seen and the 
observed separation is not the true one but that between the first and the second 
strong one. The separation* in the second series is somewhat larger than in the first, 
that for the first being 167-17 and for the second 168 -25 ±04 (mean for m = 2, 3). 
These require limit mantissas changes of 7354 in the first where 308^^5 = 7354-1, and 
of 47 ‘79 ±1 -76 extra for the other where 3^=46-41. The separation 1^73 between 
the four satellites in the first doublet must be due to displacement in the sequent. It 
requires a mantissa change of 209 and 14^5 = 209-8. 

These considerations point strongly to the conclusion that the series are of the 
F type. Fortunately, owing to the fact that the first line of the first series has been 
very acerbately measured by as X = 8495-380 I.A., it is possible to test if the 

mantissa ofy’(2) is M (A2). Taking the observation error as — -OOlp, the wave-number 
is 11767-8680 + -0014p. Its mantissa with limit 24105-0731+^ (the I measure of 
4-2700 K.) is 

981622-48- 120-87^+-17p = 3667 {267-6910- -03296^+ -OOOOSp} = 3667 A, 
within the uncertainty of 

The first line of the second series has not been measured so exactly. Its 
X = 8418-38— -02p ; w = 11875-50 + "0282? ; mantissa = 13092— 1-56^+ 3 -52p larger 
than the other. Now 49Aa— 75i = 13091-8. Hence if the two limits are the same 
24104-89 (^.e., put ^ .= — -19), the mantissa is larger by 49A8— 75i+ -51 + 3-42p. It is 
satisfied by ^ = — -14 or dX = -002. But it is possible that these F are dije to 
independent groups, i.e., that the sequence of the second series also depends 
on a whole multiple of Ag. This cannot happen unless the two limits are 
different, which in fact seems to be the general rule. If the limit is displaced 
by ^ 3-617^/44-25 = '0B2y, and the mantissa difference from 49Ag is now 

* 8 B 3 
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— 7^, + *61 + 10*04p+3‘42p = 0 or p »= 2*4--'84^>. In other words y s* 2, p =* 1. This 
makes the limit of the second series less than that of the fast by *17, in agreement 
with the relative values as actually found by direct calculation from the observed 
lines. Although therefore the limits suggest equality, there is good evidence that the 
observed difference, though small, is real, and is due to a displacement of two ouns. 
The sequence depends on an origin of 3667 + 49 = 37l6Ag. 

Eossi’s third series is (6) 28788 08, (2) 3408711, (1) 36536 62, (l) 87869 0, the last 
being observed by himself. The first three give 

n = 40896-78-N/{m+-024118-*043614/w}* 

with O— C = — ‘36 for the last, probably excessive. The first line is the line adopted 
as one of the Sj (2) group above, the third is P (4). I feel some doubt, therefore, as 
to these forming a real series, although the sequence has all the appearance of the 
s (m) t 3 rpe for these gases. The limit does not seem to have any relation to the 
doublet set. Its denominator is about 1*63. 
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4428-00 

13680-0 

S(») 

/ 62112 
\ 62403 

1 61731-06 

61661-29 

61026-29 

60403-00 









Plate 2 . 



zz Z3 








Hides. 


Phil. Trans.y A, vol. 220 , Plate 8 . 





(1) A dot represents a wave-number ; a large dot the wave-numbers being sounded for, 

(2) A dot to the side of a line denotes a displaced line. 

(3) A circle round a dot denotes that it is in an unobserved region. 

(4) A X denotes that the wave-number has not been seen. 

(5) The e links are represented by vertical lines, the n by lines at 45 degrees above the horizontal, the v by 
lines at 45 degrees below the horizontal. 

(6) The e link is to be subtracted when drawn down and added when drawn up. The w, v links are to be 

subtracted when drawn to the left and added when drawn to the right. ^ 

E,g., XS 2 (3) is seen ; also the lines linked to it by - c, -e + Uy -e + v; that linked by - 2e is not seen, 

but by - 2« + H i«. 

XSs (3) is out of the observed region, but the lines linked to it by - e, - e - n, - 2e are in the observed region 
and have been seen. 

AS contains several examples of displaced lines. 



Hiekt. 


Phil. Tram., A, ml. 202, Plate 4. 
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I. Notation. 

The following notation is used throughout. The co-ordinate axes are a right-handed 
Tectangular system x, y, h, in which Oh is directed vertically upwards, and Ox lies in 
any azimuth which happens to be convenient. Elements of distance to east and to 
north are denoted by de, dn, so that they are special cases of dx, dy. The 
atmospheric density is p, the pressure is p, acceleration of gravity is g, latitude is 
reckoned negative in the southern hemisphere, and u> is the angular velocity of 
the eaxth. Velocities are denoted by v with a sirffix to indicate the direction towards 
which they blow. Momenta per unit volume are denoted by 1 %, Wy, Wh. The 
eddy diffusivity is denoted by a capital K as in G. I. Taylor’s recent papers. 
Another, and in the author’s opinion a better, measure of turbulence is f discussed 
in a previous paper. ^ The relation K to f is given by 

= 

where x is either potential temperature, or else mass of water or smoke per mass of 
atmosphere. If p and f were independent of height, then from (1) we should have 

( 2 ) 

* L. P. Richardson, ‘Roy. Soo. Proc.,’ A, vol. 96 (1919), pp. 9 to 13. 
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It is suggested that ^ might be named ‘*the turbuliTity.” Its dimensions are: 
(mass)* X (length)"* x (time)"*. 

The advantage of using ( instead of K is that the former enables one. to allow for 
variations of density and of turbulence in a simple and natural manner. The 
disadvantage of ^ is that it has no name derivable from indoor physics. It is suited 
to the free atmosphere. We might compromise by using in place of K or ^ the 
“ eddy-conductivity,” c, defined by the equation 

In so doing we gain an acceptable name “ conductivity,” but we lose by the explicit 
appearance of density in the equation. Either c or ^ allows variations of turbulence 
with height to be treated correctly, while K does not do so, as has been pointed out 
elsewhere by the author.*" The dimensions of c are (mass) x (length)"^ x (time)“\ 

This c is of the same dimensions as the measure of turbulence discussed by 
W. Schmidt, of Vienna, under the name of “ Austausch ” in two important papers. 
(‘Sitz. Akad. Wiss.,’ Wien, 1917 and 1918.) 

However much turbulence and density may vary with height 


s'V == ^- (4) 

On the contrary if there are no variations with height, 

c = pK ( 5 ) 


The six components of stress are denoted by xx, yy, hh, xy, yh, hx, as in the writings 
of K. Pbaeson. 

The convention adopted for the signs of eddy-stresses conforms to that of Love’s 
“ Theory of Elasticity.” Tractions are reckoned positive. That is to say, a direct 
stress such as is positive if it be a tension, negative if a pressure ; and a shearing 
stress such as xh is positive when the air on that side of a level surface for which h is 
greater (*.e., above), drags the air below in the sense of x increasing. 

The definition of eddy-viscosity adopted in this paper is 


eddy shearing stress 
rate of mean shearing strain * 


(A) 


in agreement with the definition used by W. Schmidt {loc. cit, 1917, p. 5). 

The advantage of this definition is that it is simply based on the fundamental ideas 
of stress and strain, as well as being in harmony with the definition adopted in the 
theory of viscous liquids, {cf., Lamb, ‘ Hydrodynamics,’ IV. edn., § 326). 

The question may arise as to whether the viscosity defined by (A) can ever become 
infinite by the vanishing of the denominator. The point is discussed by the author 

♦ Loe. eit. 
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in the paper already cited (p. 13), and the conclusion is reached that such an 
occurrence would be highly improbable. 

The relation of f to the eddy-viscosity is most easily reached via terms dmxidt, 
in the dynamical equations. If pressure-gradient just balanced geostrophic 
wind we*should have 

Qh ~ dt 

Now by the definition of viscosity given above 

xh = /I . dvjdh. ( 7 ) 

Substituting (7 ) in (6) and inserting mx = pVx there results 



It is seen that this equation becomes identical with (l) if 

X-Vx and f = (9) 

of \i^hich the latter is the required relation. 

On comparing equations (8) and (3), it is seen that eddy- viscosity, and eddy- 
conductivity, c, are of the same dimensions, and appear in their respective differential 
equations in the same way. Indeed, Taylor has suggested that they are equal.* 
This likeness would be a good argument for recording observations in terms of these 
two quantities instead of in terms of diffusivity K or turbulivity f. 

II. Shearing Stress prom Pilot Balloon Observations. 

{Condensed and revised January 22, 1920.) EKMANt in a remarkable paper 
pointed out that the total momentum of water produced by a tangential stress on 
the surface of the sea, in the steady state, is directed at right angles to the tangential 
stress, and its amount is quite independent of the value of the viscosity or of the 
variation of viscosity with depth. The same applies to the atmosphere. We may 
use this principle to find the shearing stress on the ground, provided we have a 
measure of what the momentum would be if the surface stress were zero. ■ 

I have taken the wind at a height of km. to 2^ km. as the standard of 
reference, because, by so doing, the term depending on curvature of path, and other 
small terms in the dynamical equations, are automatically allowed for to a first 
approximation. The stress at 2 km. is undoubtedly much less than that on the 
ground, and is neglected. It is best to select observations in which the momentum 
becomes nearly independent of height above 1’5 km. A table of results follows. 
They were computed with the help of Mrs. L. F. Biohardson. Dr. H. Jeffreys 
says the selection will select abnormal lapse-rates and so abnormal viscosities. 

* * Phil. Trans.,’ A, vol. 216, p.. 22. 

t “ On the Influence of the Earth’s Rotation on Oceui Currents,” by V. W. Ekhan, • Arkiv for Matem. 
Astr. ooh Fysik,’ Stockholm, Bd. II., No. 11 (1906). 
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Table I. — Shearing Stresses at the Earth’s Sur&ce. 

Here m is the mean momentum per cm* of the air between the ground and a height 2 km. above sea level. 
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in. Eddy-visckmity fbom Pilot Balloon Obbebyations. 

{Abridged^ Janua/ry 22, 1920.) The method of the last section will give the 
difference of the shearing stresses on two surfaces of any horizontal slab of air. If we 
choose one of the surfaces so that dv/dA = 0 and consequently also the stress 
vanishes, we obtain the stress on the other surface. This has been done for some 
very smooth means for Lindenberg (E. Gold, Met. Office, * Geophys. Mem.,’ V., p. 143). 
The results are set out in the following table : — 

Table H. — Lindenberg. 

The X axis is directed with the surface wind. The stress is that exerted by the 
upper on the lower layer. 


Height above 
mean sea, 
kilometres. 

Eddy-shearing'Stresses. 

Rates of mean shearing. 

Eddy viscosities. 

xh 

dynes cm." 

yh 

dynes 

s 

dVy 

s 

sec."^ 10* X 

Parallel 
to wind. 

xh, 

hvgjdh 

dyne cm."* sec. 

Perpendicular 
to wind. 

hvyidh 

dyne cm.~* sec. 

10 

+ 0-06 

-009 

- 10 

- 0-2 

50 

460 

0-8 

+ 001 

-0-37 

- 1*2 

- 1-6 

10 

260 

07 

zero 






0*6 

+ 0*02 

-0-71 

1 

- 3-2 

20 

320 

0-4 

+ 009 

-0-99 

6*0 

- 9-0 

16 

no 

0-3 

+ 0-39 

-1-06 

13-5 

-12-3 

31 

87 

0-3 

+ 0-69 

-0-90 





0*12 ground 

+ 110 

-0*64 

21-61 

-17-61 

61 

37 


To obtain a quantity comparable with ^ we must multiply the eddy- viscosity by 
which is approximately 1100 c.g.s. units. 

The mean of the viscosities in the two directions increases with height as we 
might expect from other observations {vide Part VIII., below, also ‘Roy. Soc. Proc.,’ 
A, vol. 06 (1919), p. 18). But the most interesting thing about this table is the 
ma/rhed lack of isotropy in viscosity. The air appears to he more viscous, for large 
motions, across the wind than paraUd to it, except just nem the ground. 


IV. Eddy-difpdsivity from Smoke or Floatino Bodies. 

Some direct measurements have been made by observing the gradually increasing 
scatter of smoke or other visible material carried along by the air. The changes in 
height of a large number of small portions of air are observed during a fixed interval 
of time. These changes are found to be distributed about their mean value 
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approximately according to the ordinary law of error.” Their scatter in height is 
measured by the “standard deviation,” computed by the familiar methods.* In 
order to find the diffusivity K the observations are compared with >811 appropriate 
integral of the approximate equation 


Such a one is 


^ = . . . . ( 1 ) 

dt 0 A’' ' ' 


y — -^1 

where Ai, Aa, A3 are constants. 

This integral represents a horizontal lamina in which the density x is distributed 
about a mean height A3 according to the law of error. The square of the standard 
deviation of the mass in the lamina can be shown to be 



( 4 <+A,)|, 


( 3 ) 


So if the scatter of the same set of particles be observed at the beginning and at the 
end of an interval T of time, it follows that 


K = ^ (increase during T of square of standard deviation). 


( 4 ) 


But the increase of the square of the standard deviation is equal to the square of the 
standard deviation of the change of height. Accordingly 


K = ^ (square of standard deviation of change of height during T). . ( 5 ) 


In this last transformation we have assumed that K is sensibly independent of 
height. This is permissible because the range of scatter can usually be made small. 
For the same reason the density of the air may be taken as independent of the 
height, so that we may obtain from K, the constant which we require when 
pressure is taken as independent variable in place of height, in accordance with (l) 
above. This procedure is not perfectly satisfactory but it is very convenient. It 
gives ^ and “ eddy-conductivity ” = pK. 

There is no need for the changes in height to be simultaneous for all the portions 
of air, and in practioe it is much more convenient to let them be successive. 

Va/rieties of particles , — I have observed the scattering of smoke from a 
smouldering wick, from burning weeds, from factory chimneys and from ship’s 
funnels : also the scattering of portions of cloud near the horizon and of pu£& of 
ammonium . chloride from a special apparatus. Chimney smoke is not to be 
recommended, as it rises through the air. Clouds and steam may mislead one by 

* Vide ‘ Computer's Handbook,’ M.O. 223, Section V. 
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evaporating. The cold NH^CL smoke proved more satisfactory in these ways. 
Lycopodium dust might be better still, as isolated grains would fall at a definite 
rate relative to the air. But I have not succeeded in making the lumps break up 
into grains. The downy parachute which carries the seed of the dandelion, Taraxacum 
officinale, has been found to be convenient. When the seed is broken off, the 
parachute falls at a rate of 10 to 15 cm. sec.~^ in still air. The standard deviation of 
this rate must be allowed for. The formulae for cqrrection are given below. A brown 
parachute, twice as large each way as that of taraxacum, grows near Benson. I am 
indebted to the Botanical Department of the British Museum for a search among 
their dried specimens for a large white parachute. A splendid one came from an 
African plaht called strophanthus. The parachute is about 6 cm. in diameter and has 
a long stalk by which it can be held conveniently. When the seeds were broken off 
the parachutes fell, in stiU air, at an average rate of 20 cm. sec.“^ 

Other artificial clouds, which have been used with success, are paraffin-oil vapour 
from an extinguished blast lamp, and smoke of phosphorus pentoxide made by 
dropping calcium phosphide into dilute hydrochloric acid. In strong winds the smoke 
from a firework known as “ Vesuvius is convenient. 

If one could mark and follow individual molecules equation (5) would give the 
molecular difiusivity in still air, 0’2 cm.* 8ec.“\ Actually what we observe is the 
centre of a small puff of smoke, and this is not constantly the position of the same 
molecules, so that in still air we find K = 0. To be perfectly exact all observations 
of K by this method should be increased by 0‘2 cm.* sec.”^, an entirely negligible 
correction. In any theory the diffusivity depends on the motions which the theory 
does not follow in detail. In laboratory experiments, in which the molecular motion 
only is ignored, K is taken as 0*2 cm.* sec.”*. In meteorological telegraphy variations 
of wind of less than 10 minutes’ duration are ordinarily ignored, and there is an 
appropriate, much larger, value of the diffusivity. In a certain scheme for numerical 
prediction it is proposed to average the wind over periods of 6 hours, and the 
further variations thus omitted must be taken into account by further increase in K. 
It follows that the puffs of smoke should be so small as to allow the smallest eddies 
to be observed, and, for the last-named purpose, that the observations should be 
spread over a period of 6 hours. In obtaining the data in the following table 
I believe the former condition has been fulfilled, but the latter has not. When only 
the order of K or ^ is required, it is enough to assume that the standard deviation 
is i of the distance between the extremes of height observed, when the number of 
observations is about 40. 

Observations very near the earth's mrface have peculiarities. It is obvious that 
3x/0A = 0 at an impermeable horizontal surface. This condition can be satisfied in 
the integral by taking the portion of the distribution which would be cut off by the 
surface, reflecting it in the surface, and adding it to the rest of the distribution, 

♦ Made by Messrs. C. T. Brock df Co. 
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The standard deviation is not then sufficient to give K It is neoessary to make 
more elaborate computations with E. Pbabsox’s “incomplete normal moment 
funotiona” 

These difficulties are avoided in the symmetrical case when the source of smoke is 
exactly on the ground, and the smoke does not rise or fall by its temperature. 

The results of these measurements are set out in the last column of Table IV. It 
is seen there that E increases from 5 near the surface of land up to 10,000 at the 
height of a factory chimney. 

But before considering the results further a fuller mathematical investigation will 
now be made. 


V. General Theory of Eddy-diffusivity Deduced from Soatterino. 


The foregoing theory of the diffusion of a lamina assumes that the diffusivity is 
constant throughout the space, and that the density in the lamina does not vary 
except in the smooth regular manner indicated by the “ law of error.” But it is well 
known that the wind has an intricate structure. Thus if observations of the smoke 
pu£& are to yield a measure of the diffusivity from the formula 


diffusivity = 


increase in square of standard deviation 
twice corresponding increase in time 


then either the interval of time in the denominator must be long compared with the 
fluctuations of the wind in time, or the initial standard deviation must be large 
compared with the fluctuations of the wind in space, or both conditions must hold. 
The former condition is an inconvenient one in practice, because puffs are apt to fade 
before a sufficient time has passed. Dandelion parachutes, with the seeds removed, 
may be better than smoke for this purpose. 

The following theory brings to light some of the assumptions involved in the 
measurement of diffusivity by smoke puffs. It was contrived specially in order 
to avoid “the distance through which an eddy moves before mixing with its 
surroundings,” a quantity which occurs in Taylor’s theory, but which does not lend 
itself easily to measurement, except in the case of cumulus eddies. See Section IX. 
below. 

The potential* temperature 0 does not change at a point moving with fluid, if 
radiation and precipitation can be neglected. Now let a portion of an eddy move from 
a height hi at time ti to a height at Then, regarding 6 as a function of h and t, 
we have 

0 (^1, ti) = 0 (A.J, fa). (l) 


* Potential temperature is the temperature which the air would acquire if compressed odiahatically 
to a standard pressure. If 6 is to be of service in dealing with cloudy air the standard pressure must be 
high enough to evaporate the cloud in all simples, 
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From each side of (1) subtract 0 {hi, t,) and divide through by t^—ty Then 


Q {hi, ti ) — 0 {hi, _ 0 (Aa, — Q {hi, ^a) 

tf'—ti ^a~^i 


( 2 ) 


Now the left side of (2) is the finite difference ratio ^ at the height hi, which is 

what we want to find in terms of the spacial distribution of 0. Expand the right- 
hand side of (2) in powers of h^—hi by the well-known theorem in the calculus. It 
follows that, if subscripts indicate the time and height 


_ 1 [/3e\ a 
\^t - T;^i{\dhL} '^ 


/^ l ) + higher terms. 


. ( 3 ) 


The difference ratio on the left of this equation is centred at the same height hi as 
the differential coefficients on the right of the same, but at a time ^{h—t^ previous. 
This slight misfit in centering will not matter, because h—ti will be of the order of 
one minute or less, whereas we are next going to take the average of each term in 
( 3 ) over a much longer time, say 6 hours. The subscripts may now be omitted as 
unnecessary. Let a bar over a symbol, or group of symbols, denote the mean value 
over this longer period. ' Let a dash denote the instantaneous deviation from this 
mean, so that, for instance, we have for every fluctuating quantity a formula such as 



Now the mean of any dashed quantity vanishes (5) 

Again the mean of the product of any dashed quantity into any barred quantity 
also vanishes (6) 

We shall further suppose that the mean of h^—hi vanishes, (7) 

that is to* say that there is no mean vertical displacement. 

Then, in the first term on the right of (3) 






( 8 ) 


because of (6) and (7). 

Now being divided by t^—ti and by the “ standard deviations” 

and of {h-j—hiY, becomes equal to the correlation between dOfdh and 


of 


30V 
3A. 
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{fh-hi)l{ta—ti). So the first order term on the right of (3) vanishes, on taking the 
mean, if the variations of 90/9A, in time at a fixed point, are not correlated with the 
variations in at the same point and time. 

In cumulus cloud eddies, the variations of velocity are caused by variations of the 
potential temperature 0, so that a correlation is almost certain to exist. On the 
contrary, when the eddies are due to dynamical instability, the correlation may be 
expected to vanish. In the latter case, it is the second order term of the right of (3) 
which becomes effective, so that 

^ ^ Kzk)* (Q\ 

9A*'2'(<a-<,)' ' ' 

Now suppose further that either 9*0/9A® has no variations at a fixed time and level, 
or else that its variations are not correlated with those of (A-j— ^i)*. Then (9) 
simplifies to 

‘St~ ih‘' 2 («,-(,) ' ' 

Thus 

(Aj— A j)Y2 (< 3 — i5j) is the eddy-diffusivity K (ll) 


It is seen to be identical with that derived in Part IV. above, by considering the 
diffusion of a lamina, in which the density was distributed according to the law of 
error. It is a quantity easily measured. 

Of course if < 2—^1 were sufficiently small, say second, then it would be the first 
power of hj—hi, which would be proportional to instead of the square. This 

suggests that t^—t^ must be long compared with the fluctuations of the wind. On 
the other hand must be short compared with the period, of say 6 hours, over 

which the averages denoted by the bar are desired to be taken. 

A similar argument can be applied to any other quantity which, like 0, does not 
change following the motion of the fluid, provided it has space-rates independent of 
the time-variations of velocity. Thus the mass-of-water-per-unit-mass-of-atmosphere 
may replace 0 in (10) with similar restrictions. 

When we consider diffusion in three dimensions there may be six coefficients of 
diffusivity corresponding to the six components of stress. 


VI. — Osborne Reynolds’ ^Eddy-stresses. 

But we cannot, without further investigation, apply the preceding argument to 
the diffusion of horizontal velocity in a fixed azimuth. 

Something might perhaps be deduced from the well-known theorem that, when p is 
constant, 

= ( 12 ) 

where \jr is the gravity potential. 
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The eddy- viscosity can however be measured rigorously by smoke-puff observations 
made in such a manner as to fit in with Osborne Keynolds’ theory of eddy-stresses.* 
This theory is remarkably free from assumptions which might limit its generality. 
It is to be found in Lamb’s ‘ Hydrodynamios,’ IV. edn., Art. 369. 

The equations of motion are three, such as 

- = I + S Fy k 

+/) 2a>8in (p^Y-c .... (13) 


where c is the “ molecular” or “ordinary” viscosity. Note that there is no need to 
assume p to be independent of position. Reynolds assumed this, but for a reason that 
does not concern us. It will be necessary however to assume that p', the variation of 
density at a fixed point, is so much smaller in comparison with p than is v' in 
comparison with v, that we may put p' — 0. This being so, we find on taking the 
mean that (l3) becomes 


0 0 

+ 0~ {f^x. • + • 'y^x)+ • ^'y) 

g 

+ 57 {p^x • + f^'x'^'u) 


(14) 


The left side of (14) is the difference between pv^, at the beginning and at the end of 
the period through which the average is taken, divided by the period ; and that is 
what we want. The right side of (14) is of exactly the same form in the mean 
quantities p, Vx, Vy, Vh RS (13) was in the corresponding instantaneous quantities 
P> '^x* 'Wy. 'f’u 5 except that there is added a force per unit volume in the x direction 
equal to minus 

^-(pv'xv'x}+ ^ (pv'xv'y) + ^ {pv'xv'a). ...... (15) 


dy 


On working out the corresponding equations for the y and h components, it is seen 
that this additional force per unit volume is just that which would be given by the 
following systems of stresses 

XX - -pr'xv'x ; yy = -p'^'^^'y ; 

^ = -pv'xv'y ; yh - -/dvWh ; 

* Major G. I. Taylor tells mo that he attempted to measure xh with a balloon on an elastic tether 
in 1914. 

C 2 


JtJh — — II 

h'X — ~p^'aV^x ..F 


. . . (16) 
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when any symbol such as is the force in the a;-direction per unit area of a plane 
normal to the y axis. Tractions are reckoned positive, as usual. The above is taken 
from Osborne Beynolds’ theory, adapted and slightly generalized to suit our needs 
for a rotating atmosphere, having density diminishing with height and a molecular 
viscosity which is not neglected. 

One may form a clear mental picture of these eddy-stresses by imagining the 
« scattering of smoke puffs. Let a puff emerge from a pipe at the origin of the 

co-ordinates. After a short interval of time t, let the 
puff appear at the point P on the diagram, as seen by an 
observer at a distant point on the y-axis. Now let the 
observation be repeated for a large number of puffs in 
succession, the time t being kept the same for each. 
We thus obtain a diagram, with a large number of points 
on it, showing the scattering of the puffs after t. Then 
the eddy-stresses are simply related to the correlations 
and standard deviations of this scatter-diagram — under 
certain conditions. For let X, Y, H now mean the 
co-ordinates of any one of the dots on the diagram reckoned from the source of 
smoke. 

Then the velocities of the corresponding puff were 





(17) 


provided the time t was so short that, during it, the velocity may be regarded as 
uniform and in a straight line (18) 


Again, the velocity of the puff wiH be equal to that of the air which it has replaced 
provided the puff is at the same temperature as the air, and provided that the pipe 
points parallel to the Y-axis so that the impulse with which the puff leaves the pipe 
does not show in the projection on the plane XOH. 

Let us suppose that a number of puffs, n in all, are observed. In order to 
correspond with the time-mean taken over 6 hours, which was used in deriving the 
eddy-stresses from the equations of motion, these n puffs should be spread uniformly 
over a similar interval. 

From the scatter diagram we can compute first the mean velocities. For the 
mean velocities are 


1 ), = 


X 

T 


— 2X ; = Y/t = 

T • U T . U 


( 19 ) 


where 2 has the meaning : — ^take the sum of what follows it, for n puffs. 
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Then the normal eddy-stresses, ajx and hh, are found thus 

XX = -pft/xv^x = -p{vx-'Px){vx-'^x) 


= -;^2(X-X)(X-X) (20) 


XX = —pa^xh^, 


where o-i is the “standard deviation” of the dots in the ^-direction. If <ra is the 
corresponding quantity vertically 

hh — — /jo-hV”*. (22) 


So the direct eddy-stress in the direction of the wind is intimately related to the 
gustiness shown by a tube-anemometer. 

The shearing eddy-stress 

3 = = -4:2 (x-x) (H-H) (23) 


xh = 


‘PX rxilCTjO-ii, 


where is the correlation between the co-ordinates X and H of the dots. 

By projecting the puffs on the other two co-ordinate planes we should be able to 
measure similarly the remaining components of eddy-stress. 

To find the eddy-viscosity we must compare the sheering eddy-stress xh with 
which is the rate of shearing strain in the mean motion. Usually 3'<5j,/3.r 


0^ * 0 VI-AVy A. W JLAAg AAA 1 < J A A VT AVr & A • ^ V/ 1 A ' 

is negligible, so that the rate of shearing is a quantity which can easily 

be observed. At first sight one might think that dvxl^h was simply related to the 
slope of the regression line in the scatter diagram ; b\it on examination this proves 
not to be the case. The slope of the regression line is independent of t, because (18) 
is satisfied for all permissible intervals of time. 

It should be noted that no shearing stress such as —pi''xi^'n cuu exceed, in absolute 
value, the geometric mean of the corresponding pair of direct stresses —pv'xv\, 
for the same reason that a correlation coefficient cannot exceed unity. 

The probable errors of eddy-stresses, determined from the scattering of particles 
moving with the air, may be taken to be as follows 


Probable error of axe = 0*674 . xx 


VI 


Probable error of xh — 0*674 


I xh + XX. hh 
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These are based on the assumption that the number of particles is not less than 
say 20, and that the scatter is normal,*’ so that the logarithm of the density of 
particles would be a quadratic function of x, y, h if a, very large number of particles 
were observed. Reference may be made to the fundamental papers on probable 
errors: Filon and Pearson, ‘Phil. Trans.,’ A, vol. 191; W. F. Sheppard 
‘ Phil Trans.,’ A, vol. 192. Equation (26) follows from the probable error of the quantity 
called by K. Pearson the “ product moment coefl&cient taken ahoitt the mean” 
Equation (25) follows from (26) on putting a; = A, or may be deduced independently 
from the probable error of a standard deviation taken about the mean. 

Corrections for tlie Motion of the Parachute Relative to the Air. 

When observing eddy-stresses by the aid of the parachutes of plant seeds it is 
desirable to allow for the velocity of the parachute in still air. For large specimens 
of the parachute of Taraxacum officinale, after cutting oif the seed, the velocity in 
still air was found to have a mean of 12 cm. sec."^ with a standard deviation of 
2 cm. sec. It may be shown from the equation of motion that this limiting velocity 

is acquired in a negligibly short interval of time. Thus call the limiting velocity 

c downwards, the instantaneous velocity downwards u. Then if the friction is 

proportional to the velocity 

g (mass) = c x F (27) 

where F is a constant. But, when accelerating, 

(mass) . ^ = p (mass)— (28) 

Eliminate the mass between these two equations and there results 

( 29 ) 

So that the discrepancy between the actual velocity u and the terminal velocity c 
sinks to e"* of itself in a time equal to cjg, which for the taraxacum parachute having 
c = 12 cm. sec."’ would be only a hundredth of a second. 

Less negligible is the variation of the velocity c from one parachute to another. 
What we actually observe is not Vu the upward velocity of the air, but Va—o. Now 
write D for the mean velocity of the parachute in still air, and c' for the deviation from 

the mean. Then in finding the direct stress hh we must perforce work out first the 
“raw” moment {(vh—c)*} = [{('^h~c)-i-(v'h— c')}®]. On expanding and remembering 
that a bar put over the product of a dashed and a barred symbol, causes the result to 
vanish, and also that v'^—c' = 0, it is found that 


{( vh - c )*} = {vu-cY+v'tiV'a+c'c' 
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it foUows that the corrected stress is given by 

hh = — /»>/hv'h = —p {(vh--c)(vh— c)-('Pii-5)“-cV} . .... (80) 

which is the actual formula used in working up the observations. Here cV is the 
square of the standard deviation of the velocity of the parachutes in still air. 

Next we require the product moments in order to find the shearing stresses xh and 
yh. The raw moment % (%— c) is found on expanding to be equal to Vx (vh“"c)+ vWh* 
So that the corrected value for the stress is 

xh = = -p {vx (^h-c)} (3l) 

and as cV does not appear, the scatter of the velocities of the parachutes in still air 
does not make a correction necessary for the shearing stresses. 


VII. Summary of Theory of Scattering of Particles of Air. 

The conclusion we have reached is the following. For any sort of eddy, whether 
due to “ dynamical instability,” or to the rising of heated air in cumuli, the eddy- 
stresses are best measured by equations (22), (24) and the like, because the theory 
from which they are derived is very general ; and the eddy- viscosity is best measured 
as the ratio of the shearing eddy-stress to the rate of mean shearing strain. It is 

conceivable that xh found from (24) might turn out to be zero. In that case it would 
be necessary to investigate effects of higher order. This might possibly be done by 
developing, for the quantity Up'V^+p'^+p) in equation (12) an analysis similar to 
that of (l) to (11) for potential temperature. The diffusivity for potential 
temperature, on the other hand, should be measured differently according as the 
eddies are produced by variations of potential temperature or not. Thus for cumulus 
eddies we should take the mean of (3), retain the linear term on its right-hand side 
and neglect the quadratic one. Then t^—ti must be small, so that 

m ^ ae (A*-;*,) _ /aev / 

«« dh- t,-t^ \aAr 



The diffusivity is measux’ed as the right side of this equation divided by 0*0/0A*. 
Thus 


K = 


aev / 

0*e/0A* 


.* (32) 


But for eddies due to dynamical instability, neglect the linear term in (3) and measure 
the diffusivity as 

where must not be too small. It will be interesting to see whether eddy- 

diffusivity is found to be equal to eddy-viscosity divided by density. 


{hj—h^ 

2(«a-«,)’ 
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Let us now see how these two modes of disposal of smoke fit together — the one, at 
short intervals of time, governed by the eddy- stresses, the other at long intervals 
governed by the diffusivity. Let us draw the trail of smoke as it would appear to a 
distant observer looking, say, horizontally. The scatter may be represented by 
drawing two lines through the points where the smoke-density has its standard 
deviation in height above or below its mean. Let T be the time since the smoke 

emerged from its source. Suppose that the stress M, the difiusivity K and the mean 
velocity i7x are all constant along the path of the smoke. The time T taken to travel 
a horizontal distance cc measured down the trail from the source is x/i^x- Near the 
origin T = t in equation (22), and so the standard deviation in height is 

± 1 ^/; ( 8 '*) 

representing a pair of straight lines intersecting at the source. Further down the 
trail T = ts—ti in equation (ll), and the standard deviation in height is 

±Vx.a/? 

representing a parabola with horizontal axis and its apex at the source. Thus 
according to the theory, the smoke may be said to be contained within a paraboloid 
which has had its blunt end sharpened into a cone. The preceding theory gives us 
no clue as to the manner of transition from the cone to the paraboloid. 

When we can observe a sufficient length of the path traced out in space hy a single 
small portion of air the eddy-stresses and the eddy-diffusivity may be deduced from 
the irregularities in the motion. With this object I have observed the motion of anti- 
aircraft shell bursts, and of portions of cloud, by means of an Abney level or a pocket 
sextant. With better instruments this method might yield a good deal of Information 
about eddies at heights such as 2 to 5 km. One principal difficulty is that the shell- 
burst fades away after about 5 minutes, before a sufficient length of path has been 
observed to give the diffusivity. 

If the path is sufficiently high and long, the hills, trees and houses on the earth 
may be regarded as blending into a “ roughness.” Suppose this roughness to be 
uniform. Then if we had been causing smoke to issue in puffs from a fixed pipe, we 
should presumably have obtained the same scatter diagram for the puffs, within the 
limits of probable error, at whatever point of the path we had placed the pipe, or at 
whatever time we had begun to observe, within limits. If this is so, we may form 
the scatter diagram by taking its origin at every point in succession of the trajectory 
of the single particle. For instance. Captain Cave in his book on “The Structure of 
the Atmosphere,” gives several diagrams of the irregularities of height of a balloon 
observed by two theodolites, the uniform vertical motion of the balloon relative to the 
air having been eliminated. From his figure 30, of an ascent on February 19, 1909, 
the following has been deduced, by taking the origin of scattering at every available 
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minute mark, and working out the standard deviation, in height about the mean 
height, after a time a. 

Table III. 


a, secs. 

1x60 

3x60 

5x60 

7x60 

9x60 

^ = 10* X 

2a • 

cm.* 8ecI"V 


m 

0*82 

0*55 

0-55 

0-.33 



■ 

0 100 

0 041 

0 029 

0014 


14 

12 

10 

8 

. 

6 


Now would be the diflEusivity if a were a “ long ” time ; and the criterion of 

sufficiency in length is that <r^l2a, should not vary with a. The small number of 
points makes the probable errors large, so that the decrease of <raj2oi between 
a = 7 mina and a = 9 mins, is not significant. It looks as though the diflfiisivity K 
were here of the order of 0*5 x 10* cm.® sec.~\ 

Again — /oo-hV** would be the eddy-stress, hh, if a were so small that further decrease 
made no further change in the quantity. This stage is not reached at « = 1 minute. 
All that we can say is that the eddy-stress is probably greater than 0*345 dynes cm."®. 

The mean height of this observation is 1 km. above ground, and the mean velocity 
1270 cm. sec."^ 

The photograph of a smoke trail in fig. 2 suggests that the eddying is partly 
random but also partly sinusoidal. Let us therefore see what would happen if the 
path of the particle were an exact sine curve without any random variations. Let 
the height h of the particle be given by A— B = A sin qt where A, B and q are 
constants. The increase in height in a time a would be 


A [««{?(«+ 1)}- sin {« ((-?)}_ 


= A . 2 cos qt . sin 

Z. 


by trigonometry. So that the standard deviation o-h after a time a would be given by 




,_4^’r“27 f- 


= L 

1 (cos qty 
Jt = o 


dt 


where L is a very long time. The integral is equal to ^L plus a negligible oscillatory 

part. Consequently o-u® = 2 A® ^sin It follows that the stress M, which is the 

limit of —pa-ay ot* when a is small, comes to —p^Ay2 ; whereas the diffusivity K, 
which is the limit of when a is long, comes to zero. 

TOL. qcxxi. — ^A. J> 
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Compa/rison with Taylob’s expression for the Diffusivity and with W. Schmidt’s 

“ Austausoh.*’ 

In Taylor’s remarkable investigation (‘ Phil. Trans.,’ A, vol. 215) from which the 
present research took its stimulus, the diffusivity K is given, in the present notation, 
as the mean value of vn{h—ho) over a large horizontal plane ; and it is stated that 
h—h^ is the height through which an eddy moves from the layer at which it was at 
the same temperature as its surroundings, to the layer with which it mises. This 
definition of h—ho is puzzling, for it seems impossible to reconcile the supposed 
starting and stopping of the air, with the ceaseless motion which we observe in nature, 
except in the case of cumulus eddies. Happily we are now in a position to clear away 
the mystery. For it has been shown independently in the present paper that the 

diffusivity is given by 

K = {h,-h,Yl2 {t,-t,) 

where (<*— is a time long compared to the fluctuations in the wind, and where the 
bar implies an average taken over a still much longer time. As {h—t^ is the same 
for all the quantities which are averaged, we may remove it from under the bar, 

writing 

K = i(Aa-Ai)*. 

Differentiate this equation with respect to t^ 

d 

■Hl — ”, — 

atr^ 

thus K is expressed as the mean of the product of the rise in height during a long 
time into the vertical velocity ai, the end of that time. It may also be taken at the 
beginning. Comparing with Taylor’s form quoted above we see a strong resemblance, 
and we are led to suppose that Taylor’s theory makes two unnecessary and 
unnatural restrictions : (l) that the portion of air should start at the same temperature 
as its surroundings ; (2) that the portion of air should finally mix with its surroundings. 
But that if these restrictions be removed, then another becomes necessary, namely 
that should be sufficiently long (several minutes). Whether the average bo 

taken over a large horizontal plane, or over a very long time (6 hours), appears to be 
a matter of indifference. 

The extent to which Taylor assumes viscosity to be independent of height in his 
general theory (‘Phil. Trans.,’ A, vol. 215, pp. 11 to 13) is this: he neglects the terms 
due to the initial eddying in his equation (6). That is a doubtful proceeding, unless 
the initial eddying is zero : but zero is independent of height. 

The “ Austausch” of W. Schmidt is defined by him (in ‘Sitz. Akad. Wiss.,’ Wien 
(1917), pp. 4 to 5) as 

2 (element of mass crossing horizontal plane) x (vertical displacement of element) 

(whole area) x (time of motion) 
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If we replace the summation by an integration over a large area S in the plane of xy, 
the element of mass crossing per unit time is dx dy pVa, so that the “ Austausch ” 

becomes ^ (A— Ao) dx dy which is p times Taylor’s diflEiisivity as defined in ‘ Phil. 

Trans.,’ A, vol. 215, p. 3. Thus we must suppose that W. Schmidt’s definition of 
“ Austausch ” requires amplification concerning the interval of time and concerning the 
position in it of the velocity, just as Taylor’s definition of K does. 


VIII. Numbbioal Values Derived prom the Scattering op Particles. 

Fig. 1 is a photograph’"' of the trail of paraffin vapour from an extinguished blast- 
lamp which projected the vapour in a direction at right angles to the wind. It 
shows a cone, with a blunt point due to the finite size of the source of smoke, passing 
smoothly into a form, which certainly diverges less rapidly than the initial cone, and 
which looks like a paraboloid. Opinion might differ slightly as to where to draw the 
lines corresponding to the standard deviation of smoke. In a “ normal ” distribution 
0’68 of the whole number of particles lie between the two standard deviations. If 
the lines are placed as in the accompanying black and white drawing, then it follows, 
as the mean velocity of the smoke was 17 metres/sec., and the density of the air 
was 1’21 X 10~® grm. cm.~'*, that 

stress AA = —073 dyne cm.“® diffusivity = K = 240 cm.® sec.~^ 

turbulivity = ^ = 340 grm.® cm.“* sec.”®. 

This photograph was taken in the evening, when the day-wind was diminishing. 
The source was 190 cm. above ground. Obstructions to windward only subtended 
an angle of 2 ’’I at the source of smoke. The exposure lasted 60 seconds. 

Fig. 2 was taken five minutes later in the same place, with an exposure of 
85 seconds. 

The velocity of the smoke had decreased to 1 ’3 metres per sec. The measurements 
yield 

hh= — 1‘2 dynes cm."® ; K = 750 cm.® sec."’ ; ^ = 1050 grm.® cm."® sec."®. 

In this case the photograph shows a distinct neck between the cone and the paraboloid, 
at a distance from the source roughly 1*3 times its height above ground. This neck 
can also be recognized in some other photographs. Its presence signifies that 
the motion of the air was compounded of (i.) a random eddying, plus (ii.) a wave 
motion in which the particle of air executed a wave having a length, relative 
to a point fixed to the earth, roughly 2*6 times the height of the particle above 
ground. 

* Taken at Benson. 

D 2 
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Table IT. — Observed Values of 


The co-ordinate axes are taken to point : 0* horizontally with the mean wind at 
quantities are in C.G.8. units. Tractions are reckoned positive, so that xh and yh 


Entropy gradient 
vertically upwards. 

Surface. 

Methods. 

Notes. 

I. 

h 

cm. 

above 

surface. 

Vx 

cm. 
sec. * 

XX 

dynes per 
square 
centi- 
metre. 

Positive sunr 

ise . . 

Tall grass . . . 

Smoking wick . . . 

30 

170 

300,000 

mm 

— 

Small 1 . . 

Oat field . . . 

NH^Cl puffs. . . . 
NHiCl puffs. . . . 

Dandelion down . . 

II. 

40 

100 

50 

20 

40 

— 

Small t 

Corn field . . . 

Smoke puffs .... 

III. 

120 


- 0-1 

Small? 

Moor .... 

Smoking wick . . . 

IV. 

165 


— 

1 

Moor, trees . . 

Thistle down . . . 

• 

V. 

200 

145 

- 2-4 
± 0-5 

Positive ? . . . . 

Flat field ... 

Sea 

Paraffin vapour . . . 

r VI. 

< Figs. 1 
and 2 

1 190 


1919, Mar. 4 

Between England and the Isle of 
Wight. 

r— - — ^ N 

Steamer’s smoke . . 


4,000 


1919, Apr. 7, 
18h. 

Sea 

Steamer's smoke . . 


10,000 


1919, July 4, 
llh. over- 
cast 

Sea 

Steamer’s smoke . . 


2,000 

130 

1919, July 5, 
12h. 

Sea 

Steamer’s smoke . . 


1,400 

I 

1 

140 



Ditcham . . . 

Capt. Cave’s balloon . 

p. 16 

1 ■■ 

100,000 

1270 

— 


Flat fields . . . 

Phosphorus pentoxide 

r VI. 
\Fig. 3 

J 340 

120 

— 

■ 
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Eddy-atresses and of Eddy-diffusivity. 

the level of observation, Oy horizontally to the left and Oh vertically upwards. All 
are positive when the air above drags the air below in senses of x and y increasing. 


'w 

dynes per 
square 
centi- 
metre. 

% 

dynes per 
square 
centi- 
metre. 

xy 

dynes per 
square 
centi- 
metre. 

dynes per 
square 
centi- 
metre. 

dynes per 
square 
centi- 
metre. 

dh 

sec."^ 

Conductivity 

grm. cm."* sec."*. 

Diffusivity. 

K 

cm.* sec."*. 

Turbulivity. 
i = .</VK 
grm.* cm."* 
sec."®. 

— 



— 

— 

>0-5 



0 006 

. 

5 

7 


-0 004 




\ A. O f 




— 

-0 006 

— 



j0 3 1 


— 

j 

— 

— 

— 




007 

60 

80 i 

— 

-0-2 


— 

■ 

<01 

<006 



i 

— 

-004 

-- 


— 

0 

003 

24 

34 

- 2» 

-0-6 

r-HO-461 

-0-48 

[-0-34] 





± 0-6 

±012 

±0-39 

±0-20 

±018 






-0-7 





0-3 

240 

340 

— 

-1-2 





0-9 

750 

1,050 

— 

— 


— 

— 

— 

12 

10,000 

14,000 

— 

— 

— 

— 

— 

— 

0-26 

200 

300 

— 

— 

— 

— 

— 

— 

6-8 

6,500 

8,000 

I 

i 

— 

— 

— 

— 

— 

— 

6-9 

4,800 

7,000 


< -0-34 

— 

— 

— 

— 

6 

1 

5,000 

1 

6,000 

1 

— 

— 

— 

— 

— 

— 

016 

130 

200 
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Table IV. — Observed Values of 


Entropy gradient 
vertically upwards. 

!. 

Surface. 

Methods. 

Notes. 

h 

cm. 

above 

surface. 

cm. 
sec. ‘ 

OCX 

dynes per 
square 
centi- 
metre. 

1919, Oct., 21d. 12h., 
Benson 

Obstructions up 
wind ^ radian 

Paraffin vapour . . . 


160 

260 


1919, Oct., 29d. 15h., 
Benson; raining 

Obstructions up 
wind 0 • 046 

radian 

Smoke 


190 

330 

i 

Small! 

Moor, trees . . 

Burning rubbish . .. 

VII. 

900 

300 

— - 

Small! 

Fields, trees . . 

Factory chimney . . 

VIII. 

3,000 

600 


Negative ! . . . . 

Moor, low hills . 

Cloud 

IX. 

150,000 

2,000 

1000 

200 

— 

Small ! 1 

Wooded hills , . 

Large fire .... 

X. 

25.000 

37.000 

1600 

— 



Shell-puffs .... 

XI. 

300,000 

500 

— 

Positive! .... 

Spurn head . . 

Dines anemometer 

XII. 

— 

1200 

-80 

Positive ! . . . . 

Open sea . . . 

Steamer’s smoke . . 

XIII. 

1,600 

— 

— 

Negative ? . . . . 

Open sea . . . 

Steamer’s smoke . . 

XIV. 

6,000 

200 

1 

— 

! 

1 

Open sea . . . 

Alto-stratus .... 

XV. 

600,000 

— 

— 


Notes to Table of Eddy-Stresses and Difmviiies. 

1. 1917, June, 16d. 4h. 8m. L.A.T., hilltop near Ancomont, France. Standing hay composed of a 

species of Festuca (identified by my friend, Mr. Sam Pim). It grew fairly densely to 30 cm. from 
the ground and tall seed stems rose to 70 cm. 

II. 1917, July, 16d. 19^h. L.A.T., Mafifrecowt, France. Green oats 70 cm. high. No trees near. 

About sunset. Overcast with stratus. Observers : David Long and L. F. Kichardson. 

III. 1917, June, 29d. 19h. 30m. L.A.T., Yiel Dampierre, France. A field of corn 60 cm. high. 
Clouds (stratus) motionless. Observers : F. H. Wrathbrall, 6. Hutchinson, L.F.R. 
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Eddy-stresses and of Eddy-diffusivity (continued). 


dynes per 
square 
centi> 
metre. 

hh 

dynes per 
square 
centi- 
metre. 

dynes per 
square 
centi- 
metre. 

yh 

dynes per 
square 
centi- 
metre. 

kx 

dynes per 
square 
centi- 
metre. 

dvg 

dh 

sec.”*. 

Conductivity. 

grm. cm.”* sec.”*. 

Diffusivity. 

K 

cm.* sec.”*. 

Turbulivity. 

$ = 

grm.* cm."* 
sec."®. 

— 


— 

— 


— 

2-5 

2,000 

3,000 

— 


— 



— 

9-3 

7,600 

11,000 

— 


— 

— 

— 

— 

6 

5,000 

7,000 

— 




— 

— 

12 

10,000 

14,000 

— 

-6 




1 


1 


1 

! 

1 

1 

1 _ 

1 



120 

i 

1 

10» 

l-4xl0» 




1 

! __ 



— 

— 

! 

<0-9xl0» ' 

<10« 

1 

<0-8x 10« 

-110 

; 

. ^ ■ 


1 


— 

— 

-- 



1 

012 

100 

140 

— 

— 

— 



i 

12 

10,000 

! 14,000 

— 

-1 



I 





IV. 1917, Jtme, 26d. 20h. 5m. L.A.T., Joinville, Franco. Moor with herbage dense to 10 cm. and 

rising thinly to 50 cm. 

V. 1917, October, 4d. 8Jh. G.M.T., Massiges, France. Flat moor with grass to 10 cm. and stems rising 

to 30 cm. Trees up-wind subtending an angle of 10 degrees. Overcast with strato nimbus, of 
which velocity /height =» O' 025 sec.“^. Temperature 0°' 15 C. Observers : Olav Stapledon and 
L. F. Ricuakdson. Eddies partly due to observer. 

VI. See photographs and description in this paper. 

VII. 1917, July, 18d. 7^h. L.A.T., Maffrecourt, France. Moor, with small trees, 5m. high and houses. 
Overcast, 






24 


MR. LEWIS f. RICHARDSON ON 

YIII. 1917, August, 2d. 17b. Ii.A.T., South England. Overcast. . 

IJ[. 1917, July, 17d. 19b. 50m. L.A.T., East Champagne, France. Nine observations of a cloud at 
inteirals of 1 minute by an Abney level. Angular elevation about 9 degrees. 

X. 1917, August, 8d. 20h. L.A.T., Argonne, France. Large fire of petrol and vood. Smoke observed 
from distance of 10 km. with a sextant. If smoke were not hot, height of its upper edge above 
ground would have given K » 4*6x I0‘ cm.^ 8eo.~^, an over estimate. Irregularities in upper 
edge gave K » 10*, probably an under estimate. Mean K of order of 10‘. Overcast. 

XI 1918, April, 12d. 14h. 5m. L.A.T., France. Two anti-aircraft shell puffs at a mean elevation of 
21 degrees above the horizon and 4 degrees apart in a vertical plane, were brought into 

coincidence in the field of view of a sextant. In 120 seconds their separation of 4 degrees did 

not vary visibly, certainly not by 4 minutes of arc. Their apparent motion was horizontal at 
xifns radian per sec. Height asmmed 3200 metres — a likely value. 

XII. 1914, November, 16d. 3h. to 9h. G.M.T. Taken from the re-production of the Dines anemogram 
on p. 81 of the ‘ Observer’s Handbook,’ Meteorological Office, London, 1917 edition. 

XIII. 1917, JiUy, 26d. 21h. L.A.T., the English Channel. 

XIV. 1917, July, 26d. 16h. L.A.T., the English Channel, off Havre. 

Xy. 1917, July, 26d. 15h. L.A.T., the English Channel, off Havre. Observations of cloud at intervals 

of 1 minute with pocket sextant. Angular elevation about 4 degrees. 


The photograph (2) also shows that the smoke spreads more rapidly upwards than 

downwards, indicating that the stress hh and the turbulivity i both increase with 
height. 

Fig. 3 shows another case of low eddy-conductivity occurring at sunset. The 
smoke here is from burning hydrogen phosphides ; it is warm and rises slightly. To 
the eye the smoke appeared as a narrow wavy ribbon moving with a mean velocity of 
1*2 metres per second. The broader smooth band shown in the photograph is due to 
the exposure of 7 5 seconds, made long in order to get an average effect. The source 
of smoke is a bottle 3*4 metres above ground and just within the picture. The 
bamboos are 5 metres apart. The air density was 0*00126 c.g.8. The eddy- 
difEusivity works out to about 130 c.g.s. units, the eddy-conductivity to 0*16 c.g.s., 
the turbulivity to 200 c.g.s. The sky was cloudless. Obstructions to windward rose 
above the horizon to an angle of only ^ radian. The photograph was taken in 
latitude 51* 37' N., longitude 4m. 24s. west, at 1919, Sept., 29d. 17h. 58m. G.M.T. 

Above fe a table of observations. It is noticeable that when two of the 

direct stresses aKC, yyy hh have been measured at the same time and place, they 
have been found to be not very unequal. G. I. Taylok has published some 
observations which show the same thing. It is as though there were a kind of 
equipartition of energy between the three components of the eddying motion. A 
very marked increase in both direct stress and diffusivity takes place either with 
velocity or with height. A rapid increase of viscosity with height in the first 
200 metres has also been deduced by W. Schmidt from wind observations made by 
Hellmann over a piece of flat land. (‘Sitz. Akad. Wiss.,’ Wien, 1917, Heft 6, 
p. 17). 
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tfs 

Tht obterrutiom of steamers’ smoke are put fcmrurd only as upper limits to Mi» 
titrimlenoe appropriate to the bare sea, for the steamer itself probably makea 
a oenmderable eddy. 

It irould be desirable to classify the observed eddy-conductivity as a function of 
four independent variables ; namely, the height, the vertical gradient of entropy, the 
Vertical gradient of velocity and the character of the surface. Vertical gradient of 
velocity is su^ested as an independent because it measures the only rate-of-mean 



/ eddy conductivity j 

^10 I ut ot ooeetvaffin ) 

Fig. 4, 

strain which attains a noticeable value in the free atmosphere, and because Osbornb 
Reynolds* has shown that the energy of the eddy motion comes from the work 
done by the eddy-stresses upon the corresponding rates of mean strain. The observa- 
tions here presented are much too scanty for such a classification, but to render the 
relation to height visible, the effect of velocity has been removed, in one sense, by 
dividing each value of the eddy-conductivity by the velocity at that level. The 
* Lamb, * HTdrodynainies,* IV. edition, $ 369, eqoation (21). 

E 
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justification for this procedure is that Taylob has given reasons** for supposing that 
the viscosity, and therefore also the conductivity, is proportional to the velocaty. 
For comparison with the present observations, the diagram shows Taylor's mean 
value of the diffusivity at the Eiffel Tower, t and also some general means| deduced 
from precipitation by the writer. 

In order to compare them it has been necessary to assume some corresponding 
velocities ; for which purpose I have taken 540 cm. sec.~* at the mean height of the 
Eiffel Tower, 700 cm. sec.“*as a world-mean at 500 metrra and 1000 cm. sec.“‘ for 
the same at 8500 metres. These are based on information given in Hakn’s 
‘ Meteorology.’ The conversion formulae between eddy -conductivity, diffusivity and ^ 
have been given in Section I. In order to compress into a diagram the large ranges 
of height and conductivity, logarithms have been plotted. A smooth curve is drawn 
through the clustered observations over land. It shows a maximum between the 
heights of 100 and 1000 metres, and a marked falling off above and below. Not 
only c/v but also c the conductivity has a maximum here. Taylor’s first 
observations related to heights near this maximum and so he naturally came to the 
conclusion that there was no marked variation with height. 

IX. Cumulus Eddies in Calm Weather. 

The familiar sequence, which can be observed in many places, is here illustrated by 
the mean of some selected days in latitude 49° in France, on the bare grass moors to 
the west of the forest of Argonne, in the month of May. The sun rose at 4h. 20m. 
local apparent time, but could not be seen for mist. By 6h. the disk of the sun 
became visible. At the mist was rising in large pieces, leaving a brilliant blue 
sky. At 9h. the first cumuli appeared over the forest. About half-an-hour later 
they appeared over the grass land also. By noon the cumuli covered 1^<T of the sky. 
By 16h. the cumuli had begun to spread out horizontally, and by 19h. they had 
vanished, leaving the sky clear again. 

Now here we have a collection of eddies in which the rising parts, represented by 
the cumuli, visibly move to a level where they remain by mixing with their 

surroundings. So we should be able to calculate the diffusivity K by the direcf 

application of the formula given by G. I. Taylor (‘ Phil. Trans.,’ A, vol. 215, p. 3) 

K = i 

where h—h' is the height through which the air has moved before mixing, Vh is its 
vertical velocity, and A is a large horizontal area. Only, as Taylor’s formula assumes 

• G. I. Taylok, ‘ Roy. Soc. Proc.,’ A, vol. 92, pp. 196-199. 

t G. I. Taylor, ‘Roy. Soc. Proc.,’ A, vol. 94 (1917), p. 141. 

I L. F. Richardson, ‘Roy. Soc. Proc.,’ A, vol. 96 (1919), p. 18. 
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that p and K are independent of height, it may be as well to remove these restrictions. 
It is then found that f, as defined by equation (l), of Part L, is given by 

^ A 11 A 


where p* is the pressure at the initial level, Wn the vertical momentum per volume. 

Now let us insert numerical values. The surface air was seen to begin to move at 
or a little before T^h. The cumuli appeared to cease rising before 16h. and the height 
of their tops is known to average about 2 km. {vide Hann’s ‘ Meteorology,’ IITrd edn., 
p. 280). Now if we suppose, as seems reasonable, that tho*top of the cumulus is formed 
from the damp air which was initially close to the ground, then the displacement, 
measured by pressure, is about 2 decibars, so that {p' —p) = 2x 10® dyne cm.~*. The 
vertical velocity is 2 km. in 8*5 hours, that is G*5 cm. sec. So the momentum per 
volume = m = 7 x 10~® grm. cm.“* sec."^ in the rising current. The rising current 
covered 0'4 of- the sky, so that averaging over the area A, as is done in (2), is 
equivalent to taking 0’4 of muip'—p) for the rising current. But the invisible 
descending currents contribute an equal amount to the integral. So 

^ = gxO'8 X 2 X 10® X 7 x lO"® 

= 11 X 10® grm.* cm."* sec."®. 

This figure is about ten times greater than measures of ^ at a height of a few 
hundred meters, deduced by various authors. If the air which forms the top of the 
cumulus had really started from a height of 1 km. instead of from the ground, as we 
have supposed, then the numerical value of ^ would have to be divided by four. 

Beasons have already been given (Part VII.) for supposing that f derived in this 
way from cumulus clouds is a measure of frictional eftects, but not of the diffusion of 
entropy, because the linear term in (Part V., 3) does not vanish on taking the mean, 
owing to the fact that the eddies are produced by variations of entropy. To put it in 
another way : In G. I. Taylor’s deduction of formula (l) the vertical gradient of the 
diffusing quantity is treated as not correlated with the vertical velocity. When we 
are dealing with cumulus clouds that assumption is probably justified if the diffusing 
quantity is horizontal velocity, but not if it is potential temperature. 

To find f in the sense of diffusivity for potential temperature we should have to 
employ formula 32 of Part VII., namely 


For insertion in this we require lapse rates in cumulus clouds and in the clear air 
between them. Such have recently been obtained by airmen. 
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X. Summary. 

Part I. deals with notation. Measures of turbulence may advantageously be 
expressed in the form f in 

^ = A 

dpv ^pJ ’ 

where p is the pressure (here used as a measure of height), t the time, and x may 
be horizontal velocity in a fixed azimuth, or potential temperature, or water per 
mass of atmosphere. It is suggested that f might be called the “ turbulivity.” Its 
dimensions are grm.® cm.~“ sec."*. Better still is the conductivity c = 

In Part II. the eddy-sh earing stress on the ground is deduced from pilot balloon 
observations. Values on land in any self-consistent dynamical units are found to 
range from 0*0007 to 0*007. times the value of ^/p, where m is the mean momentum 
per volume up to a height of 2 km. and p is the density. Compare G. I. Taylor, 
‘Roy. Soc. Proc.,’ A, vol. 92. 

In Part 111. evidence is given to show that the eddy-viscosity across the wind at 
Lindenberg increases with height, and, except near the groxind, is much greater than 
the eddy- viscosity along the wind. Hei*e f ranges from 10* to 5 x 10®. 

In Part IV. the spreading of a lamina of smoke is considered. Values of ^ ranging 
from 7 to 1 40,000 are found. ^ increases both with lieight and with velocity. 

In Part V. the derivation of f from smoke observations, is examined more 
thoroughly. 

Part VI. deals with Osborne Reynolds’ eddy-stresses. For one occasion an 
attempt was made to measure simultaneously all six components of stress by 
observing the motion of thistledown. The three direct stresses are easily measured. 
Not so the shearing stresses however, one was found to be 2*4 times its probable 
error. 

Part VII. summarizes the theory of scattering of particles. 

Part VIII. contains numerical values derived from scattering. 

In Part IX. the turbulivity ^ is estimated from the rising of cumuli in calm 
weather and found to be 10®, applicable only in the sense of friction. Thus the 
whole range of ^ observed in the free atmosphere was from 7 to a million in 
contrast with 0*2 in perfectly still air in a laboratory. The eddy-stresses observed 
have ranged in absolute value from 0*004 to 110 dynes cm."*. 
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II. On a Theory of the Second Order Longitudinal Spherical Aberration for 

a Symmetrical Optical System. 

By T. Y. Baker, B.A., Inst't'uctor Commander, R.N., and L. N. G. Filon, M.A., 
B.Sc., F.R.S., Goldsmid Professor of Applied MathemMics and Mechanics in 
the University of London. 


Beoeired December 2, 1919, — Bead February 12, 1920. 

§ 1. Statement of the Problem and Historical References. 

Ip we consider a pencil of rays issuing from a point on the axis of a symmetrical 
optical system (»,e., a system of refracting spherical surfaces, the centi'es of which lie 
on a straight line called the axis of the system), it is well known that, if the pencil 
be a thin one, of which the mean ray is along the axis, the first approximation to the 
emergent pencil is another punctual pencil, of which the rays pass through an image 
point, also situated on the axia The general method of treatment of such image 
points, which are usually referred to as “ geometrical ” images, is due to Gauss, and is 
developed in any text book of Geometrical Optics. 

When, however, the pencil considered is one of finite aperture, the outlying rays 
do not, after emergence, pass through the Gaussian image point, nor do they have the 
inclination assigned to them by the Gaussian calculation. The emergent rays lying 
in any one axial plane touch an envelope or caustic, which has one cusp at the Gaussian 
image, with the axis as proper tangent. The intercepts of any given emergent ray 
upon the axis and the image plane, measured from the Gaussian image, are known as 
the longitudinal and transverse spherical aberrations of that ray. 

It is clear that if both these spherical aberrations, or either of them together with 
the inclination of the ray on emergence, be known for every possible position of object 
and image, and for every possible inclination of the incident ray, the whole complex 
of emergent rays lying in axial planes can Ik? mapped out. The calculation of these 
aberrations is therefore of fundamental importance in practical optical design, whei-e 
we do not deal with infinitely thin pencils. 

The method employed hitherto for dealing with aberrations from the mathematical 
standpoint has been to develop the sines occurring in the refraction equations at each 
spherical surface in ascending power of some argument, which may be either the 
circular measure, or the sine, or the tangent, of one of the angles concerned, and to 
calculate, by the usual methods of successive approximation, the required aberrations 
as a series of ascending powers of such argument 
VOL. COXXI. — A 583. p 
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When this is done it is found that the terms due to the first power of the argument 
lead to the Gaussian image point, so that the series begin with a term involving the 
second power of the argument in the case of the longitudinal alierration, and the 
third power in the case of the transverse aberration. These terms are the first order. 
The following terms next in sequence, which are of fourth and fifth power respectively, 
are spoken of as aberrations of the second order, and so on. 

A considerable amount of theoretical work has been done on aberrations of the 
first order by Seidel, Abbe and others, and the treatment of these is fairly well 
known. Unfortunately, it is found in practice that the first order aberrations do not 
give a sufficient approximation for the optician’s requirementa In fact for a certain 
range of object and image positions, they are so badly out that they cannot be 
said to constitute an approximation at all. This fact has long been recognised by 
optical designers, whose practice is invariably to calculate, iising the exact trigono- 
metrical equations which involve no approximation at all, the correct paths of a 
number of selected rays, from which they draw conclusions as to the efficiency, or 
otherwise, of the proposed system from the practical point of view. 

The trigonometrical method, however, from the designer’s point of view, has the 
radical defect that, while it gives partial information about the performance of a given 
system, it gives no direct intimation of the direction in which the elimination of various 
defects is to be looked for, and it entails a long and laborious process of seeking for 
the optimum by trial and error. 

'fhe object of the authors of the present paper has teen to develop a method of 
expressing the aberrations, which, while carrying the algebraic development to a 
stage including the second order, should be free from certain grave troubles involved 
by failure of convergericy, troubles which appear to have been hitherto neglected. 
In fact this method gives numerical results that, for a single lens, are considerably 
more accurate than the ordinary second order formulm. Further, these methods 
enable one to deal, in a comparatively easier form, with the problem of the second order 
aberrations of combinations of surfaces and systems, a problem which, so far as we 
know, has never teen attacked from any general standpoint. Koenig and Von Bohr 
(Von Bohr, ‘Theorie der Optischen Instrumente,’ Cap. V.) give a development of a 
formula for the coefficients of first order and second order in the longitudinal spherical 
aberration, based on Abbe’s method of Invariants, but so far as can be seen, no definite 
results are obtained for the second order terms. 

Dknnis Taylor (‘System of Applied Optics,* p. 67) gives a formula for the 
spherical aberration, developed in powers of the intercept made by the ray on the 
first principal plane, which includes terms of second order. But his formula, a 
particular case of those dealt with in the present paper, is limited to the thin lens, 
and no attempt seems to be made at anything like a general treatment of such 
aberrations. 

Another important object of the method to be described is to express the 
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aberrations in such a form that, in a combination of surfaces and lenses, the eifect of 
a. given surface or lens on the final result can be readily traced. This is fundamental 
for the designer, who usually proceeds to sketch out his system by Gaussian methods 
only, being guided therein by considerations of magnification, illumination, and field 
of view : and then goes on to eliminate the resulting image defects, so far as he can, 
by bending the lenses, i.e., by altering their mean curvature without changing the 
focal length. In doing this he usually corrects one defect at a time, with the frequent 
result that, when, having corrected one defect by means of one lens, he proceeds to 
correct a second defect, he thereby causes the reappearance of the first. 

If the effects of any given lens, however, are made apparent in the final formula, it 
becomes a more manageable problem to devise variations which will keep any one 
defect invariant whilst others are being dealt with. 

§2. Notation. 

There is no general agreement among mathematical writers as to the notation 
employed in dealing with optical problems, and it will be convenient to state here 
the symbols we have adopted. They are a modification of a system due to 
Steinheil. 

The successive media, proceeding in the direction of travel of the light (from left to 
right in our figures), are denoted by even suffixes 0, 2, 4, &c., and the same suffixes 
affect the rays in these media, their inclinations, a,,, Ut, &c., to the axis, and their 
intersections Iq, la, I4, &c., with that axis. 

The successive geometrical Images will be denoted by the letter J, thus Jo, Ja, J4, &c. 
The successive surfaces of separation will Ije denoted by the odd suffixes I, 3, 5, &c., 
and the same suffixes will affect the centres of curvature, the intersections of rays 
with the surfaces, and the points where the axis crosses the surfaces. The latter 
will be denoted by the letter A and the centres of curvature by the letter C. 

Fig. 1 illustrates the use of this notation for two refracting surfaces. 

The radii of curvature are r„ r^, r^, &c., and are to be considered positive' when 
Aan+i Can+i is measured from left to right. 

The perpendicular from a centre of curvatiire on a ray is denoted by p and is 
affected by a double suffix, the first belonging to the centre of the curvature and the 
second to the ray. Thus pi-j is the perpendicular from the centre of curvature Ci of 
the fii*8t reflecting surface upon the ray in the second medium. Where there is no 
ambiguity the first suffix will usually be omitted. 

The refractive index will be denoted by n and affected by the suffix of its 
medium. 

Transverse magnifications will Ixi denoted by M. The magnification protluced by 
surface 1 will l)e denoted, {is convenient, by M, or M#,; by surfaces 1, 3 combined 
either by Mia or M04 '• by surfaces 1, 3, 5, combined either by Mjaj, or and so on. 

F 2 



32 


MR. T. Y. BAKER AND PROF. L. N. O. FILON : LONGITUDINAL 


The advantage of the double even suffix notation in this case is that we have a symbol, 
M40, for the magnification whenJight passes backwards through the system, the order 
of the suffixes being material. Where odd suffixes are used, we have to use l/M„ 
l/Mia, for tire reversed magnificationa 

Bay magnifications will be denoted by H. These are the limit of the sine-ratio for 
small inclinations, thus sin ttu/sin otj. M = II when the initial and final 

media ai’e the same. 

With regard to inclinations, they will be treated as positive when the rays converge 
to the axis, as in fig. 1. The inclinations of the rays calculated by Gauss’ process 
will be denoted by jQ. Thus /Sq = Oo, tan jS, = tan ao/M^a, tan fit = tan aJMo*, &c. 



We may also use angles y, calculated from a constant sine ratio, viz., = Oo, 
sin ya = sin Oo/Moa, sin y^ = sin Ac. 

Throughout much of the work we shall use the same trigonometrical function 
(tangent or sine) of the angles a. If the tangent is used, we shall employ the following 
abbi'eviations : — 

ga» = tan a.,, = tan fi^^. 

If the sine is used, the meaning of q, t will be as follows : — 

g*, = sin a.^ = sin ya„. 

It will l)e found that maity formulae remain unaltered, whichever of the two inter- 
pretations for q and t is used. 
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All distancea parallel to the axis will be denoted by x (the attribution of the 
symbol being indicated in each case) and will be measured positively from left to 
right. 

The longitudinal aberration will be denoted by Ax, with the suffix of the medium, 
and will be reckoned positive when the point of intersection of the ray with the axis 
is to the right of the geometrical image. Thus Ax^ = J^Ij. This is opposite to the 
usual convention which is based on the fact that for positive or convergent lenses, Ij is 
generally to the left of J,, ; • but, in the first place, this is not universally true, and, in 
the second place, the convention adopted by us was found more convenient in handling 
the algebra. 

It is to be noted that, with the notation used, the well-known formula for a lens 

-•f - = 4 becomes - — - = 4 j the distances u and v being measured in the same 
u V j V u j 

direction. 

The distances between successive refracting surfaces we denote by c, with the suffix 
of the medium. 

In dealing with a system, especially where the initial and final media are not the 
same, it is very convenient to use an “ equivalent ’* Gaussian system, in which lengths 
parallel to the axis are measured in each medium in terms of a unit proportional to its 
absolute refractive index. 

If we denote the corresponding points in the equivalent Gaussian system by accents, 
we find that 

A',J'. = Ml , A',J', = M , A', A', = o'. = :? , 


n. 


n.j 


n.> 




A'aJ'* = ^ , &C. 
n. 


If then we denote the quantities — — — — — , &c., by 4 . 4 • • • ; /u/t • • • be ctillcd 

the focal lengths of the successive refracting surfaces. The equations connecting 
image and object in the equivalent Gaussian system are 

1 1 1 


Ay', A'.J',-/,’ 


which is of the same form as the equation connecting image and object for a thin lens 
at A'j. 

Now bearing in mind that AgJj = AjJ,— A,A, and therefore A'gJ', = A'lJ',— A'jA',, 
it is easy to show that the effects of the sticcessive i*efracting surfaces in the actual 
system can be obtained by compounding a corresponding set of thin lenses in the 
equivalent Gaussian system. By dealing with the latter, we get rid of the 
asymmetry introduced by the difference of initial and final index. Of course this 
applies only to the calculation of the geometrical images. We note that in the 
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equivalent Gaussian system the ray and transverse magnifications are identical and 
agree with the transverse magnifications in the actual system. 

Finally the intercept of the incident ray on the leading principal plane of a system 
will usually be denoted by y. This is taken by some authors as the argument of the 
development in series, but differs only by a factor from tan a# o*’ f®'*' 

In many cases it will be convenient, in order to avoid unnecessarily large 
suffixes, to condense a system of surfaces or lenses, affecting quantities referring to 
the system itself with suffix 1, and the initial and final media with suffixes 0 and 2, 
the paths in the intermediate media not l>eing explicitly considered. 

.§ 3. Singularities and Convergency. 

Consider any symmetrical optical system, of which PL and QM (fig. 2) are the 
initial and final refracting surfaces. Let F# be the front focus of the system and 
UFoV the caustic for back ward- travelling rays which are parallel in the final medium. 



Fig. 2. 


This caustic, as is well known, will usually be of the type shown in fig. 2, 
approximating to a semi-cubical parabola with a cusp at F#, and, to fix ideas, we shall 
suppose the point of the cusp to be turned to the left. In the opposite case, an 
obvious modification of the argument will be found to lead to similar conclusions. 

Any ray in the initial medium, which touches this caustic, must emerge parallel to 
the axis after passing through the system. 

Let lo be an object point on the axis behind F^ and sufficiently near to it for a real 
tangent to be drawn from Iq to the caustic and yet go through the system. This 
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will involve for I# a positive ray magnification M exceeding some definite finUe limit. 
The Gaussian image point Jg will then lie a finite distance in front of Fq. 

Consider first a nearly paraxial incident ray loP. Such a ray will be refracted 
approximately according to the Gaussian law and will emerge at an inclination oa, 
where og is nearly equal to aJK and both a® and M being finite and positive, ot is 
also finite and positive The ray emerges as QR, passing through a point I* finitely 
-different from Jj. 

As ao increases, at first increases with it, but as Oo reaches the value X, 
corresponding to the inclination of the ray loL which touches the front focus caustic, 
ag is again zero. Hence between those two values oig has at least one maximum, and 
for a given value of Ug there are at least two values of Oq. 

Thus, within the range of values which are of practical importance, Oo is a many- 
valued function of ag haying one or more branch-points, of which the one of least 
modulus corresponds to the first maximum of ag. 

Now, within the same range of values, all the aberrations must be given as single 
valued functions of Og, since clearly there can only be one physical emergent ray, 
corresponding to one given physical incident ray. This statement, as we shall see, 
needs to be (jualified when we are dealing with purely geometrical rays, but this need 
not affect the present stage of the discussion. 

In consequence, if any aberration be expressed in terms of Ug — or of any trigono- 
metrical function of ag — that aberration must, in general, be a many- valued function 
of ag, having for its brancb-point of least modulus the first maximum value of ag 
mentioned above. It follows by a well-known result in theory of functions, that 
no Taylou’s series in aj,, or in sin ag, or tan a*, can be valid for values of Og 
exceeding this modidus numerically. For such values the series will be definitely 
divergent. 

It is interesting to consider what happens when I# is on the other side of F^, so 
that we are dealing with a large negative magnification. In this case no real 
tangent can Ije drawn from lo to the front focus caustic and the value of ao, for 
which Og =0, is a pure imaginary. But here again, although we are now dealing 
with imaginary values, we get two values of ao for a given (pure imaginary) value 
of ag, and, although no such maximum of Oo occurs in the purely real values, the 
modulus of the imaginary branch-point limits the validity of Taylor’s series in ag as 
before. 

Thus there exists always a certain range, extending a finite distance (depending 
on the nature of the optical system) on either side of the front focus, within which 
no development of any aberration in powers of ag or of its trigonometrical functions 
(or, indeed, by similar reasoning, of any inclination of the ray, except in the 
original medium) is valid for the whole pencil of rays which actually traverse the 
system. 

Indeed, as the object point 1^ approaches the front focus, it is clear that both X and 
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the maximum etj tend to zero, so that only an infinitesimal portion of the ra 3 r 8 can be 
dealt with by the method of successive aberrations, i,e., by the Taylor's series. 

That the range of failure is by no means an unimportant one is shown by an 
example given by the authors in a paper read before the Optical Society in December, 
1918. In this example the system considered is a positive lens of unit focal length 
and thickness meniscus shaped, with curvatures 1 and 2’36, and its convex side 
towards the incoming light. For such a lens and magnification as low as 2 , the» 
critical value of *4 is found to be about 4“ 40', corresponding to a value of of 13*, 
whilst the greatest practical value of is 26*, so that in this case only about i of the 
light going through the lens could be dealt with by series in terms of the emergent 
angle. From M = 2 to M = <» the conditions are still worse. 

As a matter of fact, it appears that in this case the range of magnifications, within 
which development in terms of the emergent inclinations is possible for all rays 
travelling through the lens, is restricted to a range lying somewhere between M = — 1 
and M = 1*5. This makes it clear that we cannot depend, in the calculation of the 
aberrations of an optical system, upon any series with the emergent inclination as 
argument. This is important, Ijecause from other considerations it would have been 
valuable to have been able to express the equation of the emergent ray in the 
form 

y+qx=f{q) 

where q is the inclination of the emergent ray, and to proceed to obtain successive 
approximations to the caustic by developing f (g) in powers. It now appears that 
this is not, in general, legitimate. 

We now come to the consideration of series proceeding by powers of Oo, or of its 
trigonometrical functions. Here the question of many-valuedness will not occur, 
except as follows. 

If we consider a ray impinging upon a spherical refracting surface, this ray, if 
produced,- will meet the surface at a second point. Treating the problem from the 
purely analytical standpoint, this second point is also one at which refraction takes 
place, and thus, for the same Oo, there will, in general, be two values of aa, four of at, 
and so on. will therefore, in general, be a multiple-valued function of Oq, and 
the aberrations will also be multiple-valued functions, and the branch-points of these 
multiple-valued functions will, as before, limit the convergency of the Taylor 
series. 

Now clearly two branches coincide whenever there occurs a grazing incidence ; 
and, therefore, if the system be so arranged (as it almost necessarily is) so that no 
grazing incidence is reached, there will be no real branch-points within the range of 
practical values. But this does not mean that the Taylor’s series will necessarily 
be valid, for there might be imaginary branch-points. A very simple example will 
show how such branch-points can occur. 
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If I 9 be a aouroe of light plaoed in frcmt of a plate of thicknees Cj and refractive 
index the perpendibular from Iq on the {^te being the axis of the system, it is 
easily verified that the longitudinal spherical aberration 


J4I4 


where sin = n sin ug, so that 

J4I4 = 


\n tan a^^/ 


Ca/|^_ \/l-sm*ao \ 


The branch-points here correspond to a, = or Ug = t.e., to grazing incidence at 

the first or second surface respectively. 

Clearly if n > 1 , then, since sin^Oo S 1 , the second grazing incidence can never occur 
for real values of Mq. 

But if we take as our argument °h> which removes the first branch-point 

to infini^, we find 

J.I. = 2! 




and this has imaginary branch-points where = ± . The radius of con- 
vergence of the Taylor’s series in to is therefore given by t, = value which 

does not correspond to any physical limitation of the rays. This applies to both the 
longitudinal and the transverse spherical aberrations in this case. 

The above example also brings out another important point ; for if in it sin is 
taken as the argument, the branch -points are ±1, ±n; both of which correspond to 
definite physical limitations, viz., grazing incidence and total internal reflection, so 
that in this case the limitations of the Taylor’s series are also the limitations of the 
problem. 

We see then that the validity even of the expansion in ao may be limited by the 
existence of branch-points, and that the choice of the particular trigonometrical 
function in which we expand may exercise a considerable influence on the result. 

The limitation of the oo developments due to branch-points will not, however, as in 
the case of the Ug developments, lead to vanishing radii of convergence. There is 
always a finite region within which these developments may be used. In what 
follows, therefore, we have exclusively used a,, as argument. 

In dealing with the longitudinal spherical aberration another limitation presents 
itself. We have seen that if «<> = A (fig. 2 ), a, = 0 . It follows that the intersection 
of the emergent ray with the axis is then at infinity, or the longitudinal aberration is 

VOL. ooxx.i — A. a 
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infinite and afterwards changes sign. Thus the values ±X correspond to poles ol 
the longitudinal aberration. These poles, being the singularities of least modulus, 
govern the convergence of the Taylor’s series in this neighbourhood, and this radius 
of convergence tends to zero as the object approaches the front focus. It weus a con- 
sideration of this difficulty which primarily led us to put the longitudinal aberration 
in a new form. 

This difficulty does not arise with the transverse spherical aberration. The poles of 
the longitudinal spherical aberration are due to the zeros of Oq, and on multiplying 


byl^^3> 


to get the transverse aberration, these poles disappear. 


§ 4. Summary of Method and Results. 


The general principle of the method employed was suggested by an attempt to fit 
an empirical formula to the longitudinal aberration of a lens for a certain range of 
curvatures and object and image positions. This empirical formula was discussed by 
the authora in a paper recently read before the Optical Society* and was found to 
give, on the whole, a sjngulaily good fit. Briefly stated, the formula is of the 
following type : — 




_ Aj^ 

1 + B<^ 


( 1 ) 


where t is the slope of the emergent “ Gaussian ” ray, so that t = t^jlS. . A is the 
(known) theoretical constant of the first-order aberration, which is a quartic in the 
magnification, and B is a cubic in the magnification, the coefficients in which are 
determined empirically. This formula was found to give a good approximation, even 
when the magnification was high and we were working well outside the limits of con- 
vergency of the Taylor’s series for Aac. 

If we consider any given object point, the longitudinal spherical aberration will be 
a function of that Is, of t. Denoting it by f (t), the reasoning of the preceding section 
shows that f {t) is always one- valued for a finite (and generally quite considerable) 
range of t, but it is not regular, having poles at t = ± t, where t = tan X/M and 
becomes rapidly small as the magnification increases numerically. 

If, however, we write (l —t^j'f) f{t) = ^ {t), ^ (<) is now limited only by the original 
branch-points of f{t) and will, in general, have an adequate radius of convergence. 
We may therefore expand it in a Taylor’s series, and we get for/(i) the form 


A»=/(i) = 


at’‘+ht*+ct+ ... 


( 2 ) 


* Baker and Filon, ** On an Empirical Formula for the Longitudiiud Spherical Aberrations in a Thick 

Lens,” ‘Proceedings of the Optical Society,’ December, 1918 . 
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If the series in the numerator converges rapidly, it will be sufBcient, provided a is not 
near zero, to stop at the first term, and we get as an approximate formula 




which is of the same form as (1). 

We have necessarily a — A., and if the two formul® are to tally we should have in 
addition B=— 1 /t^. 

The formula in the form (3), however, is not rigorously correct to the second order of 
aberrations inclusive, unless b happens to be small. If we wish to retain second order 
terms complete, we have to use 


Ax = 


at^+ht* 


( 4 ) 


and this can be written, to the same order of algebraic approximation, in the form 

Aas = at7{l— (l/T*-t-5/a) i®}, (5) 

provided again a is not zero. 

If this form (5) is adopted, then the B of the empirical formula should l)e l/r'+ft/a. 
But if this is done, the formula suffers from two defects : (i) it fails whenever a is 
near zero ; (ii) it does not give exact compensation for the poles in the critical range 
for M large. 

The further question then arose : how far are formulae of type (4) or (5) suitable 
for dealing with combinations of surfaces or lenses ? An important guiding considera- 
tion, in all work of this kind, must be the relative simplicity of the formulae in 
passing from a single surface or lens to a combination, and whether these formulae are 
suitable for tracing the effect of individual surfaces or lenses upon the final result. 

We have ultimately been led to the conclusion that no single formula can satisfy 
completely the three ideal requirements, viz. : (i) exact agreement with development 
as far as the second order inclusive ; (ii) simplicity in dealing with combinations ; 
(iii) exact compensation of the poles in the critical range of M. 

The method finally adopted satisfies conditions (i) and (ii). It only satisfies (iii) 
approximately. Numerical calculations show that numerically the approximation is 
adequate in the case of a lens or a simple surface. In the case of more complicated 
systems we have, as yet, no numerical data. 

The first part of the investigation deals with the single refraction. It is there shown 
that the longitudinal aberration can be put into the form (l), i.e., Ax = A«*/(l-f-B«*), 
where the formula is correct to the second order inclusive. 

We also find, for the inclination of the emergent ray, the formula 

g = e(i+Be*)/(n-C«*), 

G 2 


( 6 ) 
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which is correct to the first order when q and t are tangents and to the second order 
when q and t are sine& 

In the above A, B, C are polynomials in M of degrees 4, 3, 2 respectively, so that 
the empirical formula is well justified for the simple refracting surface. In this case, 
too, it is possible to calculate t directly, and, in fact, a simple geometrical construction 
is given for it. When this is followed for varying image-positions, it is found that 
outside a certain range of M, the t so obtained becomes irrelevant, and that, in fact; 
if the correct factor 1— is retained in the denominator of AiC, although it 
improves the fit by removing singularities in the range round M = oo , it introduces 
entirely fictitious singularities in other and important parts of the range, and makes 
the formula worthless. 

A good deal of light is thrown upon the problem when it is found that, if we 


develop^ in descending powers of M in the neighbourhood of M = <», the two 


leading terms are discovered to be identical with the two leading terms of the 
cubic B, previously obtained. This makes our B approximate more and more closely 


to ^ precisely as the effect of the denominator term becomes more important, and it 


is this fact which is the key to the numerical value of the method. 

We then proceed to show how the constants for a combination of the two systems 
can be obtained from the corresponding constants of the individual systems. In 
doing this it apj)ears that, so soon as we pass from the single refracting surface to 
the lens, a new constant is introduced into the formula, which now takes the form 


A* = 


Ae*-i-Ei« 


( 7 ) 


where A and B are of the same form as before, but E is now a polynomial of 
degree 6 in M. In the case of a lens the term is found to be, in general, of 
small importance, which accounts for the good fit of the empirical formula. 

The formula (7 ) /or a combination holds good to the second order inclusive, and jPi 


agrees with when M is large, as far as the leading term only. For numerical 


purposes, however, a correction is discussed, which is very readily applied, and which 
makes the two leading terms in B agree with the two leading terms in as in the 

T 

case of the single refracting surfaces. 

The formulse for combining two systems take comparatively simple forms ; the A, 
B and C for the combination are expressed as linear functions of the A’s, B’s and C's 
of the components, and the E as a lineo-linear function of the A’s, B’s and C’s of the 
components, each term involving a product of which one factor belongs to one 
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component of the cmnbination and the other factor to the second. In addition the E 
for the combination involves linear terms in the E’s of the components. 

These results are found to hold good in the more general case of the combination 
of three or more systems. It will foUow that if the constants A, B, E are 
tabulated for lenses of various curvatures, the effect of the combination can be traced 
relatively easily and the aberrations corrected, so far as possible, by suitably bending 
the lenses, while keeping the general arrangement and the magnifications the same. 

Explicit values of the constants for the single refracting surface and a single thick 
or thin lens have been obtained and are tabulated for reference, so as to be available 
for eventual computation of the required tables. We have also given some numerical 
values for a single lens, and a numerical test of the accuracy in this case, which works 
out at about 3!^ of the total aberration for the range of cases taken. 

The corresponding formulae with sin y instead of tan as argument are discussed, 
and it is shown that the equations of combination are of the same form as before. 

Certain invariant relations between the coefficients in A, B, C, E are developed, 
which enable various calculations to be simplified and in particular to determine these 
constants for a system reversed, when they are known for the direct system. This 
will generally halve the work of tabulation. 


§ 5. The Single Refracting Surface. 

Using the general notation described in § 2, consider refractions at a single refracting 
surface. 

Let ^o> V^a denote the angles of incidence and refraction, so that = C,P,Io, ^3 = 
C,P,I. (fig, 1). 

Let CJo = Xo = oJq, CJa = X3 = a;3+ Axa, C1J3 = Xj we then have the set of refraction 


equations 

sin yho = po/^i = Xq sin afr^ (8) 

sin yfr-j = pjr^ = X3 sin u.Jr^ (9) 

n.ip.j = 7iaPo (10) 

a.j-ao = ( 11 ) 

Let ^0 to ia *= A'jJ'j in the “ equivalent ” Gaussian system ^see § 2). Then 

Wofo = a;o+r„ n.^.j = x^+r^, . . . . . . . (l2) 

and we find, using the first approximation when «•, &e., mu small 

. . . . ( 13 > 
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If Hj = Lon/os, which we shall call the ray rnctgnijicaiion, we have 

«o“X> 

M, = Wj^a/wofo = (14) 


The transverse magnification M, is given by 

Ml “ ^a/fo ~ xJXft ~ WoMi/Wjj. (15) 

We can also express (13) in another well-known form, namely, 

njx.^ njxff — \lf\ (I6) 

whence, using (14), we obtain 

Xq — n^fi (l— lli)/ll,'j 

353 = Wo/, (1-M,) J 

Again, from (9), (8) and (10) 


Xj = Pa/sin aa = sin 0/713 sin oj = Wo/ (1 — M,) sin Oq/M, sin Oj 


= Xj sin Oq/H, sin (18) 

and the longitudinal aberration 

AaJa = X3— .Ta = a;3(8in Oo/M, sin Oa— 1). ...... ( 19 ) 


The corresponding longitudinal aberration in the equivalent Graussian system is 
found from 

A^a — Axa^Tia — (Tiy/^/Tia) ( 1 —Mj) (sin Oo/M, Sin Oa“- 1) (20) 

Now from (ll) 

sin Oa = sin OoCOS ^0 cns ^3-1- sin 1^0 cos oo cos ^3— sin ^3 cos oo cos 
+ sin Oo sin i/r„ sin ^3, 

whence, using (8), (9) and (lO), 

sin Oa/sin Oo = { 1 —{xJr^Y sin* OolM 1 — (woCr/Tiar,)* sin* Oo}* 

+ i^ohx) { I -sin* tto}* { 1 -(woiCo/war,)* sin* Oj}* 

-(WfliCo/wari) {1-sin* Oo}* {l-(a5o/7',)*sin*ao}* 

+ (woa;oVw8»’i*)8in*ao, 

and developing this in ascending powers of sin o#, we obtain, retaining only terms of 
fourth degree 

sin Oa/sin o# = 1 -i-ajo sin’oo 

— i^Psin^ Oo {(na-»-7to)*aJo*-l-7i3(r,— iCo) (nar,-!- TioaJo)}/^,*^*, 

where 

P = (1 -ti/ti,) (av/n) (1 ^rxjri) (l -n^Jihri), 
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and is the quantity whose vanishing gives the aplanatic points and must therefore be 
a factor of every coefficient after the first in the development of sin a, in powers of 
sin Oo. 

If we write for shortness 


Q = (1 +Wo/»h)*«o*M*+( 1— aco/n) (l +no«o/wari), 


and remember that 


l+a;o(na-no)/»8ri = l/M,, 


we find 


sin tta/sin «<, = l/lli— sin* ao/(l — iQ sin* Oo) 

= MrH 1 -(iPM, + iQ) sin* ao}/( 1 -iQ sin* a^) 
= Mr‘{ 1 +B sin* ao/M,*}/{ 1 +C sin* a„/M,*} . 


( 21 ) 


correct as far as the second order inclusive, where 


B = -JPM.*-iQM.*, C = -iQM.*, 


from which, after some reductions 


C = (n3-no)-*{(na’'+ rio«a+no*)-3 (wu*+n,*) M, +.3 (wa*~no»»+ V) Mj*}, (22) 

and 

B = i^(wa-no)‘* (1 -M,) (na-UoM,) (no-WaM,)+C 
= i («a-Wo)"* { -(n2*-rion8+ntt*)+(na-no)*Mi-(na*+no*--5nona) M,*-2nonaII,®}.(23) 

Returning to equation (19) and using (21) 


where 


Axa = ara(C-B)Mr*sin*a«/{l+BMr*8in*a„} 
= Wa/iAMi~* sin* aj{ 1 + BM,“* sin* Oq}, . 


(24) 


A = a;, (C-B)/n3/i 

= -i-(Wa-Wo)“* (Wft/na) (l -Mi)* (na-UoM,) (Wo-«aMi) 

, f-nona+(na+no)*M,-2(»a*+Wona+Wo*)M,* 

= i(w8-Wo)-*(Wo/Wa)-^ 

L + ( Wa + Wo) Mj® — WoWaMj* 


}. (25) 


All the above formulae are correct to the second order of aberrations inclusive. We 
note that A, B and C are polynomials of degree 4, 3 and 2 in the magnification 
respectively. 

If we express the aberration in terms of tangents instead of sines we have at 
once 

AjCj = Wa/iAMi"* tan* aj{ 1 + (B + M,*) M,~* tan* a®} 

= Wa/,Atan*/8j/{l+Btan*^a} (2®) 
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where 


B = B+M,® 

= i {n-j-no)’* { - (na*-nona+no®)+(nj,-no)®M, + 3 (w3®-n^»j+nrt®) (27) 

When, however, we come to 46Telop a formula for tangents, similar to (21) for 
sines, it is found that, in the series for tan aj/tan we do not have all the coefficients 
after the first vanishing together ; for, even at the aplanatic points- the tangent ratio 
is not constant. 

We can, indeed, write 

tanajj/tanao = Ml"' (l+BM,-®tan*ao)/(l + CMi"®tan®aa), . . . (28) 

and choose the coefficients B and C so that the developments shall agree as far as terms 
in tan* Oq inclusive. This can, in general, be done in one way only. But we then find 
that B and C are no longer integral functions of the magnification. Their infinities 
have to be taken into account, and generally the method becomes complicated and 
unsatisfactory. 

From other considerations, however, it appears that since the zeroes of aa must be the 
same as the poles of the B in (28) must be the same as the B in (26), and this 
will fix C as follows : — 


tan® aj = sin* as/( 1 —sin* aa) 

_ M,"®sin*ao{l+Bsin*ao/M,®}® 

{1 +08in® ao/M,®}»-M,-* sin® +B sin^ao/M,*}* 

Mr® tan® «„{ I + (B-hMi*) Mr* tan* «o}* 

“ (1 +tan*a«){l +(C+Mi®)Mr*tan®ao}*-Mr*tan®ao{l +(B+M,®)Mr*tan®a„}*, 


substituting from (21). 

Hence, taking the square root and developing the denominator in powers of tan jSg, 
i.e., of Mr^ tan a#. 


tan aj/tan $2 = 


where 


(1 + Btan®j8a) 

1 +tan*/8a(0+|M,®-i)+itan‘j8a{0 (l +M/)+|Ma* + fM,®-i-2B} 

(l + Btan*/8a)/(l + Otan*/33+D tan*)8a)i (29) 


C = C + ^M,®-J 

D = 0(l+M,®)+fM/+fM,*-i-2B 
= C(l+Mi*)+i(l-Mi“)(l + 3M,*)-2B, 




. ( 80 ) 


(80) io now corraot nn ftr M the second order inolusive. 

If we only require the tangent ratio correct up to the first order of aberrations, 
we have the formula 


tan a, = tan jd* ( 1 + B tan* Pa)f{ 1 -f C tan* /dj) 


(31) 
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The value of C, when written out fully, is given by 

C = f (nj— no)"* {— (n,*— non8+no*)+(no*+na*) M, + (no“— Snonj+nj*) M,*}. . (32) 

§ 6. The Convergency Factor and the Singular Inclination for a Single 

Refracting Surface. 

Having now obtained expressions (24 and 26) for the longitudinal spherical 
aberration, which are correct to the second order of aberrations, when expansion 
in powers of sin or tan a,, is legitimate and rapidly convergent, we have now to 
enquire how far the same expression remains valid as M increases, in which case we 
know that B or B increases without limit and the convergency fails, even fot 
comparatively small values of 

Here it will be convenient to introduce two definitions : — 

I. We shall call singular inclination the value \ (see § 3) of for which the 
emergent ray is parallel to the axis. 

II. The factor 1 — sin® ao/sin® X (or 1 — tan® a,ytan® X if we are dealing with tangents) 
we shall call the convergency factor. If we multiply A.t by the convergency factor 
we remove those singularities of Ax which are instrumental in causing ci'itical failure 
of convergency. 

To find the singular inclination and convergency. factor for a single refracting 
surface, we have to find when a 2 = 0. 

Going back to the fundamental equations (8) to (ll) we have a, = 0 when Oy = X, 
where 

X'= V'o 

which leads to 

sin X = sin cos cos ^a 

= (wo£Co sin { 1 — (^0 sill X/r,)®} — (.Xo sin { 1 — (wuXo sin X/rta^,)®}. 

Hence, either sinX = 0, which obviously refers to the axial ray, a trivial and (for our 
purpose) irrelevant solution, or 

r,/xu= (rio//i2)N/{l-(.Ko8inX/ri)®}-v/{l-(Vi)8inX/nar,)*}. . . . (33) 

On rationalising (33) leads to 

4Wo* sin® x/na® = 4»*,®/xo®— (l +ri®/xu*— n„®/)ta“)® 

= —(1 ->rrfx^—nJn^{V +rfr^-\-uJn.^{l—rilx^-^nJn.^{\—rfxQ-nfn^.{^i) 

This gives the singular inclinatioii. 

If we write 

E = (l +r,/iCo— Wo/wa) (l -^ri/x^+njua) (l— {i-—rilxa—njna), . (85) 
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it follows that 

1 + 4Wo* sin® Ou/w/B. (36) 

is the required convergeiicy factor. 

If the forrauloe of § 5 are to get accurately over the failure of convergency, this 
convergency factor should be identical with 

1 + B8in*a„/MA 

that is, we should have 

B = (37) 

which, when written out, becomes 

B = 4n.o*W3*M,* (l — Mj)7(wa— Wo)* (1—211,) (wj+Wo— 2WoM) (wa+Wo— 2n2Mj) . (38) 

This does not agree with the previously found value for B, being of fractional form 
in Mj. It does lead to B becoming infinite of the order M,'’ when M, tends to infinity, but 
it indicates an infinity of B (and therefore a critical failure of convergency) at three 
other places, namely when M, = (wo+Wa)/wo, ^ {K+'fh)fn 2 , at none of which does a 
failure of convergency really occur, as can readily be verified. 

The reason for this is made clearer by geometrical reasoning as follows : — 

Let PjQ, (fig. 3) be a ray which is parallel to the axis in medium 2. • To make the 
figure easier and the quantities dealt with positive, the refraction has been taken 
from a denser to a rarer medium, so that 1. 



In the triangle IqCiP, of fig. 3 we have sin sin = IoPi/''"o* 
But 

sin ^a/ sin = njuj ; hence IqPi = 
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The point Pj and singular inclination X can therefore be constructed geometrically as 
follows. 

With Iq as centre and radius no.GiIfJng describe a circle meeting the refracting 
surface at Pi ; CJoPi is the angle X required. 

This angle X approaches zero, that is, we get a critical failure of convergency, when 
the two circles approach contact at Ai. The limiting case is, therefore, when 
Ajio = Wo . Cilo/wj or Iq divides AiCj exteriially in the ratio Wo : W3. 

When this happens ri+x^ = leading to Mj = 00, a case of true critical 

failure. But clearly, by symmetry, we get a precisely similar result when PiQi is 
due to a ray entering the surface at Q,, and travelling backward through medium 2. 
In this case the limiting position of ly divides BiCj externally in the ratio Wq : and 
is defined by Ti—Xq = —n^Jn^ or Mi = 

This case would correspond, analytically, to *2 = ir, and the corresponding equa* 
tion (33) would become 

— ri/ic,, = {njn.j) { I —{xo sin X/ri)*} —^/{l —{n^^ sin X/war-i)*}. 

Now if we examine (34) we find that in the process of clearing roots, rijx^ appears 
squared in the final result, which accordingly includes both aa = 0 and a* = tt. If we 
write r^lxt^ = w, then we should really write equation (33) in the form 

v/w = (wo/wa) -v/(l— sin*X/w)— v/(l— no*sin*X/w 2 *w), .... (39) 

and the two cases are discriminated by assigning to one or the other sign. One 
of these cases is necessarily irrelevant since refraction at the posterior surface of the 
sphere is physically excluded. 

Further, if we consider the other two values which make R = 0, viz.. 


they correspond to 
and 


Ml = (wo+W 2)/2 Wo and Mi = (wo+W2)/27ta, 

ri+.To =-7io.'ro/ri2 

i\-x^ = 


i.e., to positions of lo in which it divides Aid, and BiCi internally in the ratio n ^ : Wa. 
But these belong geometrically to the limit of cases in which the incident and 
refracted rays lie on opposite sides of the normal, i.e., to a negative refractive index. 
And indeed they are obtained from the two previous points by reversing the sign of 

Wo/Wa- 

Here again, examination of (34) shows that njn^ appears squared in it. Therefore 
(34) includes the cases in question. These, however, may be obtained analytically by 
changing its supplement, i.e., by reversing the sign of cos^^o or cob"^^ 

or by changing the determination of the sign of one or other of the square roots on 
the right-hand side of (39). 
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The cases are discriminated by the vanishing of these square roots, which occurs 
when cos or cos = 0. 

It appears, therefore, that the vanishing of the factors in the denominator of (38) is 
wholly irrelevant, and, if we adopted for B the value given on the right-hand side 
of that equation, we should thereby be introducing, in the neighbourhood of Mi = i, 
(no-f na)/2Wo, {no+n.j)f2na entirely irrelevant singularities, which would make the 
formula worthless. 

The question arises, what is the range of values of M, for which the equation 

4wo*sin*X/n/ = — R 

is valid and legitimate ? 

If we start from Mj = oo , which corresponds to a real case, the signs of the square 
roots in (39) are well determined, and the correspondence between sin* X and Mj is 
unique and definite and can be continued until we reach a point where one case 
passes into another. These cases we have found to be the branch-points of the 
three square roots, namely : — 

u = 0, cos ^ 0=0 and cos — 0. 
n 5= 0 leads to cco = <» or M, = 0 (A) 

cos = 0 leads to sin* X = u, or, using the first form of (34) 

Ano^ufnf = 4m — ( 1 + w — n^Vn/)* 

{.e., {X—u—n^^ln^Y = 0, that is u = X—nYjnY, leading to 

iCo = ±»’i (l— and Ml = {l±(Ma— Mo)/A/(wa*— Wo*)}"' . . • (B) 

cos ^8 = 0 leads to sin* X = nYufnY, that is, to 

U = no*/w 2 *-l, Xo = ±1\ (MoVwa*-!)'*, Ml = {l±(Ma-Mo)/-/(Mo*-M3*)}-* . . (C) 

If Mo > Mj, both values of Mi given by (B) are imaginary. The values given by (C) 
are both positive. Mi = {l +( m 3 — Mo)/v/(wo*— W a*)}"' being the greater. 

The range over which we can travel without ambiguity is, therefore, from 
Ml = 4- 00 to Ml = {l+(Ma— Mo)/v/(mo*— Ma*)}"' and from Mi = — oo to Mi = 0. 

If Mo < Mj, the values of Mi given by (C) are imaginary, those given by (B) are 

positive, andM, = {1 — (mj— M o)/v/(Ma*— M o*)}"' is the greater, so that the range of 
validity is from Mi = + oo to Mi = {1— (Ma— Mo)/v/(Ma*— M o*)}"' and from M, = — oo to 
Mi = 0. 

Within this range (1-f 4 Mo* sin*ao/M 2 *R) is the coiTect con vergency factor ; outside 
this range it is irrelevant. 

It is clear, then, that we cannot find a single formula for the convergency factor, 
which will hold for all values of the magnification. 
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Further, if the factor (l+4no* sin® oo/na^R) is introduced into the denominator 
of AaJg, we no longer obtain expressions of the simple type (24) and (26), and 
endless complications are introduced when we come to consider a compound 
system. 

Can' we make our expression B given by (23) give a tolerable approximation to 
(4wo^i®/n3*R) for those regions where the denominator factor is really needed, namely 
for Ml large, positively or negatively ? 

To get the answer to this question we develop (4no®M,*/w2®R) in descending powers 
ofM,. 

This is found to be (the most rapid method is to break up first into partial 
fractions) 


i (^2 - no) r - 2nona M,® - (n^ — Sngna + n.^) Mi® "1 

"I — [(na— no)*+»o*na®]M,/2non2— [(wa— no)*(n2*— no*) + n3®V]/47io®na® >. (40) 
[_ + terms in l/Mi, &;c. J 

If we now compare (40) with (28) we find that the most important terms when Mi 
is large, namely those in Mi® and Mi® agree in the two expressions. 

We may, therefore, take it that the approximations (21) and (24) which we have 
seen hold good to the second order when expansion in series is convergent, will 
probiddy not be numerically very far out when Mj has a large value, in which case 
the normal method of development cannot be used. 

It is important, at this stage, and to justify the alx)ve assertion, to consider a few 
numerical examples. 

Tables I. and II. give the values of Ax.j and sin a.j for a single refracting surface, 
calculated for a number of values of Mi and two inclinations in each case. The 
inclinations are fixed from the perpendicular distance m of Ai from the incident ray. 
This, for moderate inclinations, is sensibly the same as the , intercept made by the 
incident ray on the principal plane, m has been given the two values 0’5 and 0*25 
in every case, except for M, = 2 where w = 0’5 leads to a physically impossible value. 
In this case bt = 0'25 and w = 0'125 have been used to define the ray. 

In each case four values have been computed (l) the correct one, from trigono- 
metrical calculation ; (2) the values given by formulae (2 l) and (24) — these are shown 
in the column headed “fractional formula” ; (3) the values obtained by expansion in 
series, up to the optician’s first order of al)errations inclusive, that is including sin* Oj 
in the development of Ax.j and sin — these are shown in the column headed “ first 
order” ; (4) the same series carried to the second order of aberrations inclusive, i.e., 
to the terms involving sin® a# — ^these are shown in the column headed “ second order.” 
It should be noted that these first and second order approximations are the most 
accurate that can be obtained, much more so than more usual ones, proceeding in 
powers of sin Ua or tan aj. 
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Table I. — ^Values of A«a for Single Refracting Surface. 


M. 

CT. 

First order. 

10 

0-6 

-33-35293 

10 

0-25 

- 8-33823 

2 

0-26 

- 0-250000 

2 

0-125 

- 0-062600 

0-5 

0-5 

- 0-015626 

0-6 

0-25 

- 0-003906 

0 

0-5 

- 0-166667 

0 

0-25 

- 0-041667 

- 1 

0-5 

- 1-000000 

- 1 

0-25 

- 0-250000 


Second order. 

Fractional 

formula. 

True. 

-107-6252 

+ 27-18563 

+ 26-66794 

- 12-98025 

-18*81008 

-18-85273 

- 0-378906 

- 0-516129 

- 0-627526 

- 0-070557 

- 0-071749 

- 0-071781 

- 0-016541 

- 0-016598 

- 0-016611 

- 0-003963 

- 0-003964 

- 0-003963 

- 0-174769 

- 0-175183 

- 0-175809 

- 0-042173 

- 0-042179 

- 0-042189 

- 0-947600 

- 0-950119 

- 0-956680 

- 0-246719 

- 0-246761 

- 0-246838 


Table II. — Values of Sin for Single Rt^fracting Surface. 


H. 

trr. 

First order. 

Second order. 

Fractional 

formula. 

True. 

10 

0-5 

+ 0-0250866 

+ 0-0454644 

+ 0-0676348 

+ 0-0610770 

10 

0-25 

-0-0078936 

-0-0072.568 

-0-0071911 

-0-0071828 

2 

0-25 

-0-2187500 

-0-2066430 

-0-1987180 

-0-1978219 

2 

0-125 

-0-1210938 

-0-1207123 

-0-1206710 

-0-1206691 

0-5 

0-5 

0-2639063 

0-2.541962 

0-2542195 

0-2642230 

0-5 

0-25 

0-1254883 

0-1254974 

0-1254975 

0-12.54974 

0 

0-5 

0-1805556 

0-1817130 

0-1826667 

0-1827294 

0 

0-25 

0-0850694 

0-0851267 

0-0851286 

0-0851291 

- 1 

0-6 

0-1260000 

0-1299375 

0-1311526 

0-1314364 

- 1 

0-25 

0-0631250 

0-0532793 

0-0632873 

0-0632884 


It appears from the above that the fractional formulae are not merely equal, but 
appreciably superior to the second order formulae, and this not merely in cases such 
as those of the three first entries in Table I., in which the convergency of the series 
for Aajj is either absent or slow, but in every case where the fractional or second order 
formulae difier sensibly from the true value. (Clearly a divergence of 1 in the last 
place cannot be claimed as significant, for the last figure in Tables I. and II. is probably 
not correct within ±2, in some cases.) An estimate of the range of the formula can 
be obtained from the fact that in the cases, tar = 0'5, M, = 10 and 2, the angles of 
incidence were 52° 34' and 48° 35' respectively, and, for the other values, angles of 
incidence of 20° and 30° are quite common. 

In view of this the accuracy of the results is surprising and, from the point of view 
of the further applications of the method, most encouraging* 
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§ 7. Combination of Two Systems. 

Call the systems I and 3, and the initial, intermediate and final media 0, 2, 4. 

f\) A the focal lengths of the systems, as defined in § 2. Mj, are the trans- 
verse and ray magnifications in the first system, Mg, Hg in the second system. 

Mg-l-AMg, Mg+AMg refer to the transverse and ray magnifications in the second 
system when Ig, the true intersection of ray 2 with the axis, is taken as the object 
point for the second refraction (instead of Jg, which refers to transverse and ray 
magnifications Mg, Mg). 

Using the notation of §§ 2, 5, we assume 


Aajg = Uifi ( Ai<a*+ E i< 2*)/( I + Bifg*) (41 ) 

q,=t,{l + B,t/)/{^+W) (42) 


where q.j = {th), t.j = |> S'*!*! B,, C, have suitable forms according as sines or 

tangents are considered. The constant Ej is zero if the systems reduce to single 
refracting surfaces. Its form in the more general case will be discussed later. 

If we denote by A, 0:4 that part of Aa34 which is due to Ax.j and by that which 
is introduced by the aberrations proper to the system 3, 

A]a'4 = AMg 


where AMg is obtained from Ax.j by means of 

Axg = Wg/g {1/(M3+AM3)-1/M3}, 

AM^g — “Mig" Axfiji-jft'i' ^Mg A^g). 

A 1 X 4 = nifiM.3 (A,<a*+E,<g^)/{1 (Bj+MgA, /,//!,)} (43) 


leading to 
Thus 
Again 


^3354 — 


— {(•^3+AA3)gg^(M3+AM3) ’*+(E;t-i- AEg) q.f (Mg + AMg)"*} 


1 + (B3 + ABg) q-f (M3+ AMg) 


-a 


= «./, [{ A A-’ + AM. d ( A + Ea‘M.-<]/( \ + B.*.*,-'), (44) 

retaining only terms of second order in t^. Writing now for q^ in the above its “ first 
order” equivalent ia*+2 (B,— C,) ig*, we have 

Axjut = Aixjni+ A^jui 

{/Mg^Ai+Mg/Mg^*} «g-+«a"[/,{B3A,M3=M3-=»+E4M3*-A,Mg=»d(A3M3-»)/dM3 . 

_+A.A3M:;Mg-“}+/,{B,A:;M3-»+2A3(B,-C,)Mg-=*+E^3-ni 
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Remembering that = M /4 and retaining only the first two terms of the denominator 


product 


Axjn^ — (yi;4A|;^<4^4*yi3Ei3^/)/(l 4 - 613 ^ 4 ^) 

• • ■ (16) 

where 


/lAa =/aA3+/iAiM3“M3=' 

• . • (47) 


B„ = B,+B,M,*+ 

/.,E„ 

. . . (48) 


+ /,A,M/ {B 3 M./+A 3 M 3 -M 3 ‘TI/d (A,M,-“)/dM,} 

+ /3A:^3M3B|-2C.} (49) 

Again 

_ ( 73 (M 3 + AM 3 )-‘ {1 +(B 3 + AB..,) g/ (M 3 + AM;,)-} 

l+(C3+AQ,)g/(M3+AM3)- “ ' 

and retaining only terms of order t.j 

q, = q, (1I,+ AK,)-> (1 +B/.-M,, ->)/(! +C./.’M,-') 

= { 1 - ( 1 + B,e,') ( 1 + 1 + c,if) ( 1 + } 

= (1 +b,«.“+ba''h,-«+«.*a,mj;//;)/(i.+o,(/+ca>m,->) . 


— ^4 (1 + B]3i4^)/(l + Cj 3 i 4 *) (30) 

where 6,3 has the value given by (48) and 

013 = 03 + ^ (51) 


The equations (47), (48), (49), (51), give the constants for the combined system in 
terms of those for the components. It may appear at first sight as if the choice of 
the constants B 13 and E ,3 had been arbitrary, for clearly, if X be any quantity. 


+f \a (Ei3 + X A13) ^ 4 *}/{ 1 + (Bj3 + a) ^4 ^} 


will give a development equally valid to the second order. But, if we do this, and 
we wish to preserve the simple character of the relation (48) giving the B for the 
combination, X will have to be a linear function of Aj, A 3 , Bj, Bg. XAjg must then 
necessarily contain terms of one or other of the forms AjBi, Aj^, A3B3, Ag^. Thus 
the new E will contain such terms and will no longer be of type (49) which is linear 
in the aberration coeflScients of each system taken separately. Thus the lineo-linear 
type of equation for E,,, requires X = 0. 

We note also that the equations of combination are identical in form, whether we 
are dealing with the sine or the tangent of the inclination as argument, 
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§ 8. Nature of the Quantities A, B, C, E in the General Case of any System. 

In the cajse of the single refracting surface we found that A, B, C were polynomials 
of degrees 4, 3, 2 in H, and that E was identically zero. 

In addition, for such a surface, equations (23), (25) and (27) show that the 
coefficient of in A is WoMa times the ccHjfficient of M,® in B or B. This may be 
otherwise stated in the form : — 


Aj i.e.f Ai~MiBj (I) 

is of the fourth degree only in appearance and reduces to an expression of the third 
degree in Mi or Mj. 

The same holds good for A,— MjBi, so this result is independent of whether the 
sine or tangent is taken as argument. The same remark applies to all the results of 
the present section and to the other invariant relations shortly to be proved. We 
may therefore conveniently state it here once for all. 

If we now refer to the equations (47), (48), and remember that in any combination — 


= (52) 

and 

I//1M18 = 1/^ (53) 

with the corresponding equations 

}3 '^ilf\ ( 5 ^) 

"^Jf — '^^■Jf 13^\ fhjfz ( 55 ) 

and the obvious conditions 


Mi3 = M1M3 ; M,3 = M1M3, 

we note first that, if A3 is a quartic in M3 it is also a quartic in M,3 or Mjj, and that 
if Aj is a quartic in M„ it iMJComes, on multiplication by a quartic in M,3 

or Mi 3, since M3 = and therefore M/Mg^Mg* = nflE.x/ML^~*ln^, which makes 

every term in AiMg^Mg* a quartic in Mjg, because Mj is a linear function of M13 and 
4— r is here zero or positive. 

(47) then shows that A13 will be a quartic fiinction of Mjg, if A, and A3 are quartic 
functions of Mi and Mg respectively. But we know this to be the case for a single 
refracting surface. Hence it holds good of any system compounded of such surfaces. 
Now consider (48). If B3 is a cubic in M3 it becomes a cubic in Mjj. 

Again, if Aj— MiBj = a cubic U, in Mj 
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using (52), and by reasoning similar to the one given for A, 3 the last expression is a 
cubic in M,3. 

Hence 6,3 is a cubic in M,3. 

Consider now Ajg— M,aB,3. This is found, after some reductions, and using (52), 
to be 

(/a/f,.,) (A3-M3B3)+/3B3/f,+M3M3>(A,-M,B0. 


Of the above terms, A3— M3B3 is a cubic in Mg and therefore also a cubic in M13. B3 
is a cubic in Mjg. A,— M,Bj is a cubic in Mj and when multiplied by M3M3* becomes a 
cubic in M,3. 

Hence if the condition (I) holds good for the components, it also holds good for the 
resultant system. But we have seen that it holds for a single refracting system ; 
thus it holds for any combination. Also B will be a cubic in M for any system. 

As regards 0, examination of (51), remembering that for a single surface C3 and Cj 
are quadratics in M3, M, respectively, leads immediately to the conclusion that C is a 
quadratic in M for any system. 

We now come to the coefficient E. Here the single refracting surface gives no 
precedent for E, and Eg. Let us examine the other terms in £,3. These can be 
written in the form /,A,M3*M3*(B3— dA3/dM3)+3A3M;*(/3Bi+/iM3Ai)— 
and, using A,— BjMi = Uj ; A3— B3M3 = U3, where U,, U3 an^ then cubics in M„ M3 
respectively, this is found to reduce to 


-/,A»M3='M3MM3dB3/ciM3+dU3/ciM3) + 3A3M3=^M3/,(U,+/,B,//;a)-2M.3M3=»C!.. (50) 


Now 


AiMg^Mg* = quartic in Mjg. 

M3 dBa/dMa+dUg/dMa = cubic in Mg = cubic in M,a. 
M3®M3 (Ui+/3Bi//'j 3) = cubic in Mg = cubic in M13. 
A3 = quartic in Mjg. 

Mg^Ci = qujidratic in Mjg. 


Hence the three terms in (56) are of form 

(quartic) (cubic) + (quartic) (cubic) + (quartic) (quadratic), 

and this leads to a rational integral polynomial of degree 7 in Mjg. 

Further consideration, however, shows that it is of degree 7 only in appearance, for 
the terms which can lead to expressions of degree 7 in Mjg are clearly 


-/jM3*M,*Af dB3/dM,+ SAg/jMg^Mg (Uj 
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or, dropping the factor 

M,=‘M3{3A3 (U,+/3B,//;,)-M3»A,dB3/dM3} 

= H,>M, {3B,M,(U.+/3B^„)+3U,(U.+/,B./^„) 

-M,'M,B, <JB,/<«M,-M,>U, dSJm,}. 

The term 

8 U 3 H,-M 3 (U,+/,B,/^„) 

is clearly of the form cubic x cubic and the terms leading to expressions of 7th degree 
UC 0 to 

{MaUx (3B3-M3dB;ydM3) + M3B, (SBa/^/Zln-Mxa (iBs/dM,)}, 

and since —fn/fnt, this can he written 

M3^M3 {M 3 U, (3B3-M3dB;ydM3) + (M3B,/3//;3) (3B3-M,3dB:ydM,3)}. 

* 

But since B,, is a cubic, in either M3 or M,3, 3B3— MgdliydMaand 3 B;,— MiadBa/ciMja 
are both quadratics in M3 or Mja. 

The above expression therefore reduces to M3 x sum of two quantities each of form ; 
cubic in M13 x quadratic in Mjg, that is, to a sextic in M13. 

We see, therefore, that those terras in £,3 which do not involve Ej or E3 are a 
polynomial of sixth degree in M,3 or M13. 

It follows that for a lenn E is necessarily a sextic in the magnification. 

Suppose now that Ej and E3 are both sextics in Mi, M3 respectively. Then E3 is a 
sextic in Mjs and EiMa^Ma* will also be a sextic in M,3, that is E^ will again lie a sextic 
in M,3. 

Hence, since any system is built up of combinations of lenses or single refracting 
surfaces, we find that E is a sextic polynomial in M for any system. 

Examination of particular cases shows that E is not, in general, divisible by A, so 
that the vanishing of the latter does not usually involve the disappearance of the 
second order terms. 

§y. IniKvriant Relations. 

C^ertain relations exist between the coefiicients A, B, C, E which remain the same 
in form, whatever the number of refracting surfaces. One of these we have already 
dealt with, namely the fact that 

A-MB 

reduces to an expression of the third degree, i.e., the coefficients of highest degree in 
M in A and B are the same. 

This we shall refer to as the first invariant relation (I.). 

A second invariant relation takes the form 

B-C = t (l-M*)+i dA/dM, . 

1 % 


. (II) 
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when we use tan /Sg, as argument, and 

B-C= (IF) 

when we use sin yj, as argument. 

That these relations hold good for the single refracting surface is readily verified 
from equations (22), (23), (25), (27) and (32). Suppose now that, for systems 1 and 3 
separately, the relation 

B-C = <r (1 -M")+i dA/dM 

holds, where <r = f or according to the nature of the argument, then from (48) 
and (51) 

B,a-C.3 = B3-C3+MaMB,-C,) + A,MaM//,//3 

= <r{l-TILn^)+\dAjdUM^,^dAjdM, + AAM^fM’ • (57) 

and from (47) 

7 , 3 dA,:JdM,, =7 dAJdM,,+f,{M.,^,^ dA,/dM,,+A, d {M,^U,^)/dM,,}. 

But 

dM,3 = iM,) dMa = im.) Ma* dM,. 

H0I1C0 

dA,JdU„ = dAJdM, + {f,A,lf,) d (M,%>)/dM„ 

and since H3/M3 = coast., the last differential coefficient is 4M3M3® 

Using this result (57) becomes 

B,.a-C„ = ^(l-]lI7)+idA.3/dM,3, 

which is of the same form as the equation we started from. Hence, if the two 
components of the compound system satisfy the second invariant relation, the 
resiiltant system also satisfies it. But we have seen that the relation holds good for 
single refracting surfaces — hence it holds good universally. 

It should be noted that the second invariant relation is really a Jirst order relation 
and connects the first order aberration of the inclination of a ray, with the first order 
longitudinal spherical aberration. 

§10. The Constants A, B, C, E/or an Optical /System Reversed and for Negative 

Lenses. 

Certain important general relations are found to hold between the constants 
A, B, C, E for rays going through an optical system and the corresponding constants 
A', B', C', E', for the same system reversed, and by making use of them we can obtain 
either set from the other. 

We arrive most simply at these relations as follows : — If after traversing the 
system we retrace our steps, the result is equivalent to compounding the system with 
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itself reversed, with the difference that, in the second set of refractions, the measure- 
ment of length parallel to the axis is reversed in direction. An examination of the 
equations (41) ei seq., § 7, on which the formulte of combination are based, shows that 
this is analytically equivalent to changes in the sign of the focal length in the second 
set of refractions. 

We have therefore 


/=/. /3=-/, M, = M, 


M,=l/M, M, = M, Il3=l/M, M,, = M,3=1, 


and we also find that /13 = *>. But /isAja, and /jaEjg have definite limiting values, 
and asjfj 3 does not otherwise explicitly enter into the equations of combination, no 
difficulty arises on that account. 

Now, after retracing our steps in this way, we necessarily arrive at a perfect iiiuige, 
so that AXi = 0 and tan a* = tan leading to 


and 


yisA-ia = 0, 


^* 13^13 = 0 , 

Bi3 Ci3 =: 0. 


These lead to the following identical relations 


A(M)/M^=*-A'(M-‘) = 0 , (58) 

E (M)/M=M*-E' (M-‘)+ A (M) M-» {B' (M-‘) M-='+3A' (M"*) M-‘+dA' (M-‘)/dM} 

-A' (M-‘) M-» {3B (M)- 2 C (M)} = 0 (59) 


B'(M-‘)-C'(M-‘)+1I-»{B(M)-C(M)}-A(M)M-*M-=» = 0 . . . (60) 


Equation (58) may be written in either of the two forms 

A(M) = M=^=*A'(M-‘) 
A(M)/V = M«A'(M-*)/n/. , 


. . (Ill) 


This we shall refer to as the third invariant relation. It shows that, if we divide 
A by the square of the initial refractive index, the coefficients of powers of M 
equidistant from the beginning and end of the development are interchanged by 
reversing the system. . Equation (59) becomes on multiplying up by using (58) 

and simplifying 

E-M^*E'-f-A{M»B'-A/M-3B+2C+dA/dM} = 0 , . . . (61) 


omitting the arguments M, l/M of A, B, B', &c., since no confusion can occur. 
Use now the second invariant relation 


dA/dM = 4B-40-4(r(l-M=*), 
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(61) becomes 

• E-M=M‘E'+A{B+M=*B'-2C-A/M-4<r(l-M»)} = 0. . . . (02) 

Now substitute from (OO) for B+M*B' the value 

C+M*C'+A/M, 

and (61) leads to 

E-M“M*E'+A{M=‘C'-C-4(r(l-M=‘)} = 0 (6‘3) 

For a single refracting surface, where E, E' are identically zero, this must lead to 

M»C'-C = 4<r(l-ir) (IV) 

a result which is easily verified from equation (32). 

Now consider a system compounded of two systems. For the system direct, we 
have 

0,3 = C3 + M3*C,. 

Similarly, for the system reversed, change C 3 into C'l, 0, into C' 3 , M 3 into l/M,. 

C3, = C',+Mr^C'3 

M,3*C3,-C,3 = M/M/C',-M/C,+M3=»C'3-C3 

= M3^(M,^C',-C,) + M3»C'3-C3 

and using (IV) which we know to be tr\ie for a single refracting surface 

M, 3^03, -0,3 = 4^[M3^(1-M,0+1-M3=^J 
= 4(r(l-M,3*). 


In other words (IV) will hold for the resultant system if it holds for the components, 
and therefore as in previous similar cases, it holds for any system. 

We shall call (IV) t\w fourth invariant relation. 

Equation (63) then shows that there exists fifth invariant relation 

E = M*M^E' (V) 

or 

E(M)/n/=M«E'(M->)K, 

so that E possesses a property similar to that of A, previously noticed, viz., if we 
divide it by the square of the initial refractive index, the coefficients of powers of M 
equidistant from the beginning and end of the development in M are interchanged. 

Equation (59) has tlierefore loti us to two independent invariant relations. 

On the other hand it will be found that ( 6 O) leads to no new relation. For if we 
substitute into it for B'— C' and B— C in virtue of the secopd invariant relation, and 
then use the third relation, it becomes an identity. 
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It gives, however, on using (IV) to eliminate C', 

M^B'+B = A/M+2C + 4<r(l-ir) (04) 

which is a convenient form for calculating B'. 

If now A, B, C, E are known for any system, the corresponding quantities are 
immediately obtainable for the reversed system. A', B', O', E' being given by 
equations (III), (64), (IV) and (V) respectively. 

This will generally halve the labour of calculations, if it is found desirable to 
tabulate these constants for a complete set of lenses. It will then be sufficient to 
start from the equi-convex lens and vary the curvatures in one sense only. 

Incidentally we note also that the second invariant relation enables us to find C, 
so soon as A and B are known, so that only A, B and E require to be calculated. 

The aberration constants for a reversed system have a further important application 
in the case of lenses. Consider a positive lens (fig. 4), the initial ray converging to 
lo and the final ray to I4. If now we interchange the full and dotted portions of the 
initial and final rays in fig. 4, we obtain, since here the initial and final media are the 



Fig. 4. 


same, the case of a ray going through a lens in which the front and back character of 
the two surfaces have been interchanged. In fact n and r, have been interchanged 
and the sign of the thickness Cj has been reversed. This leads to a negative lens, of 
the same numerical power as the original positive lens, and with the same mean 
curvature, but a negative thickness. Such a lens, of course, is not physically 
realisable, although a part of it can be physically obtained by rotating the wedge 
beyond the intersection V of the two surfaces. 
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But, in the case of the ideally thin lenses, where the. thickness is zero, the ideally 
thin positive and negative lenses, having the same mean curvature and numerical 
power, correspond in this way. 

Now I4 and lo are also interchanged. If we consider I4 as the initial point, then we 
are really considering a set of rays starting from I4 in the last medium and travelling 
backwards through the original positive lens. In other words, the aberration constants 
for the corresponding negative lens are identical with those for the original positive 
lens reversed, and the equations (III), (64), (IV) and (V) are applicable to calculate 
them. 

This, again, will greatly diminish the work of calculation. In the case of ideally 
thin negative lenses, we see that A, B, C, E are directly obtained from the corre- 
sponding thin positive lenses. In the case of thick negative lenses the corresponding 
positive lens has a negative thickness. 

Now for various reasons it will probably be convenient, in calculating A, B, C, E 
for lenses, to express them in the form 

Aj — Afl + c ((lA-fdo))), 

Ac., where o, the thickness, is small, as it usually is in practice, and A« refers to an 
ideally thin lens. 

When the formulee are put in this form, it is perfectly simple to calculate A.,, B,*, 
Ac., and then to obtain the corresponding results for the negative lens with a positive 
thickness. 

§ 11. Ea^licit Values of A, B, C, E/or a Thick Lens {Tangent Formula). 

For the purposes of numerical calculation and comparison with correct trigonometri- 
cally found values, we have worked out explicitly the form of the expressions A, B, 
C, E for a thick lens, when we use tan ^84 as the argument ; the formulae are 
expressed in terms of the focal lengths of each surface and of the combination and the 
thickness does not appear explicitly. The initial and final media being the same 
Ho =W4 and we have written n = njno. 

The work of algebraic calculation has been straightforward but extremely heavy, 
and we therefore omit it here entirely, the object being to publish the results for 
reference, in case other workers desire to use them for tabulation purposes, but it is 
hardly to be expected that designing opticians should work direct from the algebraic 
expressions as they stand. 

For the purpose of this section we shall write 

A= Ao-fAiM-t-A,M*-hA,M«-»-A4M*. 

B = B«+B,M+B;M*-hB3M\ 

C = Co-i-CiM-i-CaM*. 

E « E,-hE|M-HEaM*-i-EaM«+E4MHE,M‘-i-E,M‘. 
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The suffixes here have a different meaning to that which has been previously 
ascribed to them, but no confusion is likely to arise on this account. 

The values are as follows, f denoting the focal length of the lens, fx, the focal 
lengths- of the surfaces, so that 


fx = - 1 ), /a = -r.J{n - 1 ) 

“ 2»>(n-l)“[" ® ■*• ' > /!/, + 2>‘ (1 + " + »“)/( j; +)}_ 

Ag = Ai with fx and f interchanged 

A4 — Afl ,, ,, ,, 

B„=A, 

C„=B„-g-iA, 

Ox = B,-iAg 
Cg= Ib+i-fA... 


E„ = 


3 


8(71-1)' 


E.= 


8(77-1)' 


(77-- 77+1) {f\±ffir A_!}±_ff fx \ >L L 

«* J \‘ l7.‘ f ‘ I 

_/“ fu’+.-iit'+w 2(/>‘ + »/+ 1 ) /.| . iy(„=_|| , I ).il I. 

'■ 7 * /.‘ i «n/,- ' ' Vi”j 

-/(»■'-«+ O^i 

_ 0 { fjdlAf ^ 4. {^'•+1)“ /*4 f „577 <» O'l-'i + ' ) , '» f 1 

n‘ /.//’ 77' l/:/G ■' ^ y? J 


[4 (77®+3'a^ + 77) (77+ 1)' + 8 (77'4- 77‘-1- l) / . y f ] 

”1?' i ■■ ^ 7? ‘ ' .77 I' 


+ 


./"■*[ G 77® 4(71+ l)** (77®+ I ) , 2 (77— l)®(77® + 77+ 1 )./, I 

r« /t V 




fx' 


+ 


/r’ 


7 


/ [277 (277® + 77 + 2) (77 +1)'/^! nf ,, ,N8 

'nl /, + /,' 
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E,= 


W—n- 


8(n-l)^ 


*(/i +/a) . {n+\y ft f lOn I5(w’'--n+l) 5n 


f6(w^+3n*+w) 12 (7i*+n*+ 1) + 4 (n+ 1)* 

o 1 • 


fjy 


+ 2 ( 71 * + 71 ^- 


[n^ + ^ 71 ^ + 7 i)A 


fL 1 9 ^ j. 6(?^4-1)^ ( 7 i^ + 7 t+l ) 8 (??/■ 




(n + lr (7i*+37J- 


/ f4n(7i+ iy+7i^—7i’‘+7i 2 (?i+l)‘ + 2 (7i“+/?/+l) (»t®+3ri + l) 

r4~' ~A “ ' A 

2 (w^ + W + 1 ) (7i^ +371+1 jAa 


+ 71 {(ri+l)^ +4 (n^+7i+l)} + (ri+l)^ {7i^ + 37i+ l)*'^ 


—71* ( 71 *+ 371 + 1)*^ 

S\. 


T, _ 3 20 (7^.*-7/,+ 1)/X/.+./;0 . (M+l)%.4fl0/^/ I , 1 ’ 

K(n-ir 7^ Am ^ Ti* ^ \fjAAy AA 


20 (7i*-7l- 


- £ |27^(7i+l)*^^,+^^ + [(7i+l)^ 

+ 4 (7i* + 7i+ 1) (7t*+37l+ l)] "^y)} 


47«, (7i* + 7t + 1 ) +£ 1 *^ + 2 {7i + 1 )* ( 74 *+ 374 + I ) 

274* ( 74 + 1 )* + 27l*i^p- 


E4 = Eg with /, and /, interchanged. 

“ Ej fi 


E, = E, 


'0 >> >> >> >> 
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It should be noted carefully that all the above refer to expressions in terms of the 
tangent of the Gaussian inclination, this being the argument we have used in the 
numerical work. 

§ 12. Vahies of A, B, C, IS^for a Thin Lens. 

When the lens is thin, we have the relation 

1 i-i 

/.Va /’ 

which enables the values of § 1 1 to be considerably simplified. 

In this case it is \iseful to introduce a quantity K such that 

_ mean curvature of the lens _f(\ ^ 1\ 
power of the lens 2 \r, rj ' 

When this is done the- constants A, B, C, E take the following forms : — 

A= -{(l-M)V2w} {(n + 2)[(l-M)K-(l + M)(n+l)/(w + 2)]^ 

+ M)Y4 (w— 1)“— (l +M)Y4 (n-i-2)}. 

B = ( 1 - M)^ KMn - 1 - (n + 2) M}/2n + ( 1 -M) K ( I + M + 4M^) (n 4- 1 )/4w 

+ (l— M) {M (l -fM)/4n + (l— M) [3n— 2n*— 3-f-M (Gn— 4n.*— 3)]/8 (n— 

C = - 3 ( 1 - M)^ KY2ri + 3 ( I - MY K ( w -t- 1 )/4n - f ( 1 - M*) - f n ( 1 - M) Y(n - 1 )*. 

(l -l-MY ( — 4n'''-f8n*— n®— 4w*+37i— l) 

+ M ( 1 + M^) (8ri® — 1 Gw* + 4w* + 4w'’— 1 2/i® + 1 2w — 4) 

+ M* ( — ] (3w' + 3274*’— 8n*— 8w^+ lOw"*— 1 67i*+ I8?i— G) 

+ 8 (w-1) (l-M) (1+M) K 

( — 2w* +5n*— 2w* — 37i* 3n — 1 ) 

+ M {2n”—8n* + 4w® + 2n ^) } 

-f-8(w-l)2{l-M)=* KM(1+M)^ 

( — 2w* -t- 8 w* — 7 n ^ — Gw^ + 9w — 3) 

— 2M (w*— 2w— 1)} 

-f-lG (w-l)-'(l-fM) (1-M)='K''‘ {2w'-4w«-2w* + 6w-2} 

+ 1G (w-l)‘ (l-M)*K" (-w®+3w-l) 

We notice that when M = 1 (which gives one of the zeros of A) B, C and E all 
vanish with it, and also E/A remains finite. Hence in this case, the term Ei** will 
not rise in importance, even when A = 0. But in this case A may have two other 
real zeros, and these are not zeros of E, so that E plays an important part in the 
neighbourhood of such zeros. 

K 2 


E= 3( 1 -Mr 
128 (w- 1)^4=' 
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§ 13. Numerical Teat for a Single Lens. . 

To test the formulse, a number of longitudinal aberrations were calculated trigono- 
metrically for five positive lenses of refractive index 1*52, unit focal length and 
tliickness I’jj. The first was a meniscus-shaped lens for which r, = 0‘349418, r* = 1. 

The second was a plano-convex lens, of which the convex side is towards the 
incoming light. The third was an equi-convex lens. The fourth and fifth were the 
second and first reversed. If K has the meaning defined in § 12, the values of K for 
these five lenses are 1*93094, 0'9G1.54, 0, —0*96154 and — 1*93094 respectively, so 
that they proceed by approximately equal steps of K, 

The constants A, B, E were calculated for those five lenses and the longitudinal 
aberrations computed from the formula. The rays selected met the first principal 
plane at a distance 0*15 from the axis, corresponding to an aperture flS’i, nearly. 

I’ be results are shown in Table III. 


Table III. — Longitudiji.al Aberrations of Five Selected Lenses. 


M. 

Lena 1. 

I'or- 

i 

Lens 2. 

Per- 

] 

Lens 3. 

Per- 


Formula. True, 

centage 

error. 

Formula. 

1 

True. 

contage 

error. 

Formula. 

True. 

centage 

error. 

3 

-T-OSGS.T -7 •87422 

1-41 

!- 1-12450 

i-1-12814 ' 

0-32 

1 

- 0 -32.-578 

-0-.-524.39 

0-19 

o 

-1-5.5287 - 1-523.34 

1-94 

!- 0- 40167 

i- 0-40283 

: 0-29 

-0-14240 

-0-14282 

0-29 

0*5 

-0-003527 -0-00.35.30 

0-09 

! -0-011697 

■0-011705 

' 0-07 

-0-0.33008 

-0-033096 

0-27 

0 

-0-06028 -0-060(3 I 

1 0-24 

i -0-024728 

-0-024749 

, 0-08 

-0-036194 

-0-0.36213 

0-05 

-0*5 

-0-20902 -0-20946 

0-21 

i- 0-08.3863 

-0-083950 

0-10 

-0 -057067 

-0-057101 

0-06 

- 1 

-0-42692 - 0-42772 

0-19 

-0-18428 

-0-18448 

i 0-11 

- 0-09 1736 

-0-094787 

0-05 

-2 

- 1-00.383 - 1-00531 

0-16 

-0-48874 

1-0-48930 

1 

0-12 

-0-21707 

-0-21724 

0-08 




Lena 4. 


Lens 5. 

M. 

Formula. 

True. 

Percentage 

error. 

Formula. 

True. 

Percentage 

error. 

3 

-0-098969 

-0-099086 

0-12 

-0-10401 

-0-10444 

0-41 

2 

-0-046089 

1 -0-046128 

0-30 

-0 - 01.-5671 

-0-013686 

0-11 

0-.5 

-0-0739.59 

I -0-0745.35 

0-77 

-0-14762 

-0-1.5068 

2-0.3 

0 

-0-099843 

; -0-100044 

0-20 

i -0-22172 

-0-22.324 

0-68 

0-.^) 

- 0- 13967 

i -0- 1.-5984 

0-12 

; -0-32828 

-0-32966 

0-42 


-0-19084 

-0-19101 

0-09 

1 -0-4.57.53 

-0-45887 

0-29 

-2 

-0-, 32454 

-0-.32476 

0-07 

i -0-77417 

i._ 

-0-77511 

0-12 


The mean percentage error of the.se results is 0*34, so that the formula determines, 
on the average, the longitudinal aberration correct to 1 part in 300. The bulk of 
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this, however, is contributed by three cases, namely : M = 3 and 2 for lens I where 
the aberrations are very large and differ very widely from the usual first and second 
order approximations, so that, although the error of the formula approaches 2 per cent., 
it nevertheless represents a great improvement upon these approximations; and 
M = 0*5 for lens 5, which corresponds to extreme curvature and highest inclination, 
so that one of the angles of refraction is as great as 48j degrees. Even here the 
table below shows that the formula is an appreciable improvement on the usual 
second-order approximation. If these three cases are omitted, the mean percentage 
error works out to be about 0'21, so that in geiiei’al the formula determines the 
longitudinal aberration correct to about 1 part in 500. 

It is interesting to note what the usual first and second order approximations lead 
to in a few cases. 



First order 
approximation. 

Percentage 

error. 

Second order 
approximation. 

Percentage 

error. 

Lens 1, M = 3 ... 

- 1-34012 

83-0 

-2-45432 

68-8 

„ 1, M = 2 ... 

„ 1, M = -2. . . 

-0-48.545 

68-1 

-0-82104 

46-1 

-1-348142 

34-1 

-0-88456 

12-0 

„ 2, M = 3 . . . 

-0-67356 

40-3 

-0-94436 

16-3 

„ 5, M = 0-6 . . . 

-0-12136 

19-5 

-0-14307 

5-1 


This gives a measure of the numerical improvement effected by the fractional formula 
whenever the usual method of approximation is seriously out, even though in none of 
the cases above does the couvergency of the series actually fail. 

In the above the series are in powers of tan Had they been taken in powers of 
tan aj,, as is frecjueiitly done, the first and second order approximations would have 
been far worse. 

One interesting outcome of these calculations relates to the relative importance of 
the terms in Ei/ and The ratio is small in every case taken (of course 

these exclude the neighbourhocxl of points where A = 0, where naturally E l)ecomes 
of great importance). But for the set of magnifications taken, the greatest ratio of 
the second term to the first is less than 0'03 and the mean value of this ratio is only 
0'0082, so that, in fact, the E term — although so complicated algebraically — does not 
exercise any great influence numerically. 

This is important, as it shows that, at any rate for lenses, it does not reqjiire to be 
computed with anything like the same order of accuracy which is needed for A and B. 

§ 14. The Singular IncUnalion and Convergency Factor for any System. 

Referring again to fig. 2 we see that X = #2 and F„Io = —Ax., for rays proceeding 
through the system reversed and irutially parallel. 

Thus using accents, as before, to denote the coefficients and inclinations for 
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the system reversed, and noting that the accented coefficients all refer to zero 
magnification, we have, using tangeints 

tan X = tan /S'j ( 1 + B'* tan* 1 + C^o tan* /S'a) 

and 

- Folo = ( A'o tan* jS'a + E'o tan* / 8 'a)/( 1 + B'o tan* /S'a). 

Here the suffixes in the A, B, C, &c.. A', B', C', &c., have the same meaning as 
in § 11 . 

Thus 

— l/M = (A'„ tan* tan* + B'„ tan* 

whence, developing cot* /Q'g in descenfling powers of M and stopping at the second 
term 

cot*/3'a= -A'oM-B'„+EVA',, 

Substituting into 

cot*X = cot*/8'2+2 (Q'o— B'o) 

which is valid to the same order of approximation, we obtain 

cot*X = -A'oM+2(C'o-B'o) -B'o+E'o/A'o (67) 


as the second approximation for the singular inclination when MJs large, the first 
approximation ljelngcot*X = — A'oM. 

To the same order the convergoncy factor is 

1+ tan=*ao(A'oM+{2(B'o-C'o) +B',- (E'o/A'o)}), 

l4-(n/tan*/9//C){A'oM*+(3B'o-2C'o-EVA'o)M*}, . . . . (68) 

referring to a ray passing through the system in the standard sense. 

Now, using the equations (III), (64), (IV) and (V) of § 10 and equating suitable 
coefficients, we find that 

A'o = (V/a/) A* E'o = (n„V%*) Eg, 

C'o = {niln.f) C.j-4(t, B'o = {nuln./) (A..,+2C2-B2) -4<r 

3 A.., = 4 B 2 - 4 (\ + 4 {n./M <r, A, = B^, 

whence, after sul^stitution, (68) becomes 

1 + tan* (B 3 M*+ {Ba-E^A^} M*) (69) 

Now, if our B leads to a sound approximation to the convergency factor for M large, 
this should be 


1 + B tan* jSj, 
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or, to the same approximation which we have been using 

1 + tan* Pi ( + BaM®) (70) 

We see, therefore, that the development of the correct convergency factor in descending 
powers of M will give a result which always agrees with our B, so far as the highest 
term in M is concerned, but makes the term in M* in general different. 

In the case of a lens Efl/A 4 is in general small, compared with Ba, so that this 
discrepancy makes little difference, but it may well be that, when we come to deal 
with more complicated systems, this will not be the case. 

A little consideration, however, shows that, when this is so, our formula is very 
readily corrected so as to take this difficulty into account, without involving any 
lengthy numericjil computation. 

If we consider the formula 


Axa = W2/{A</+ (E-AE«MVA4) </}/{!+ (B-E„M7A4)«a®} 


it is clear that it leaves the development of AiCa in powers of unaltered as far as 
the second order inclusive. It alters the coefficient Ba of B so as to make the two 
leading terms agree with (69). It also alters E in such a way as to remove the term 
in M" and reduce E to a quintic. In fact it gives for the new E the remainder obtained 
after the first step in the division of E by A, according to the usual process. 

In practice, the terms in (E^/Ai) M* are very readily added as follows : — 


Axa = luf 


A<a^ + Et.aV(l-E„M*<aVA4) 
l+B«aV(l-E«MV/A4) 


and this amounts to applying the same, corrective factor l/(l — ErtM*<.®/A 4 ) or 
1/(1 — Ew„®i5„*/n/A4) to the second terms in both numerator and denominator. This 
factor, expressed in terms of the inclination of the incident ray, is independent of the 
magnification, and a short table will enable it to l)e found in any given case without 
difficulty. 

A similar correction has then to be made in C ; in order to keep the development 
of tan «2 the same we must have 


tana^ = {l + (B-EhMVA^)^/} / {l + (C-E^MVA^) «/}, 

and writing this as 

(.{l + B.V(l-E.MV/A.)t 
1+C(,V(1-E,M%’/A,) 

we see that the same corrective factor has to be applied to all the second terms in the 
formulae. 

In the above we have used tan as our argument, but the formulae and the 
correction take precisely the same form if sin is the argument. 
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If we apply this corrective factor to the first two entries of Table III., which give 
a large percentage error — these correspond to cases approaching the failure of 
convergoncy and are therefore critical, we find, for lens (l) 


M. 

True 

aberration. 

Formula 

uncorrectod. 

Percentage 

error. 

Formula 

corrected. 

Percentage 

error. 

3 

i 

-7-S7422 

1 ^ ^ ■ 

-7-98683 

1-41 

-7-90811 

0-43 

2 

- 1-523.34 

1 

-1-55287 

1 

1-94 

1 -1-54089 

1-W5 


which shows a very sensible improvement. 

The significance of this alteration is broiiglit out more clearly wlien we consider 
the limiting case M = oo that is, rays actually issuing from the front focus (the 
case of an eye-piece). In this case, the geometrical image being at infinity, it is 
inconvenient to define the emergent ray by means of either longitudinal or transverse 
aberrations. 

Let us consider the intercept of the ray on the back focal plane. 

This = {—n.jfM. + Ax.j) tan av 

= (A. tan^ /^a) — M] tan a.,. 

Also 

tan a-j = (tan ( 1 + taid «„)/( I + cM"* taid a,,), 

where 

/> = B-EeMVA„ c = C-E«M7A„ c = E-E«AMVA„ 

and it is clear that, in the limit, where M (and M) = oo, tan must hfi finite. 

I’his requires tliat h and c shall be of order M'* and respectively, which is right, 
and leads to 

tan aj = 7t/>;,taJi’ afn (l +C3 tan* a^), 

and C3 being the coefficients of M” and in h and c respectively. 

On the other hand, it is equally obvious that the intercept on the back focal plane 
must also approach a definite limit. Hence the factor 

(A tan* /83+c tan* /?;;)/( 1-1-6 taidjda)— M, 

% a 

— I -f (A— M 6 )tan*/ 93 /M-fctan*/j 3 /M 
l/M-f-itan^jS^/M 
or 

- 1 -f ( A - M6) tan* « „ /MM* -f e tan* 

1 /M -f 6 tan^ a^/ MM* 

must tend to a finite limit as M approaches oo. 

This necessarily involves that (1) A— M6 has M* in its leading term — a result 
already established, and (2) that e involves M® (and not M®) in its leading term. 
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Hence, whenever we deal with inddent rays actually passing through the front 
focus — and this necessarily occurs as soon as the results of the present paper are 
applied to aberrations off the axis — ^the modified B, C and E have to be used. 

§ 15. Combination Formula for More than Two Systems. 

The combination formul® (47), (48), (51 ) are capable of explicit generalisation for 
any number of systems 

In the case of A and C successive applications of equations (47) and (51) lead at 
once to the results 

yi3fi...2ii+i-Ain8... 211+1 == (^lAi) 

^(./aA.i) M*5__ 2n+l^*6...2ii+l+ ••• 

+ (./L-iA!i»_i) M*2,.,.iM*2„.,.,4-y^+iA2„.,.i. . (7l) 

C'i;«...2n+1 ^111*35.. + 0311*5 3,.,.,+ ... 

(72) 

in which we have reverted to the notation of §§ 2, 7. 

In the case of B, we have for three systems 

®ii» = + AiM35M35*y,//;3j 

= B. + w + B, !!,..> + ( /, A, ) + ( /,A,) 

and the general law of combination is at once obvious. 

We have 

®i36...2n + l = IIl^^36...2n + l + ®3^^6...2n + l + ••• + 

+(/.A,) - +(/..-.A»..) (Mir//-)„,.. (73) 

The case of E is more difficult and we have not been able to obtain a form in which 
it can be written down for the combination of n systems. 

But we can deal with it as follows, by determining the contribution of any one 
component to the whole ; — 

Consider three systems 1, 3, 5. It will be convenient to look upon 3 as a single 
lens, forming part of a larger system. 1 will then be the system of lenses preceding 3, 
and 5 the system following. 

Applying equation (49), simplified by the use of the second invariant relation, we 
find 

^*136^135 = y6E5+yi3Ei3M5*M5* 

+/i3Ai.,M 5*M5“ (3A5/M5-3B5+4C5 + 4cr{l-ll5*}) 

+ 3B,3/5A5M5»-2C.3/3A.M5* 
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Applying the equations of combination a second time, and picking out the terms 
involving Aa, Bg, C,,, E 3 , we find these to be 


/aE3Ma%‘+Ma»Ma‘[/.A,lIaW(3Aa/Ma-3Ba + 4Ca)+MaMa»(3B,-2C,)] 

[3A3/M3-3B3+ 40 *+ 4 <r (1 -Ma*)] 

+ 3B3/3A3M,»-2C3/3A3M/. 


Hence the lens 3 contributes to the final E 

fM [A . + (/m + 4„ (1 -M.>) 

+ M.>H.*[-3B.+4C.+(3B,-2C,)1PJ} 

+ (3/A-V,A,M„*M..>) 

+ C,JI.> (-2/,A.+4/,A,lI„*M,.’) 

and the A’s, B’s and C’s in the curled brackets can be expressed in terms of the 
individual lenses of the system by means of equations (71), (72), (73), 

If we denote the coefficients of A 3 , B 3 , C 3 , E 3 , in the above by In, m 3 , pa, q^, then the 
eontributioii of the individual lens to E 


= /a A 3 + maBa +^30a + Q'aEa. 


Hence, 

unaltered 


if we vary K 3 for this lens, keeping focal length and magnifications 
AE = AKa(^aJ5Aa/aK3+ma3B:y0K3+2>3aQ79K3+g3SEa/0K3). 


If all the lenses are simultaneously varied, then we have 

AE = 2 AK {I aA/aK+m aB/aK+j 9 ac/ax+g aE/ax). 

We have similar equations for AA, AB, AO, but they take a much simpler form. 

Using these, we can, if we have enough lenses, vary the X’s so that, between limits, 
we can make our four constants A, B, C, E take up any assigned values, or, if we 
wish to keep any one constant whilst slightly varying the others, we have a linear 
relation between the AX’s. 


§16. Conclusion. 

We have now established a formula of fractional type for the longitudinal aberration 
of a symmetrical system which, while algebraically correct as far as the second order, 
does in fact, give results beyond this order in those numerical cases which have been 
tried, and largely overcomes the difficulties of slow convergency in critical regions. 
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We have further obtained a method for calculating the coefficients of this formula 
for any symmetrical optical system in terms of the coefficients for the components^ 
in such a way that the effect of any single component upon the whole combination is 
immediately obtained. 

In considering the convergency of the series usually employed, we have found that 
the value of the approximation depends upon the particular variable employed, and 
that if we wish to avoid trouble owing to lack of convergency we must use sin or 
tan a# (or a suitable multiple of these) as argument, where Oo is the inclination of the 
original incident ray. 

The numerical success of the new formula appears to suggest that progress in the 
algebraic treatment of symmetrical instruments is to be sought, not so much along 
the lines of developments in series, but in other mathematical directions such as 
continued products, or possibly continued fractions. 

The next step would be to develop the method so as to cover the second order 
approximations to the emergent inclination. This will enable us to deal with aberra- 
tions off the axis of the system. 

Some progress has already been made by the authors in this direction and the 
results will, it is hoped, form the subject of a later communication. 
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III. Investigations on Lightning Discharges and on the Electric Field of 

Thunderstorms. 

By C. T. R. Wilson, F.R.S., Reader in Electrical Meteorology in the University 
of Cambndge and Observer in Meteorological Physics at the Solar Physics 
Observatory, Cambridge. 
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Thb observations discussed in this paper were made at the Solar Physics 
Observatory, Cambridge, mainly during the summer months of 1917. 


t. Methods of Measurement. 

The method and apparatus used in the measurements are substantially those 
described in a paper On Some Determinations of the Sign and Magnitude of Electric 
Discharges in Lightning Flashes.”* The induced charge on an exposed earthed 
conductor (test-plate or sphere) is used as a measure of the electric field. The test- 
plate virtually forms part of a flat portion of the earth’s surface, and the vertical 
electric force or potential gradient at ground level is equal (in electrostatic measure) 
to 4irQ/A, where Q is the charge on its exposed surface and A is its area. The 
charge Q on the earth-connected sphere of radius R, when exposed at a height h* 
great compared with R, is a measure of the potential at that height; the zero 
potential of the sphere being the resultant of the undisturbed atmospheric potential V 
at the height h and of the potential Q/R due to the charge on the sphere, so that 
Q/R = — V. The earthed conductors can be shielded from the earth’s field : the 
test-plate by means of an earth-connected cover, the sphere by lowering it into a 
conducting case resting on the ground. The quantity of electricity which flows to 
earth through the connecting wire on exposing or shielding the test-plate or sphere, is 
measured by a special type of capillary electrometer in which the readings indicate the 
total quantity of electricity which has traversed the instrument ; the sign and 
magnitude of the charge on the exposed conductor, and thus of the potential 
gradient, at the beginning and end of an exposure are thus determined. The sign 
and magnitude of sudden changes of potential gradient which occur while the 
conductor is exposed are indicated by the direction and magnitude of the resulting 
displacements of the electrometer meniscus. The total flow of electricity between 
the atmosphere and the test-plate or sphere during an exposure is also measured 
— being given by the difference between the electrometer readings before and 
after the exposure. The principal improvement introduced has been the provision 
of apparatus for giving a photographic trace of the electrometer readings ; rapid 
changes in the field occupying less than one-tenth of a second are in this way 
recorded. 

In the observations described in the previous paper the sphere was supported in a 
manner which did not admit of absolute measurements being made, as the charge 
measured included that on the upper part of the support as well as that on the 
sphere itself ; in these earlier measurements therefore the sphere was standardised by 
comparison with the test-plate. The method of supporting the sphere is now such 
that the charge on the sphere alone is measured, while the disturbing eflect of the 


* ‘ Roy. Soc. Proc.,' A, vol. 92, p. 5B5, 1916. 
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earthed supporting rod is small, and thus the potential at the level of the earth- 
connected sphere can be calculated from the charge upon it. The new method of 
mounting the sphere is shown in fig. 1. 

The sphere, 80 cm. in diameter, is supported on an 
earth-connected brass tube B, 2 cm. in diameter, from 
which it is insulated by sulphur-coated ebonite E ; 
insulators are indicated in the figure by the dotted 
areas. The tube is inserted within a wider one C which 
extends from the top to the bottom of the sphere and 
which is open below. The supporting tube B is rigidly 
fixed in a hole bored through the screw cap which 
closes the upper end of an iron pipe P, 5 cm. in 
external diameter and 427 cm. long, which can be 
turned about its lower end from the vertical to a nearly 
horizontal position as described in the former paper. 

The length of the brass tube from the top of the iron 
pipe to the bottom of the sphere is 38 cm. The 
connection between the sphere and the electrometer is 
made by means of a tightly stretched wire W supported 
by quartz insulators. The wire is not attached directl)^ 
to the sphere but to a brass disc D insulated from the 
supporting tube and fitting loosely within the wider tube 
0 inside the sphere. The sphere is fixed to the disc by 
means of a screw which projects from its inner surface 
and can thus readily be removed to give access to the 
insulation. 

When the sphere is exposed by raising the iron pipe 
to its vertical position the height of its centre above 
the ground is 480 cm. 

The sphere when lowered is received in a metal-lined 
earthed box resting on the ground ; a tightly fitting 
cover, also metal lined and earthed, protects the sphere 
from the atmospheric electrical field and from the 
weather. The charge on the earthed sphere in this position is taken as zero. 

The charge Q on an earthed sphere of radius B at a height h above level ground 
is assumed to be such that Q/R— Q/2/i+V = 0, where V is the undisturbed air 
potential at the height h. The presence of the neighbouring hut exerts a disturbing 
influence which however is not large ; the correction to l)e applied hfis Injeti estimated 
by imagining the hut to be replaced by a conducting hemisphere large enough to 
enclose it. The vertical potential gradient over level ground being assumed uniform 
throughout a height exceeding that of the hemisphere, the lowering of potential at 

M 2 
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a given point by the induced charge on the hemisphere is readily seen to be equal 
to where a is the radius of the hemisphere and r is the distance of its centre 
from the given point. In the actual case the correction amounts to 6 per cent. 

The charge on the exposed earthed test-plate (the surface of which is at ground 
level) is similarly diminished by the presence of the hut ; the correction to be applied 
amounts in this case to about 1 per cent. A somewhat larger correction — estimated 
at 1 "5 per cent. — has to be made for the effect of the induced charge of the earth- 
connected cover and its supporting arm. Apart from these small corrections the 
relation between the potential gradient F at ground level and the charge Q on the 
exposed earthed test-plate, of area A, is given by AtQ/A = F, when the quantities 
are expressed in C.G.S. electrostatic measure. The effective area of the plate is 
2220 sq. cm. 

For the measurement of the quantities of electricity which passed between the 
exposed conductor and earth through the connecting wire, the capillary electrometer 
descril)ed in the previous paper was used. By means of a :J-inch microscope 
objective, placed with its axis vertical above the electrometer, an image of the 
meniscus was formed on a horizontal slit. The slit coincided in position with the 
image of the axis of the capillary tube and was almost in contact with the sensitive 
surface of a photographic plate kept in uniform motion at right angles to the slit. It 
was made by ruling a line with a razor blade on an exposed and developed “ process ” 
plate ; it was protected by a strip of microscope cover-glass cemented with Canada 
balsam to the gelatine surface — the thin cover glass was next the moving photo- 
graphic plate and was only a small fraction of a millimetre distant from it. The 
breadth of the slit was about ^ mm. 

The carrier of the photographic plate was clamped to the middle portion of a wire 
stretched horizontally over two pulleys ; a weight was attached to one end of the 
wire, while the other was attached to a piston, the motiop of which in its cylinder 
caused oil to be driven through a' fine hole in a brass disc. By turning the disc any 
one of a graduated series of holes could be brought into action according to the speed 
of travel desired. 

The light from the source of illumination — a paraffin lamp — could be cut off 
momentarily by means of a shutter which was worked by a cord from outside the 
hut. In this way it was possible to record on the photographic plate the times of 
the beginning and ending of thunder. In the records reproduced (Plates 2 to 5) 
these momentary Interruptions of the illumination are represented by vertical black 
lines ; a single line indicates the beginning, a double line the end of a peal of thunder. 

The interval on the photographic record between the vertical portion of the trace, 
which represents the sudden change of field due to the passage of a lightning flash, 
and the dark line which marks the moment when the thunder resulting from the 
flash began to be heard, afford data for obtaining an estimate of the approximate 
distance of the discharge. 



AND ON THE ILEOTRIO FIELD OF THUNDERSTORMS. 


77 


The varying position upon the slit of the image of the meniscus on which the 
microscope is focussed is represented by the curve separating the dark and light 
regions of the record. The fine horizontal lines are due to dust particles or to 
irregularities of the slit; they are useful as reference lines from which the 
displacement of the meniscus may be measured. The vertical flutings which appear 
in some of the records are probably due to flickering of the lamp. 

Records of the electrical effects of thunderstorms at various distances from the 
place of observation were obtained on ten different days in 1917. The records were 
not by any means continuous throughout the whole duration of a storm ; compara- 
tively quick runs of the recording apparatus were generally made — varying from 3 to 
50 minutes in duration — ^and some time had to be spent in changing the photo- 
graphic plates and readjusting the apparatus between the successive runs. Again, 
the difiiculty of estimating the order of magnitude of the electric effects to be 
expected frequently led to the sphere being exposed when the test-plate would have 
been more suitable, or vice versa ; the readings — which are 40 times larger with the 
sphere than with the test-plate — ^being in consequence too large or too small to be 
recorded. Thus the records obtained served rather to sample a thunderstorm at 
different stages of its history than to give a complete account of the changes in its 
electric field. 

II. Some Typical Records. 

Enlargements of some of the records are reproduced in Plates 2 to 5. In the 
original negatives a change of one mm. in the ordinates represented a flow of 24 
electrostatic units, or 8’0xl0“* coulomb through the electrometer: a cliange of 
potential gradient of 100 or 4000 volts per metre, according as the sphere or the test- 
plate was used, was required to cause the passage of this quantity of electricity 
between the exposed conductor and the earth. 

A fairly typical fine weather record (May 23, 1917, 14h. 17m. to 14h. 51m. 
G.M,T.) is shown in fig. 1, Plate 2 : the sphere was used as the exposed conductor. 
The record begins with a hori7X)ntal portion traced before the conductor was exposed 
to the electric field. The small peak near the beginning of the record shows the 
effect of raising the sphere to its maximum height (480 cm.), and immediately 
lowering it again into its protecting case ; it indicates the existence of a positive 
potential gradient of 100 volts per metre. The sphere was raised at 14h. 20m., the 
exposure to the electric field being continued till 14h. 50m. except for regular 
interruptions at 5-minute intervals when the sphere was momentarily lowered into its 
case. The depths of the notches in the curve are measures of the potential gradient 
at the times of lowering the sphere : the potential gradients recorded at intervals of 
5 minutes are, in volts per metre, 120 (at 14h. 30m. when the sphere was raised), 
110, 120, 90, 75, 80, and finally 90 at l7h. 50m. (when the sphere was lowered). 

The difference in the ordinates of the final and initial horizontal portions of the 
brace (both recorded while the sphere was in its case) is a measure of the integrated 
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ioQizatipn current which has entered the sphere during the 80 minutes' exposure to 
the atmospheric electrical field. The record shows that this amounted to21'8 E.S.U., 
while the mean charge induced on the earth-connected sphere during the exposure 
amounted to 28 E.S.U.->»the equivalent of 96 volts per metre. The mean “ dissipation 


factor ” for the period of exposure was thus 


21-8 ^ 
30 23’ 


i.e., about 8 per cent, per 


minute. 

The readings obtained when the sphere is down form a series of points on a curve 
of which the vertical height above the initial horizontal part of the trace is a measure 
of the integrated ionization current which has 'entered the sphere from the atmosphere. 
This curve forms the zero line for potential gradient, t.e., the differences of the 
ordinates of this curve and of the actual trace obtained when the sphere is exposed 
give a meMure of the potential gradient at any moment. 

In fig. 2 is reproduced the record of May 12, 1917, from 16h. 50m. to I7h. 35m. 
The sky was overcast and the weather conditions suggested thunder — ^a storm did in 
fact occur some hours later. The sphere was momentarily raised at 16h. 51m. ; raised 
again at 16h. 55m., and kept up till 17h. 23m., being however momentarily lowered 
into its case, at d-minute intervals during this time ; it was kept in its case after 
l7h. 23m. The potential gradient was 150 volts per metre at 16h. 51m . ; it gradually 
diminished till it reached negative values, and continued to be negative from 
17h. 12m. 50s. till 17h. 18m. 10s., reaching a minimum of —80 volts per metre at 
17h. 16m., becoming positive again and being equal to 260 volts per metre when the 
sphere was lowered at 17h. 23m. The negative potential gradient coincided in time 
with the passage overhead of a cloud discharging rain which did not reach the ground. 
The test-plate was uncovered from 17h. 25m. to 17h. 30m. : the displacement of the 
meniscus on uncovering and covering the plate is almost too small to be seen in 
the reproduction of the record but indicates the continuance of a positive potential 
gradient of about 300 volts per metre. The ionization current from the earth- 
connected sphere to the atmosphere during the period of negative potential gradient 
has been sufficient to neutralise approximately the flow from the atmosphere to the 
negatively charged earth-connected sphere during its exposure to the positive potential 
gradient. 

All the remaining records reproduced in the plates show the effects of lightning 
discharges (generally at a considerable distance) on the potential gradient. 

Fig. 8 (June 13, 1917, 14h. 11m. to 14h. 16m. 30s.). 

The sphere was exposed during the whole time represented by the record except at 
about 14h, 12m. 30s., when it was momentarily lowered ; the effect of lowering and 
raising the sphere is indicated by the prominence midway between 14h. 12m. and 
14h. 13m. The potential gradient at that moment was negative and equal to 
—420 volts per metre. The summit of the prominence gives the zero line of potential 
gradient. The record begins with a negative potential gradient of about —430 volts 
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Kir metre. At 14h. 11m. lOs. distant elecstrical charges which were responsible far a 
Mriiiion (amounting to 150 volts per metre) of the negative potential gradient at the 
ilace of observation were neutralised by the passage of a lightning flash. The negative 
lotential gradient at once began to be regenerated but was again suddenly diminished 
.bout 8 seconds later, losing 25 volts per metre by the passage of a lightning flash, 
trobably at a still greater distance. This continuous production of a negative potential 
[radient and its sudden diminution at intervals by lightning discharges continues 
hroughout the record. At about 14h. 18m. 40s. a sudden change of potential gradient 
»f positive sign occurred, but was followed by one of negative sign and of nearly 
qiial magnitude about 0*4 second later, a small positive change again occurring afi»r 
mother almost equal interval; these changes of potential gradient amount to +240, 
-220 and +25 volts per metre respectively. Another negative change of potential 
p’adient (about 60 volts per metre) is indicated 10 seconds later. A few seconds 
ifter 14h. 16m. the record shows two discharges to have occurred with an interval of 
S‘4 seconds between them ; each produced a change of potential gradient of positive 
lign, the first amounting to 840, the second to 870 volts per metre. 

The potential gradient at any moment may be regarded as being the resultant of 
leveral electric fields, including those due to charges concentrated in different thunder- 
clouds or different centres of activity in the same cloud. The passage of a lightning 
lash results in the sudden destruction of one of these constituent fieldi^ This at 
mce begins to be regenerated by processes going on in the thunder-cloud at a rate 
vhich is indicated by the slope of the curve. The curve of recovery of the electric 
leld (approximately logarithmic) shown after the discharges of 14h. 14m. is quite 
[typical ; similar curves appear in most of the records, a specially striking example 
oeing that of fig. 11 (Plate 4). 

On account of the very short intervals between the successive peals of thunder, 
bhe times at which they began and ceased to be heard were not systematically 
recorded during the record reproduced in fig. 8. The first peal of thunder recorded 
is marked by the single and double dark lines as beginning at 14h. 18m. 8'9S. and 
mding at 14h. 13m. 15a, and a second one as beginning at 14h. 13m. 18*4s. and ending 
^t 14h. 18m. 30s. The two peals are taken as being due to the discharges at 
I4h. 12m. 47‘7s. and 14h. 12m. 53'6s. respectively ; this gives a distance of 7*1 km. 
for the first and of 8*3 km. for the second. The first of these discharges produced a 
total change of potential gradient of 350 volts per metre, but this took place in two 
stages of 220 and 180 volts per metre which were separated by an interval of about 
0*2 seconds ; this interval is barely distinguishable in the reproduction. The discharge 
at 8*3 km. produced a change of about 95 volts per metre. The peal of thunder 
marked as beginning at 14h. 14m. 9s. probably belongs not to the flash at 14h. 14ln.i 
but to an earlier one, possibly the double one at 14h. 18m. 40s. 

Fig. 4 (August 9, 1917, 14h. 45m. to 15h. 2m. SOs.). 

Here the test-plate was exposed in place of the sphere. The potential gtadient 
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indicated at 14h. 45m. 158. when the plate was fiiietuncoyercd is negative (—4570 volts 
per metre). The principal sudden changes of potential gradient (all in the neigh* 
bourhood of 3000 volts per metre) are negative, indicating the destruction cS 
positive fields by the passage of lightning discharges. The times of the beginning 
and ending of the peals of thunder were in most cases marked as shown by the 
single and double black lines. The distances indicated by the intervals between 
the principal discharges and the beginning of thunder are aU about 5 km.. 
The characteristic curve of recovery after the passage of each discharge is well 
shown. 

Heavy black clouds were overhead at the beginning of the record and slight rain 
began about 14h. 48m. SOs. and became heavy at about the time when the record ceased. 
The effect of the rain is shown by the downward slope of the latter portion of the 
trace, which, indicates a flow of positive electricity from the earth through the 
capillary electrometer to the test-plate. How much of this positive charge went to 
increase the induced positive charge on the test-plate (on account of increasing, 
negative potential gradient) and how much to neutralise a negative charge carried 
down to the test-plate by rain drops, or by ions travelling under the influence of the 
negative potential gradient, remains undetermined owing to the fact that the cover 
was not replaced until after the record was completed. 

Fig. 5 (June 17, 1917, 20h. 23m. 238. to 20h. 27m. 298.). 

This is an enlargement of a portion of a record obtained while a severe storm was 
passing at a distance of 15 to 20 km. Between 20h. 20m. and 20h. 29m. the photo- 
graphic trace recorded 95 positive discharges (i.e., discharges causing a sudden 
positive change of potential gradient) and 40 negative discharges. The discharges, 
were visible as vertical flashes passing between a cloud near the N. W. horizon and 
the earth, many of the flashes being multiple. The storm was seen to travel from 
W. to N. ; newspaper reports show that it passed over St. Ives, which. lies from lO to 
11 miles (about 17 km.) to the N.W., damage by lightning occurring there. The mean 
of the 95 sudden changes of potential gradient of positive sign amounted to 119 volts 
per metre, that of the 40 of negative sign to —80 volts per metre. 

The sphere was used in obtaining this record. 

Fig. 6 (June 16, 1917, 19h. 12m. to 19h. 23m.). 

The test-plate was used as the exposed conductor. 

The. potential gradient was negative (—5400 volts per metre) at 19h. 12m. 45a 
when the cover was removed, positive ( = 1000 volts per metre) at 19h. 22m. 15s. 
when the cover was replaced. Rain was falling throughout the duration of the 
record, and the charge carried down (by rain and ionization current) during the 
9j minutes' exposure was negative and amounted to 16 x 10"^* coulombs per sq. cm., 
the mean current being thus about 27 x 10~“ ampere per sq. cm. Two of the 
discharges recorded — ^at 19h. 17m; 48. and at 19h. 20m. 55s. — were multiple, as is 
shqwn in, the enlargenaents, figa 18 and 19 of Plate 5.. All the sudden changes of 
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potential were negative — excepting the positive components of the multiple flashes — 
the largest amounting to — 9600 volts per metre. The distance of this discharge, as 
is shown by the interval elapsing before the thunder began to be heard, was about 
4 ’3 km. The distances of the others ranged between 4 3 and 57 km. The peals of 
thunder, as the intervals between the single and the double black lines show, were 
very long, some lasting for as many as 40 seconds. 

Fig. 7 (June 16, 1917, 19h. 31m. 10s. to 19h. 36m. 458.). 

This is a portion of the record taken with the test-plate next after that shown in 
fig. 6. Rain continued to fall throughout the time of exposure. The cover was 
removed from the test-plate at 19h. 31m. 30s. ; the potential gradient at that 
moment was negative, —6500 volts per metre ; a lightning discharge had probably 
occurred immediately before the exposure of the test-plate. The discharge at 
9h. 33m. 208. was really multiple, the sudden changes of potential gradient being —2900, 
—5100 and -1-1300 volts per metre. The discharge at 19h. 35m. 558. was negative 
(change of potential gradient = —4100 volts per metre) and was at a distance of 
about 5 ’5 km. The characteristic form of the recovery curve following the discharges 
is modified by the superposition of a general downward slope which represents an 
electric current from the ground to the atmosphere ; this current was probably mainly 
carried by falling negatively charged raindrops. The potential gradient when the 
cover was replaced at 19h. 39m. (beyond the limits of the portion of the record 
reproduced) was positive and exceeded 2500 volts. The total quantity of electricity 
transferred per sq. cm. of the test-plate to the atmosphere, during the whole 
8^ minutes of exposure, but mainly after 19h. 36m. was the eijuivalent of 40,000 
volts per metre, i.e., 3’5x 10"*' coulomb. 

Fig. 8 (May 29, 1917, 19h. 4m. 10s. to 19h. 11m. 50s.). 

This is the final portion of a record which began at I8h. 44m. The sphei’e was 
used as the exposed conductor. The potential gradient had been -fl200 volts 
per metre at 18h. 4Gm. when the sphere was raised ; 980 at 18h. 51m. and —1400 at 
18h. 5Gm., at which times the sphere Avas momentarily lowered. The peak shown in the 
figure at 19h. 6m. represents the effect of again momentarily lowering the sphere and 
indicates that the gradient was still negative, being equal to —430 volts per metre. 
At 19h. 11m. when the sphere was finally lowered the potential gradient had again 
become positive, being now -1-20 volts per metre. 

These comparatively gradual changes of potential gradient accompanied the passage 
of towering cumulus clouds at no great distance. Superimposed upon them are 
sudden changes (amounting at most to 150 volts per metre) produced in the field by 
frequent discharges of more distant thunder-clouds. Some of these are positive, some 
negative ; the discharges of either sign are alike in being followed by the charac- 
teristic curve of recovery of the field. 

Fig. 9 (May 29, 1917, 17h. 58m. 458. to 18h. 12m. SOs.). 

This is an enlargement of a portion of a record which extended from I7h. 56m. to 
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18h. 36in. ; the sphere was exposed. During the period covered by the portion of the 
record reproduced the sphere was momentarily lowered at 18h. and at 18h. 5ra ; it was 
also lowered at 18h. 10m. and kept in its case till 18h. 11m. when it was again raised. 
The potential gradient at the times of lowering the sphere amounted to + 90, + 60 
and +40 volts per metre. It is plain from the record that the gradient remained 
positive throughout : the principal sudden changes of gradient were positive, and 
amounted to about 150 volte per metre; two, however, at about 18h. Im. and 
18h. 9m. 30s. were negative and equal to about 60 volts per metre. Positive discharges 
evidently also occurred during both the short periods for which the sphere was lowered. 

The characteristic recovery of the field after both positive and negative discharges 
is well shown. The two peals of thunder recorded probably belong not to the 
discharges immediately preceding them but to the previous discharges. The 
discharges were probably at a distance of 20 km. or more. 

Fig. 10 (August 15, 14h. 18m, 20a. to 14h. 30m, 15s.), 

At 14h. 18m. 30s., when the cover was removed, the potential gradient was nega- 
tive ( = — 3600 volts per metre). This negative potential gradient had increased to 
about —5000 at 14h. 19m. 6s. ; at this moment the negative field was nearly 
destroyed by the passage of a lightning flash at a distance of 4*1 km., the sudden 
change in potential gradient being +4800. The five subsequent flashes also produced 
positive changes in the potential gradient ; the beginning and ending of the thunder 
is marked on the record in each case. The magnitudes of the sudden changes of 
potential gradient vary from 3900 (the third shown in the fig.) to 14,600 volts per 
metre (the last) ; the distances of these two discharges were practically the same, 37 
and 3 '8 km. 

The striking feature of this record is the abnormal character of the curve of 
recovery of the field after the passage of every discharge except the last ; instead of 
the rate of recovery of the field being most rapid immediately after the discharge, it 
is at first zero or very small and gradually increastis to a maximum, falling off again 
with the increasing field as in the normal type. The last discharge shown in fig, 10 
as well as all the subsequent discharges of the record of which this is a part were 
followed by a recovery of the field of the normal type. The recovery curves following 
the discharges of the immediately preceding record of the same storm were also 
normal in character. 

Hain began about 14h. 20m., became heavy about 14h. 25m., and ceased about 
i4h. 31m. 308. 

The potential gradient was negative throughout the period covered by fig. 10 until 
reversed by the last discharge shown. At 14h. 28m., when the cover was 
momentarily replaced, the potential gradient was - 4800 volts per metre. The small 
hump in the curve at 14h. 24m. 45s. is due to the shielding effect of a horse and cart 
which passed within a few yards of the test-plate. 

In spite of the negative potential gradient, which would tend to produce an 
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ionization current from the ground to the atmosphere, the total charge received by 
the test- plate from the atmosphere between 14h. 18m. 30s. and 14h. 28m. has 
been positive and equal to the charge which a potential gradient of 17,000 volts per 
metre would have induced on the earth-connected plate. The charge carried by the 
rain must thus have been positive and must have exceeded to the above extent the 
negative charge carried by the ionization current. The greater part of this charged 
rain has evidently fallen between 14h. 26m. and 14h. 28m. 

Fig. 11 (June 12, 1917, 16h. 38m. 408. to 16h. 50m.). 

This is a portion of the second record taken on a sultry afternoon with towering 
cumulus in all directions. The first record ran from 15h. 55m. to 16h. 19m. A cap 
was seen to form on the summit of a large cumulus cloud in the E.N.E. at 15h. 59m., 
and another on one of the lower heads of the same cloud now in the N.E., about 
16h. 16m. The potential gradient throughout this first record was positive and about 
50 volts per metre. No thunder was heard and no sudden changes of the field are 
shown on the record. 

The second record, of which fig. 11 is a portion enlarged, extended from 16h. 27m. 
to 17h. 4m. The large cumulus cloud was N. by E. with its edge at an elevation of 
about 60 degrees at 16h. 30ra. and due N. about 16h. 50m. The potential gradient 
diminished from -f44 volts per metre at 16h. 30m, to 15 at 16h. 35m. and then 
became negative, being —29 at 16h. 40m., —175 at 16h. 45m. (all the above being 
occasions of momentary lowering of the sphere), and —106 volts per metre at 
16h. 49m. when the sphere was finally lowered. The field was zero at 17h. 14m., 
and had become positive at 17h. 16m., when the observations ceased. 

All the sudden changes of field observed were positive ; two of 18 and 14 volts per 
metre, both due to flashes at a distance of about 7 km., occurred before the field had 
become negative. The other two (equal to 120 and 320 volts per metre respectively) 
are shown in the figure ; they both show characteristic recovery curves ; in both cases 
the potential gradient was reversed, in the first by a discharge at a distance of 8 ‘2, 
in the second by one at a distance of about 7 km. 

The discharge at 16h. 45m. 50s. is an interesting one. The negative potential 
gradient had reached a steady value — about 170 volts per metre — before the passage 
of the discharge. The discharge — at a distance of about 7 km. — caused the gradient 
to become positive ( = 150 volts per metre) ; the negative field was again re-established, 
practically exponentially, a steady value being finally reached equal to about 
105 volts per metre. The sphere was brought down at 16h. 49m. No thunder was 
heard after this time. 

In Plate 5 are enlargements of small portions of some of the traces, showing 
details in the changes of potential gradient associated with lightning discharges. 
In each case the time in seconds is shown, reckoned from the moment at which the 
discharge, as indicated by the record, began. 

N 2 
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The principal discharge of fig. 12 occurred on May 29, 1917, at about 
15h. 23m. lOs. ; the peal of thunder which followed began 21 ’58. later (indicating a 
distance of about 7 km.) and was audible for about 20 seconds. The sudden change 
produced in the potential gradient was negative and exceeded 1250 volts per metre. 
The record shows the characteristic curve of recovery of the field, iilterrupted at 
Im. 50s. after the discharge by the lowering of the sphere. The positive field due 
to the charge which the flash neutralised was nearly counterbalanced at the place 
of observation by a negative field, so that the resultant potential gradient before 
the passage of the discharge was only al)Out + 360 volts per metre. 

When the sphere was first raised, at 15h. 19m. 308., the potential gradient was 
positive — about 150 volts per metre — and it increased up to the moment of the 
principal discharge. There were, however, during this time, small sudden changes 
of potential, some positive, others negative, none exceeding 50 volts per metre ; 
they were obviously due to very distant discharges; no thunder was recorded. 
Throughout the afternoon there were towering cumulus clouds in all directions, rain 
falling from some of them. 

The discharge of fig. 13 occurred about 15h. 9m. SOs. on August 15, 1917. The 
sphere was lowered at 15h. 10m., the characteristic curve of recovery of the field 
being thereby interrupted. The peal of thunder began while the sphere was being 
lowered, i.e., about 40 seconds after the discharge ; the beginning is not marked 
on the record, but the double dark line indicates that the peal of thunder ended 
about 55 seconds after the discharge. The potential gradient immediately before 
the discharge had a negative value exceeding 1000 volts per metre ; immediately 
after tho discharge the potential was positive and equal to about 300 volts per 
metre. 

The firet discharge of fig. 14 occurred at 13h. 50m. on June 13, 1917, just at the 
moment when the sphere had been raised to its exposed position. The potential 
gradient before the discharge was negative (= — 690 volts per metre). The 
discharge was a double one, causing an increase in the negative potential gradient 
of more than 980 volts per metre, followed by a sudden change of the opposite 
sign, which brought the potential gradient to within 260 volts per metre of its 
original value, the total duration of the double discharge being about one-fifth of a 
second. 

Two other double discharges of about the same total duration were recorded about 
22 seconds and 87 seconds later, the first giving sudden potential changes of -f 70 and 
—30, the second of +100 and —115 volts per metre. The other discharges shown 
in the figure are noteworthy as not being followed by the usual recovery curve. 

The next three figures are further examples of double discharge records of the same 
type — t.e., of records showing the occurrence within a very short interval of time 
of two sudden changes of potential of opppsite sign. They diflPer among themselves 
mainly in the relative magnitudes of the two sudden changes : the first change of 
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gradient being the greater in fig. 15, the two being approximately equal in fig. 16, and 
the second being the greater in fig. 17 ; in the last case the initial change is negative, 
in the two others positive. The duration of the double discharge is about one-fifth 
of a second in fig. 15, two-fifths of a second in fig. 16, and two-fifths of a second in 
fig. 17. 

Double discharges consisting of two successive sudden changes of potential 
gradient of the same sign are also not uncommon. A striking example is that of 
the last discharge shown in fig. 3, where a sudden positive change of potential 
of 840 volts per metre is followed 2 "4 seconds later by a second change of the same 
sign amounting to 870 volts per metre. The discharge at 14h. 12m. 50s. (in the same 
fig. 3) was also really a double one of this type, the interval between the two 
components of magnitudes, 220 and 130 volts per metre, being about one-fifth of a 
second. 

What have been called above double discharges, it should be noted, are not 
necessarily discharges along the same track or even from the same thunder-cloud ; it 
may often be observed that lightning flashes from two different centres occur almost 
simultaneously. 

In the last three figures of Plate 5 are reproduced enlargements of records of 
multiple discharges, ».e., of records showing a rapid succession of changes of potential 
gradient of opposite sign. These were all obtained during the same thunderstorm, 
that of the afternoon of June 16, 1917. The first shows sudden changes of potential 
gradient of —9600, +4350 and —1500 volts per metre, the intervals between the 
reversals being about one-third of a second. The second shows sudden changes of 
potential gradiant amounting to —7100, +1700, —1700, +300, —1900, +700, —600, 
+ 1000, the total time occupied by the eight reversals being 2*1 seconds. In the third 
the changes of potential gradient are —1600, +900, —1600, +1200, +700, —700 volts 
per metre, the total duration being 1*9 seconds. 

HI. On tlie Prevailing Sign of the Stidden Changes Produced in the Potential 

Gradient hy Lightning Flashes. 

The sudden changes produced in the potential gradient at the place of observation 
by the passage of lightning discharges have been more often positive than negative, 
ijs., the greater number have consisted in a sudden increase of a previously existing 
positive potential gradient or a diminution or reversal of a previously existing 
negative gradient ; in other words they might be explained as being due to the 
discharge of a negatively charged cloud. Discharges producing such a positive 
change of potential gradient are called in what follows positive discharges. 

The number of positive discharges recorded in 1917 was 432, of negative discharges 
279. If the observations of 1914 and 1915 are included, the numbers are 528 and 
336, the ratio being 1’56. Of the ten days of thunder on which records were 
obtained in 1917, there were nine on which more positive than negative discharges 
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were recorded ; on the remaining day, however (June 16) about twice as many 
negative as positive discharges were recorded (74 negative, 38 positive). It is 
perhaps natural to associate the excess of positive over negative discharges with the 
excess of positive electricity found by Simpson* and others to be carried down in 
rain, the greater part of the charge transferred from the atmosphere to the earth by 
the rain of the thunderstorm being perhaps returned in lightning discharges. (See 
however Sections XIX. and XX.) 

IV. Magnitude of the Changes Produced in the Electric Field hy Lightnnig 
Discharges at Different Distances. 

The approximate distance of each lightning flash which caused a disturbance on 
the. photographic trace was, when possible, determined by observing the time interval 
between the discharge and the thunder associated with it. The beginning of each 
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peal of thunder heard was marked on the trace by momentarily cutting off the light 
as described in Section I. It was by no means always possible to be certain which 
peal of thunder recorded was caused by the lightning discharge responsible for a 
given sudden disturbance of the field ; when the storm was a distant one with very 
frequent lightning flashes there might be several subsequent discharges between the 
passage of a flash and the arrival of the sound of its thunder. There appeared to be 
no ambiguity in the case of about 120 discharges recorded in 1917 ; the approximate 
distance L of each of these discharges and the sign and magnitude of the resulting 
sudden change of field F are shown in fig. 2, which includes also the eye observations 
of 1914 and 1915. When the records show two or more sudden changes of field 
within a fraction of a second it is the largest of these which is recorded in fig. 2 ; it 
was considered that if the component discharges of the multiple flash were not all at 
the same distance, the one which produced the largest effect was likely to be the 
nearest, and therefore that of which the distance was deduced from the interval 
elapsing between the discharge and the beginning of the thunder. 

V. Effects to he Expected from Different Kinds of DiscJmrges at Different 

Distances. 

A lightning flash may consist in the passage of a charge Q from a certain region A 
of the atmosphere to earth, or from a region A, to another A^ l)oth in the 
atmosphere ; A, and may l)e in the upper and lower parts of the same thunder- 
cloud with their centres near the same vertical line, or they may be at a considerable 
horizontal distance apart. 

Let a charge Q derived from a certain region A of the atmosphere pass to earth. 
The change in the electric field may be considered as due to the removal of the charge 
Q from A and of an equal and opposite charge — Q fi’om A' the image of A. Just as 
for many purposes no sensible error is made by assuming the magnetism of a bar 
iflagnet to be concentrated at two definite points, the poles of the magnet, so in the 
present case the charges Q and — Q may be regarded as being concentrated at two 
points p and ff. These points are situated at a height H alx)ve and at an equal 
depth below the surface of the ground, such that 2QH = ^'Lqh = M, the electric 
moment of the discharge q being the charge derived from a small element of 
volume at a height h. In calculating the change produced in the electric field at 
distant points by the passage of the discharge, no sensible error will be made by 
making this substitution, and even at points at no great distance from the axis pp', the 
error will be small if there has been any approximation to a symmetrical distribution 
of the charge in a sphere surrounding p. 

* 111 the present paper 2qh, not qh as in the previous paper, is taken as the electric moment of the 
discharge of a quantity q from a height h to earth, the moment with which we are concerned being that 
of charge ; at a height h together with that of its image - j at a height - A. 
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The vertical electric force at a point on the ground is given by 
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the potential gradient at the earth's surface at different distances due to a charge Q 
supposed concentrated at a point at a height of 2 km. : it represents the 
change produced in the potential gradient by the discharge of 20 coulombs from a 
height of 2 km. to earth. The curve II. represents similarly the potential gradients 
due to the same charge at a height of only 1 km. The difference between the 
ordinates of the two curves (curve III.), represents the change of potential gradient 
produced by a vertical discharge of the quantity Q from a height of 2 km. to a height 
of 1 km. The sign of the effect is reversed at a certain distance, the vertical electric 
force at the surface of the ground being, for a given charge Q at the lower level, 
greater than for the same charge at the higher level when the distance is small, but 
less when the distance is great. 

For a vertical discharge from a height H., to a height H„ F, when L is large, 
becomes equal to 2Q (Hg— Hi)/L®, so that FL’ = 2 Q(H 3 — Hj) which may be defined 
as the electric moment of such a discharge. Thus when L is large FL’’ is equal to 
the electric moment of the discharge whether this reaches the earth or not. 

The effects at different distances of various kinds of double discharge are also 
readily obtained from inspection of the two intersecting curves of fig. 3. For example, 
a discharge from a height of 2 km. to a height of 1 km., followed by an equal 
discharge from the lower level to earth, would produce at the surface of the ground 
two successive sudden changes of potential of the same or of opposite sign according 
as the distance exceeded or fell short of the above limit. Again if we consider a 
thunder-cloud of which the upper and lower parts are oppositely charged, and suppose 
that a discharge between the top of the cloud and the ground is followed by one 

’rween the ground and the bottom of the cloud, the two successive sudden changes 
of potential gradient would be of opposite sign, but their relative magnitude would 
depend on the distance of the place of observation from the discharges ; at great 
distances the longer discharge, at small distances the shorter would produce the 
larger sudden change of potential gradient ; while at some intermediate distance the 
two effects would be of equal magnitude. The various types of double discharge 
records shown in Plate 5 may perhaps be explained in this way ; a given type of 
double discharge giving a considerable variety of effects on the trace according to its 
distance from the recording instrument. 

If the effects of individual discharges could simultaneously be recorded at several 
suitable distributed stations, we should be able to learn much about the quantities of 
electricity which pass and about the initial and final distribution of charges. It is 
especially useful to have measurements of the change of field (l) at points at a 
considerable distance from a discharge, since the electric moment 2QH or 
2Q (H,— Hj) may at once be deduced, and also (2) for points nearly below the centres of 
the regions discharged, where, in the case of discharges to earth, F approximates to its 
maximum value 2Q/H*. Knowing both 2Q/H* and 2QII we obtain both Q and H. 

When a single station only is available we have to be content with attempting to 
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learn something about the average lightning discharge by accumulating measurements 
of the effects produced by discharges at various distances. 

VI. Electric Moments of the Discharges. 

For each discharge recorded in fig. 2, FL*, the product of the vertical electric force 
and the cube of the distance of the discharge, has been calculated. This product, 
when the quantities are expressed in electrostatic C.G.S. units, may be taken as giving 
a lower limit for the electric moment 2'Lqh — 2QH, or 2Q (Hj— H,), becoming equal 
to it when L is large compared with H. 

The mean value of FL® for the 78 positive flashes for which L could be determined 
in the 1917 records is 7*3 x 10* in volts per metre x kilometres®; for the 46 negative 
flashes the mean value obtained is identical with that found for the positive. We 
may take this value (the equivalent of 2*4 x 10“ E.S.U. x centimetres, or about 
80 coulomb-km.) as a minimum estimate of the average electric moment of the 
lightning discharges. 

The observations of 1917 give values of FL* ranging between l/20 and 5 times the 
mean ; but in more than half the discharges for which the necessary data are 
available FL® lies between one half and twice this mean value. Some of the eye 
observations made previously to 1917 lead to higher values, reaching in one case ten 
times the above mean. 

In Table I. are given the mean values of FL* for positive and for negative 
discharges at distances (l) below 5 km., (2) between 5 and 10 km., and (3) exceeding 
10 km. The number of observations used in getting the means is in each case 
inserted in brackets. FL® is given in volts per metre x kilometres® x 10*. 

Table I. 



Below 6 km. 

5-10 km. 

Above 10 km. 


Positive. 

Negative. 

Positive. 

Negative. 

Positive. 

Negative. 

1917 only . . 
lOUT 

4-6 (17) 

3-7 (8) 

6*0(32) 

8*2 (29) 

11*8(29) 

9*6 (8) 

1916 > . . . 

1917 J 

.1-7 (87) 

3-7 (8) 

7*4(48) 

7*8(33) 

14*6 (38) 

18*6 (16) 


The mean values of FL* are not appreciably different for positive and negative 
discharges. 

For discharges at distances between 10 and 15 km., the mean value of FL® for the 
24 positive discharges of 1917 is 10*8 x 10*; if th^ 5 discharges of previous years 
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are included the mean is 11*8 x 10‘ volts per metre x kilometres’. Bata for negative 
discharges between 10 and 15 km. are almost lacking. 

These numbers leave little room for doubt as to the order of magnitude of the 
average electric moments of the discharges. Distances below 5 km. are too small in 
comparison with the probable lengths of the discharges for FL® to serve as a measure 
of the electric moment. We may assume that the value of FL® for a discharge at a 
distance of 10 km. or more approximates to its electric moment. The mean value of 
the electric moment for both positive and negative discharges may be taken as not 
differing much from 10* in volts per metre x kilometres® = 3x10“ KS.U. x centimetres 
or about 100 coulomb- km. 

Higher values for the mean electric moment are obtained, as is evident from Table I., 
if the data from discharges at greater distances than 15 km. are used. The records 
of discharges at great distances may possibly give disproportionately large values for 
the mean electric moment for two reasons: (l) because at these distances discharges 
of small electric moment are unrecorded on account of the small magnitude of the 
charges of potential gradient produced by them ; and (2) because it is only at great 
distances that discharges, which do not reach the earth and which may be of great 
vertical length and have large electric moments, produce effects proportional to their 
moments. The sign of the effect of such discharges is in fact reversed at small 
distances, and the magnitude of the sudden change of potential gradient produced 
becomes more nearly proportional to the height of the lower end of the discharge 
than to its vertical length (fig. 3). 

Some additions to the data of Table I. were furnished by the storm of June 17, 
1917, in which the distance and frequency of the flashes were too great to admit of 
the distances of the individual discharges being estimated. There was in this case 
(see p. 80) independent evidence as to the approximate distance of the storm when 
the trace containing records of 95 positive and 40 negative discharges within 10 
minutes was obtained. Assuming the distance of the discharges to have been 17 km. 
we obtain for the mean value of FL®, in volts per metre x kilometres®, 5*8 x 10® for the 
95 positive discharges and 3*9x10® for the 40 negative, corresponding to electric 
moments 2QH of 1*9x10“ E.S.U. x centimetres = 63 coulomb-km. and 1*3x10“ 
E.S.U. X centimetres = 43 coulomb-km. respectively. The discharges were observed to 
be approximately vertical and to pass between the base of the cloud and the earth. 

VII. Quantity of Electricity Discharged in an Average Lightning Flash. 

When the electric moment of a discharge is known, the order of magnitude of the 
quantity of electricity which passes in the discharge may be roughly estimated. We 
may assume that the average vertical length of any ordinary discharge is likely to be 
between 1 and 5 km. Thus if the average electric moment 2QH is 100 coulomb-km., 
we may estimate the average quantity discharged in a flash as being between 10 
and 50 coulombs. 

o 2 
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We get some further information about the discharges by considering the way in 
which F varies with L (fig. 2). The charge which feeds a lightning flash is evidently 
not generally derived from a widely extended horizontal sheet, as is shown by the 
rapid falling off in F at comparatively short distances from the discharge. 

The curve shown in fig. 2 represents the relation which would hold between F 
and L in the case of the discharge of 20 coulombs to earth from a point at a height of 
2 km. ; the charge may be considered to have been distributed symmetrically within 
a sphere around this point. The curve represents the mean of the observations fairly 
well, except in the case of discharges at great distances. 

The average magnitude of the sudden change of field produced by lightning 
discharges at any distance may be roughly calculated by assuming that the average 
lightning flash consists of a discharge of 20 coulombs to earth from a height of 2 km. 

The average change produced in the potential gradient by a discharge at a distance 
of 10 km. is, it will l)e noticed, of the order of 1000 volts per metre, and for 
moderate distances Ijeyond this it probably falls oft' approximately according to the 
inverse cube law. (It should perhaps be pointed out that the change of field referred 
to here is merely the difl'erence between the initial and final values, before and after 
the passage of a single discharge. At distant points the amplitude of the short 
period oscillations will greatly exceed the difference between the initial and final 
magnitudes of the field. Such oscillations — the ordinary “ atmospherics ” or 
“ strays ” — are of too short period to be recorded by the methods of this research). 

Discharges may be expected to occur (l) l)etween the ground and the lower part of 
a thunder-cloud ; (2) between the upper and lower parts of the cloud ; (3) between 
the upper part of the cloud and the ground ; and (4) upwards from the top of the 
cloud. Great differences in the vertical lengths and in the electric moments of 
discharges are therefore to be expected, and the manner in which F varies with L in 
the different storms furnishes some evidence of such differences. When, as in the 
records of June 12, 1917, FL® varies little with the distance and is besides relatively 
small, one is tempted to conclude that the vertical length of the discharges was small, 
that, for example, they passed btjtween the ground and the base of the cloud. When 
on the other hand, as on August 15, 1915, or August 15, 1917, FL® continues to 
increase with increasing distance and reaches very high values, great vertical lengths 
would appear to be indicated for the discharges. Possibly the discharges of greatest 
vertical length may be those between the top of a thunder-cloud and higher levels of 
the atmosphere. 

It is unfortunate that no records were obtained of the effects of discharges from 
clouds immediately overhead ; such observations of the maximum values of F would 
have given useful evidence bearing on the height from which the discharges came. 
A discharge of 20 coulombs from a height of 2 km. would cause at the ground a 
maximum change of potential gradient of nearly 100,000 volts per metre. 

Comparatively few determinations appear to have been made of the dimensions of 
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lightning flashes. A few are quoted by Hann,* the length of vertical flashes to 
earth generally ranging from 1 to 3 km. It is only rarely, in the photography of 
lightning, that the distance of the flash has been recorded, so that its length may be 
deduced. Fig. 4 is a reproduction of a photograph taken with this object in view 



V 


Fig. I. 

and for which the necessary data are available ; it is, moreover, of interest in other 
ways. It was taken on May 22, 1918, at about 22h. 45m., the camera pointing 
north. Tlie interval between the lightning flash and the moment when the thunder 
began to be heard was 35 seconds, corresponding to a distance of 117 km. Two 
flashes are shown in the photograph, both passing Iwitween the cloud and the earth ; 
they must have been nearly simultaneous, since the camera lens was covered as soon 
as a flash was ob.served. One discharge hiis initially passed upwards from the cloud 
and reached the ground by a curved path at a horizontal distance of nearly 4 km. 
from its starting point. The other has taken a nearly vertical course to the ground, 
its image is somewhat faint and ill-defined in the photograph : the discharge was 
probably within a heavy rain shower, a considerable thickness of which had to be 
traversed by the light on its way to the aimera. The starting points of the two 
discharges in the cloud are comparatively close together, suggesting (as indeed does 


* Hann, ‘ Lehrbuch der Meteorologie,’ p. 632, lUOl. 
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the picture as a whole) that a charge of electricity had been concentrated in a 
comparatively small volume in the head of the cloud, and that the discharges took 
place approximately along lines of force. 

The mean height of the upper ends of the’ two discharges — ^the height of the 
centre of the charged cloud-head according to this view — must have been just under 
2* km., if its horizontal distance from the camera is taken as 117 km. The distance 
and height may in fact have been somewhat greater, since the track of the long Rash 
may at some point of its course have been nearer the camera than the vertical flash, 
and the distance deduced from the interval between the lightning and thunder is 
that of the nearest point of the discharge. 

VIII. Electric Fidd of a Thunder-cloud. 

It is much more difficult to obtain direct information about the electric field of a 
thunder-cloud than about the sudden changes produced in the field by lightning 
discharges. The observed field may be the resultant of the fields of several thunder- 
clouds superimposed upon the normal electric field ; while a single instantaneous 
change in the field will in general be due to the passage of one lightning flash, of 
which the approximate distance may frequently be determined. Nothing approach- 
ing a direct survey of the electric field of a thunder-cloud has yet been attempted : 
some general conclusions may be reached by a study of the photographic records of 
the potential gradient in thunderstorms. 

It might perhaps naturally have been thought that the actual field due to a 
distant thunder-cloud would greatly exceed in magnitude the sudden changes due to 
the lightning discharges from it, each flash removing from the cloud only a small 
part of its whole charge. This is disproved by the observations ; only when there 
has been, in addition to the more distant thunder-cloud, a heavy shower-cloud over- 
head or in the immediate neighbourhood of the place of observation, has the actual 
potential gradient greatly exceeded the instantaneous changes ; the main part of the 
observed field has in all such cases obviously been due to the nearer cloud and not to 
the comparatively distant thunder-cloud which was in action at the time. The 
potential gradient due to a distant thunder-cloud has apparently never greatly exceeded 
in magnitude the sudden changes produced in the field by the lightning discharges 
from the cloud. Very frequently each discharge has approximately destroyed or 
even reversed the previously existing potential gradient, the field has then been 
rapidly regenerated, to be again nearly neutralised or reversed by the next discharge. 
The magnitude of the vertical electric force at the ground due to a thunder-cloud at 
a given distance is thus probably of the same order as has been found for the 
change produced by the average lightning discharge at the same distance. 

Potential gradients exceeding 30,000 volts per metre (i.e., xim of the sparking 
value) have not been recorded : it is doubtful, however, if any of the records were 
obtained when the centre of a storm was nearly overhead. 
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There can be little doubt that it is by the agency of precipitation that the 
separation of positive and negative charges in a thunder-cloud and consequent 
production of an electric field is effected, the larger raindrops or hailstones carrying 
down a charge of one sign while the charge of opposite sign is attached to small 
drops or cloud particles carried up in the ascending air stream. It is not proposed to 
discuss here how the large and small particles may acquire charges of opposite sign : 
whether for example the thunder-cloud is essentially a frictional electrical machine 
(disruption of drops, which Simpson* regards as the important factor, being included 
under this head) or an influence machine as Elster and GEiTELt contend. 

It is obvious that any view that places the seat of electro-motive force of a thunder- 
storm within the thunder-cloud implies that the cloud is essentially bipolar, equal and 
opposite charges being in any given time transferred from within the cloud to its 
upper and lower portions. The actual charges residing at any moment in the positive 
and negative portions of the cloud will in general be quite unequal, since the 
conditions determining the rates of dissipation of the charges at the top and bottom 
of the cloud will be very different ; an important part of the loss of charge from the 
lower part of the cloud is obviously the charge carried down to the ground in rain- 
drops. The lower charge may indeed to a large extent reside on rain-drops falling 
from the cloud, and may thus extend all the way to the ground. Bain may not 
however reach the ground, or may lose a large part or the whole of its charge before 
reaching it by processes to be considered later. 

Consider a cloud in which there is an upward stream of charged cloud particles or 
small drops and a downward stream of oppositely charged large drops ; the total vertical 
electric current is the sum of the currents carried by the tipward and downward 
streams. If the density of electrification of the two streams were the same and 
uniform throughout the greater part of the vertical thickness of the cloud, then the 
whole of this portion of the cloud would be electrically neutral. Above a certain 
level however the small drops alone will remain, and again it is only the large drops 
which fall below the lower margin of the cloud ; equal and opposite charges will in 
this way be liberated in the upper and lower portions of the cloud. The assumption 
of uniform density of electrification in the two streams is of course an extreme and 
improbable one, and the concentration of the charges in the upper and lower parts 
of the cloud alone is not likely to be so complete as this supposition would imply ; 
it serves, however, to indicate the jxissibility of the positive and negative charges of 
a cloud being separated by a considerable vertical thickness of electrically neutral 
cloud. 

The factors which determine the rates of dissipation of the upper and lower 
charges and the magnitudes of the maximum charges are considered in a later 

* Simpson, loc. cit. 

t Elster and Geitel, ‘Wied. Ann.,’ 25, p. 116, 1886; ‘Physikal. Zeitschr.,’ 14, p. 1287, 1913; 
Gettel, ‘Physikal Zeitsoh.,’ 17, p. 466, 1916. 
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section. The electric field at the ground due to a cloud of this kind will be the 
resultant of the fields of the upper and lower charges. 

In the ordinary thunder-cloud or cumulo-nimbus cloud we are concerned with 
rapidly ascending air currents of comparatively small horizontal dimensions. The 
heads of such clouds generally reach to heights of several kilometres: according 
to WicoBNER* the top of a thunder-cloud may reach almost to the upper limit of 
the troposphere (about 10 km.). The average height of the bases is probably about 
1 km. 

If we suppose a cumulo-nimbus cloud to have charges Qj and Qi of opposite sign 
in its upper and lower portions, we may, for the purpose of calculating its electric 
field at a distance, treat these charges as if they were concentrated at definite “ poles ” 
at heights and H,. The effect of the charges induced on the surface of the 
ground is the same as if they were replaced by charges equal and opposite to 
Q, and Q, and at depths and Hi below the surface. The problem is then the same 
as that of finding the magnetic field due to two bar magnets of lengths 2Hi and 2Hj 
and moments 2QiH„ 2Q3H,, placed so that their centres coincide, the axes being 
vertical and their polarities opposed. 

The vertical electric force due to the cloud at a point on the ground at a distance 
L from the axis is 



Immediately below the cloud, where L = 0, the second term (representing the effect 
of the lower charge) will be the greater unless the ratio of to Q, exceeds Hj®/Hi^ 
and for distant points the first term (representing the vertical force d\ie to the upper 
charge) will bo the greater unless Q1/Q2 exceeds Hj/Hj. Thus the surface of the 
ground may generally be divided into two areas, an inner and outer, in which the 
electric field due to the cloud has opposite signs ; in the central area the effect of the 
lower pole of the cloud predominates and determines the sign of the potential gradient 
and of the charge on the ground, while in the outer area the effect of the upper pole 
of the cloud is the greater. 

The maximum Intensity of the resultant field anywhere near the centre of the 
inner area will generally greatly exceed the maximum reached in the outer area. The 
curve III., fig. 3, represents the resultant potential gradient produced at the ground 
by equal and opposite charges of 20 coulombs at heights of 1 and 2 km. The inner 
area has a radius of approximately 2 km., the maximum potential gradient at the 
centre amounts to 270,000 volts per metre, while the maximum reached by the 
potential gradient of opposite sign in the outer area is less than 10,000 volts per 
metre. Greater differences in heights of the two poles are probable in actual 

* Wegenbr, * Tbermodynamik der Atmosphare,’ p. 210. 
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thunderstorms, and the difference in the intensities of the electric fields in the 
inner and outer areas is likely to be even greater than in the example given. As 
represented in fig, 5 lines of force from the central area end on the lower charged 
portion of the cloud, those from the outer area on the upper charge, others again 
connect the upper and lower charges. 

Tlius far no account has been taken of the conducting layer in the higher levels of 
the atmosphere, to the existence of which the phenomena of terrestrial magnetism 
seem to point. 

The normal potential gradient at the surface of the ground in clear weather is of 
the order of 100 volts per metre, falling off with increasing height and becoming 
negligible above 10 km. ; thus the potential in the conducting layer over regions of 
fine weather is not likely to exceed a value of the order of 1,000,000 volts. If we 
assume, in accordance with modern theories of terrestrial magnetism,* that the 
conductivity of the upper atmosphere is high enough to prevent any large -potential 
differences within it, then even above a thunderstorm the potential in the conducting 
layer may not greatly exceed 1,000,000 volts. The potential in the head of a 
thunder-cloxid probably reaches values 1000 times as great. 

One important effect of the conductivity of the upper atmosphere is to cause a 
portion of the lines of force from the head of the thunder-cloud to end in the 
conducting layer. The effect will be more marked than that which would be 
produced by a solid conducting sheet since ions of opposite sign to the charge on the 
head of the cloud will be dragged down out of the conducting layer to form an 
expansion of it extending downwards towards the thunder-cloud. The charge on 
these ions (which constitutes the induced charge on this protxiberance from the 
conducting layer) will partially neutralise the electric field produced at the ground 
by the charge in the head of the cloud ; in other words lines of force from the liead 
of the cloud which would otherwise have ended on the ground are now diverted 
upwards into the conducting layer, t 

The considerations brought forward in this section suggest that the electric field 
of a cumulo-nimbus cloud may be regarded as due to charges, generally unequal, in 
the upper and lower parts of the cloud (falling rain being included as part of the 
cloud) and to the charges induced by these on the ground and on the conducting 
layer of the upper atmosphere. Thus the lines of forexs of the cloud may be 
divided into four classes, connecting (a) the ground and the lower charge of the 
cloud, (b) the lower charge and the upper charge, (c) the upper charge and the 


* Schuster, ‘ Phil Traus.,' A, vol 208, p. 163, 1907 ; S. Chaphak, ‘ Phil Trans.,’ A, vol 218, p. 1, 
1919. 

t In the absence of a previously existing conducting layer a thunderstorm would itself produce 
ionization in the upper atmosphere ; this is readily seen to follow from the values found for the electric 
moments of lightning flashes, 
von. COXXI. — A. 
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ground, (d) the upper charge of the cloud and the conducting layer of the 
atmosphere. 

If uniform stratiform conditions over a wide area be assumed, the conditions are 
simpler than in the case of the cumulo-nimbus cloud. The field at the ground below 
such a cloud, if the effects of the conducting layer be ignored, would be the difference 



between the fields due to the upper and lower charges, and its sign would be that of 
the field due to the larger charge. The effect of the conducting layer, as in the case 
of the cumulo-nimbus cloud, is to reduce the potential gradient produced at the 
ground by the upper charge of the cloud : firstly by the action of the opposing field 
of the charge induced on the conducting layer alK)ve the cloud, and secondly by the 
actual diminution of the cloud charge by the ionization current from the conducting 
layer. 

IX. Conditions Detei'mining Discharge. 

In order that a lightning discharge may iDegin, it is clear that the electric force 
must somewhere exceed the sparking limit, which amounts at the ordinary 
atmospheric pressure to about 100 electro-static units or 3,000,000 volts per metre ; it 
is not necessary that the electric force along the whole length of the path of discharge 
should previously have approached the sparking limit. As Labmob has pointed out,* 
if we suppose that an initial discharge occurs along a narrow line of length 
equal to the distance (possibly very small) over which the sparking value of the 
electric force was originally exceeded, and that this approximately equalises the 
potential along its path, there will be concentration of charge and Intense local fields 
at the ends of this line ; the discharge will thus be lengthened. The conditions are 
in fact momentarily much the same as if a conducting wire were placed along the 
path of this initial discharge. The maximum value of the electric force at the ends 
of the conducting track of the initial discharge will thus greatly exceed the critical 

* Sir Joseph Larmor and J. .S. B. L armor, ‘ Hoy. Soc. Proe.,’ A, vol. 90, p. 312, 1914. 
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value and will continue to do so as the track lengthens, so that the discharge may 
finally extend far beyond the boundary of the region in which the critical electric 
force was originally exceeded. Consider a stratiform cloud in which vertical separation 
of positive and negative electricity is taking place so that opposite charges are 
accumulating in the upper and lower portions of the cloud. Let us suppose that 
these charges remain approximately equal. There will be a vertical electric force 
within the cloud reaching a maximum in the central neutral zone of the cloud ; the 
vertical electric force at the ground will be small and the conditions for discharge 
will be first reached within the cloud. Discharge will occur when the maximum 
vertical electric force within the cloud reaches its critical value ; this amounts 
to about 30,000 volts per centimetre (= 100 electrostatic units) at a pressure of one 
atmosphere and is proportional to the pressure. 

It is perhaps doubtful whether the vertical potential gratiient within u cloud has 
necessarily to reach the .above value of 3,000,000 volts per metre, in order that a 
discharge may begin, since an electric force amounting to one-third of this would be 
sufficient to bring the maximum electric force at the surface of a susjiended drop, 
assumed spherical, to the alx)ve value. It must however be rememl)ere<l that the 
critical value of the electric force at a curved surface of a conductor increases rapidly 
with tho curvature and that only drops of the largest size will have any marked 
effect in tissisting discharge.* 

The discharge may extend considerably beyond the limits of the zone in which the 
vertical electric force originally reached tlie critical value. It is possible that it might 
extend even beyond the upper and lower boundaries of the cloud, for the ends of a 
linear vertical discharge would, as it lengthened, be continually penetrating into 
regions of a greater potential difference until they reached the limits of the charged 
portions of tho cloud, so that the density of electrification and maximum electric 
force at the ends of the conducting track, and the consequent tendency to further 
lengthening of tlie discharge, would lie increasing up to this point. 

The end of an initial discharge which has penetrated into a region where there is 
little electric force to guide it will tend to branch or to expand into a brush. The 
potential may thus finally be approximately equalised throughout a considerable 
volume at each end of the discharge, the effective electric capacity of the expanded 
ends of the discharge and the original difference between the potentials of the regions 
thus connected will determine the quantity of electricity discharged by the complete 
ffash. 

If the lower charge of the stratiform cloud reaches nearly or quite to the ground 

* The electric force at the surface of a comluctiiig sphere 6 mm. in diameter has to reach about 
260 E.S.U. (a value equal to nearly three times the sparking limit for a uniform field) in order that a 
spark may pass. (Schuster, ‘Phil. Mag.,' vol. 29, p. 182, 1890.) Drops of this size^which is little 
short of the maximum attained by rain drops — will only slightly assist discharge in an electric field in 
which they are suspended, and drops smaller than 3 • 6 mm. will not assist discharge at all. 

P 2 
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(as will generally be the case when rain is falling), or if its charge is considerably 
smaller than the upper charge, then the initial discharge is likely to extend downwards 
till it reaches the ground ; it will form theii a conducting path for the main 
discharge, which may be regarded as reducing approximately to zsero the whole 
discharge track and its ramifications. 

If the potential gradient at the ground reaches a value amounting to any 
considerable fraction of that in the cloud, if for example, the upper and lower charges 
of a stratiform cloud are very unequal, then the critical value of the electric force is 
likely to be first reached, and the initial discharge to begin, at the surface of a 
projecting earth-connected conductor. 

Let us next assume — and this perhaps represents more nearly the conditions which 
hold in an ordinary thunder-cUmd — that the vertical separation of the centres of the 
charges is as great as the horizontal dimensions of the charged portions of the cloud. 

Consider for example a charge to accumulate in the head of a cumulo-nimbus cloud 
until the conditions for the passage of a lightning discharge are reached. To get an 
idea of the order of magnitude of the quantities involved let us assume that the 
charge is distributed symmetrically about its centre within a sphere of radius R, the 
maximum electric force being at the boundary of the sphere. If the total charge of 
the sphere Is Q, the radial electric force exerted at its surface by the charge is Q/R^ 
and is there a maximum. A radial discharge will therefore begin at a point on the 
Iwundary of the sphere when F exceeds the critical value and will be continued inwards 
towards the centre and outwards approximately along a line of force. The charge of 
opposite sign in the lower part of the cloud will increase the electric force below and 
diminish it above the tipper charge ; the effect will however be small if the lower 
charge is small or if it is situated at a height small compared with that of the upper 
charge ; in the latter case the effect of the lower charge is largely neutralised by the 
force due to its image. On the other hand on account of the diminished pressure at 
the greater height a smaller electric force is required to start a discharge from the 
upper than from the under side of the upper charged portion of the cloud. 

Thus discharges may be expected to start not only downwards but also upwards 
and lateially from the charged h^ad of a thunder-cloud. The path of discharge is 
likely to follow approximately a line of force which may belong to any of the classes 
of Section VIII. Discharges such as that of fig. 4, or even discharges upwards into a 
cloudless sky, such as have sometimes been observed, are not unlikely occurrences. 

If an initial discharge from the charged head of a cloud reaches the ground, thus 
opening up a conducting path to earth, an approach to complete discharge is probable, 
so that the quantity of electricity which passes in the lightning flash may be taken 
as a measure of the charge which had accumulated in the head of the cloud. 

A discharge originating in the region surrounding the lower pole of a cumulo- 
nimbus cloud is more likely to begin in the lower rather than the upper boundary of 
the charged region ; since the electric force below will be increased, and that above 
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diminished by the action of the induced charge, i.e., virtually by the image of the 
lower charge. An extreme case is that in which the lower charge, carried largely by 
rain below the actual cloud, extends to the ground. Here the maximum value of the 
electric force would be at the surface of the ground ; and, if the charge be assumed to 
be distributed uniformly throughout a region of which the vertical and horizontal 
dimensions are approximately the same, the maximum vertical electric force would 
not differ much from 2Q/E*, where II is the height of the centre of the lower charge. 
In this case the field will be locally intensified at the surfaces of projecting parts of 
earth-connected conductors, and discharges (not nece.ssarily developing into lightning 
strokes) will occur from such points long before the electric force over flat ground 
reaches the sparking limit. 

X. Dimensions of the Regions Discharged hy Lightning Flashes. 

It has been shown that the quantity of electricity which passes in an average 
lightning discharge — if the thunderstorms investigated may be taken as typical — is 
of the order of 20 coulombs. In this and the following sections, X. to XVII., are 
considered some of the consequences which follow if the quantity discharged by a 
lightning flash is taken as 20 coulombs. 

Consider a th\iuder-cloud of the bipolar type and assume that a discharge takes 
place when the electric force at the boundary of either the upper or the lower charge 
reaches the sparking limit Fu. To get an Idea of the order of magnitude of the 
effects, let us assume that the charge is contained within a sphere of radius R, at a 
distance from the ground and from other charged masses, and that it is distributed 
symmetrically in such a way that the maximum radial electric force is at the boundary. 
A discharge will occur when = Fq. Thus, if Q = 20 coulombs = 6 x 10’“ E.S.U. 
and Fo = 30,000 volts per centimetre = 100 E.S.U. (its value at ground level) then 
R = 250 metres. If F,, = 50, its value at a pressure of half an atmosphere, 
K = 350 metres. If an equal and opposite charge (the other cloud-charge or the 
image of the first in the ground) were similarly distributed within a sphere of the 
same radius in contact with the first, we should have at the moment of discharge 
2Q/R* = Fo ; and the values found for R would be \/2 times as great as in the case 
considered, i.e.^ 350 and 500 metres respectively. 

A similar result is obtained if, instead of assuming the charge to have been 
distributed in a sphere, we suppose the vertical thickness of the charged portion of 
the cloud to have been small compared with its horizontal dimensions. Consider for 
example the case in which there are frequent flashes between the earth and the base 
of the cloud. We may picture the charged rain escaping from the base of the cloud 
as forming a charged layer which increases in thickness at a rate equal to the down- 
ward velocity of the drops. The vertical electric force at the upper and lower 
boundaries of the charged layer, due to its charge, will amount to ^irpd where p is the 
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charge per unit volume and d is the vertical thickness. On this will be superimposed 
the electric force due to the upper charge of the cloud and that due to the induced 
charge on the ground ; the first of these will increase the electric force at the upper 
surface and diminish that at the lower surface, while the second will increase the 
electric force at the lower and diminish that at the upper surface of the charged layer. 
If we assume the electric force below the lower charge to be greater than above it — 
as may easily be the case if the vertical thickness of the cloud (of cumulo-nimbus type) 
is great in comparison with the height of the lower charge — its magnitude will be 
between 2jpd and Airpd. A flash will occur when the vertical electric force reaches 
the sparking limit, t.e., about 100 in electrostatic measure. If we assume the boundary 
of the lower charge to be a circle of ratlins r, and the quantity discharged to be 
20 coulombs = 6x 10'* ES.U., r is between 350 metres and 500 metres, these being 
the limits obtained by putting F„ = ^irpd and Fo = iirpd respectively. 

It has thus far been assumed that the horizontal dimensions of the charged portions 
of the cloud are less thati the distance apart of their centres, and that the greater 
part of the whole upper or lower charge of the cloud is neutralised by each 
discharge. Let us now suppose that there has been a uniform stratiform distribution 
of charges over a wide area. Take as an example the cases in which the upper 
and lower charges of the cloud are equal, the other extreme case in which one 
of the charges is very small compared with the other is not essentially different — the 
charge on the ground taking the place of the second cloud-charge. There will be a 
discharge when 47r«r = F,„ <r being the total charge in a vertical column of unit area 
extending throughout the whole thickness of either charged portion of the cloud. If 
20 coulombs are discharged in a lightning flash, and the whole thickness of a limited 
area of the charged portion of the cloud is discharged by the flash, the area A, 
discharged is such that AFo/4Tr = 20x 3x 10®; if the area discharged be assumed 
circular, and Fu be taken as 100, the radius of the area discharged must be approxi- 
mately 500 metres. 

XI. Maximum PoteMial Attained befm’e tJie. Passage of a Lightning Flash. 

The potential at the surface of the sphere, considered in Section X., will immediately 
before discharge be approximately Q/R = F„R ; other terms being relatively small 
may be neglected in estimating the order of magnitude of the potential. The 
potential at the centre of the sphere will exceed that at the boundary, the excess 
lying between zero and FoR — these being the values m the limiting cases (l) in 
which the radial electric force within the sphere is zero, the charge being confined to 
the boundary, and (2) in which the radial electric force within the sphere reaches 
everywhere the sparking limit. (The case of uniform distribution of the charge 
within the sphere is intermediate, the excess being i^/R). The potential at the 
centre thus lies between Q/R = FqR = \/ QFo and twice this value, 
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If Q = 20 coulombs = 6 x 10“ E.S.U. and Fo = 50 E.S.U. the potential at the 
surface of the sphere before discharge must reach 17 x 10* E.S.U. = 5x10* volts. 

We may take 10" volts as giving the order of magnitude of the potential reached 
in a thunder-cloud before the passage of a discharge of 20 coulombs. 

The order of magnitude of the potential required to cause a discharge remains thq 
same even if the spherical distribution of the charge is departed from : the horizontal 
dimensions might, for example, considerably exceed the vertical so long as they did 
not much exceed the height of the charge above the ground. 

Suppose next that there is a stratiform distribution of charges over a wide area, so 
that the lines of force are vertical. The conditions of discharge have already been 
discussed in Section IX. 

If we assume that the mean vertical electric force along the whole length of the 
line of discharge initially approached the value (= about 3x 10® volts per metre) 
and that this length is 2 km., the potential diilerence between the levels connected 
by the discharge must have been about 6x10" volts. But, as was pointed out in 
Section IX., the discharge may extend much beyond the regions in which the vertical 
electric force had originally attained the sparking limit F„ ; the discharge might, for 
example, extend from the region of the upper charge of the cloud to the ground, 
although the electric field did not originally extend to the ground. The potential 
difference required to produce a vertical lightning flash 2 km. long from a cloud of 
this type may thus be considerably less than 6x10* volts, but it is not likely to be so 
small as 10" volts. 


XII. Mean Demity of the Charge in a Thunder-cloud immediately before Discharge. 

If we assume that a charge of 20 coulombs is concentrated within a sphere 
500 metres in radius, the cliarge per cubic metre is about 120 E.S.U. 

In the case of a stratiform distribution of charges we have immediately before 
discharge 4^ = F„ (Section X.). If uniform density p be assumed for the charge 
throughout a layer of thickness d, then pd = F(,/4x = about 8 E.S.U. If d be taken 
as equal to 1 km., p = 8x 10“® E.S.U. per cubic centimetre (=80 E.S.U. per cubic 
metre). (Concentration of the charge within a smaller thickness is probable, with a 
corresponding increase in the density of the charge. 

The mean density of the charges in thunder-clouds is thus likely to reach values of 
the order of 100 E.S.U. per cubic metre. 


XIII. Charge Associated with 1 c.c. of Water. 

If the amount of water in the charged portion of a thunder-cloud were no greater 
than in ordinary clouds (about 4 gm. per cubic metre), the average charge per gramme 
of water would be about 25 E.S.U. ; the force exerted on each gramme of water by 
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the electric field where it approaclji^ the sparking limit, 100 in E.S. measure, would 
amount to 2500 dynes, i.e., to more than twice its weight. As pointed out by 
Simpson,* 10 E.S.U. is the largest charge per cubic centimetre of water consistent 
with its falling in an opposing electric field of 100 E.S.U. (on one occasion rain actually 
was found by him to carry a charge exceeding 10 E.S.U. per cubic centimetre). 
In’ the same paper Simpson draws attention to the very considerable accumulation 
of water that must occur in thunder-clouds through lagging of the larger drops 
behind the uprushing air. Thus the charge per cubic centimetre of water does not 
necessarily reach the above high values : and indeed the electric force opposing the 
fall of the large drops associated witli the lower pole of the cloud cannot, as a rule, 
exceed their weight, since it is by the fall of these drops that the field is maintained. 
But there will be less concentration of water on the smaller drops associated with 
the upper charge, and densities exceeding 10 E.S.U. per cubic centimetre in the 
upper part of the cloud are not unlikely. 

The drops in the head of a thunder-cloud may thus in virtue of their mutual 
repulsion have radial velocities which near the boundary may be comparable with the 
terminal velocity which the drops would acquire if falling freely through the air. 
Drops of 10“® cm. in radius would have a maximum radial velocity of a few centi- 
metres per second: if the radius were as large -as 5xl0“‘\ the charge per cubic 
centimetre of water remaining the same, the radial velocity would l)e of the order of 
1 metre per second. The characteristic bulging form of the heads of a developing 
cumulo-nimbus cloud may possibly Imj partly due to mutual repulsion of the charged 
droplets. 

XIV. Dismplion of Drops by the Electric Field. 

It was shown by Loi-d RayleighI that a charged spherical drop must become 
unstable if Q* exceeds IGttw^T, where Q is the charge, a the radius of the drop and 
T the surface tension. If the charge per cubic centimetre of the water in the cloud 
is p and is equally distributed among the drops, so that Q = then the spherical 

form will be stable so long as p^a^ does not exceed DT/tt, i.e., about 225 in the case of 
water drops. The limit fixed in this way for the maximum charge per cubic centimetre 
of water, even for rain-drops as large as ^ cm. in radius (for which it amounts to 
more than 70 E.S.U.), is too high to be of importance in the thunder-cloud problem. 

Of much greater importance is the efiect, upon the stability of the drops, of the 
electric field in which they are suspended, or in other words of the induced charges on 
the two halves of each drop. 

If it is as a result of the electric force within or at the boundary of a cloud that 
a lightning flash occurs, then it becomes an interesting question whether under 
certain conditions disruption of tlie drops may not occur before the conditions for 

* Simpson, loc. at. 

t Kaylkiuh, ‘ Phil. Mag.,’ vol. 14, p. 184, 1882. 
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discharge are reached. Zklkny,* who has made a very interesting series of 
investigations on the stability of electrified liquid surfaces, found that in air at 
atmospheric pressure the potential required to cause a discharge from the surface of 
a drop of water at the end of a capillary tube exceeds, though only by a few per 
cent., that required to produce instability and disruption of the drops. He points 
out that it would follow from his experiments that a discharge of minute electrified 
drops, constituting an upward shower, would take place from the edges of the wet 
leaves of a tree in a thunderstorm, before the electric force at the surface of th6 
tree reached the spai’king limits. 

It seems not urdikely that under certain circumstances a similar process may occur 
in a cloud, droplets suffering disruption where the field approaches the sparking limit. 
Consider a developing cumulus head in whicli a charge is accumulating, and suppose 
that the radial electric force near the edge of the cloud-head reaches the value 
required to cause disruption of the drops before it reaches the sparking limit. The 
induced charges on the two halves of the drop will then be separated and will tend 
to travel in opposite directions along a line of force. 

The magnitude of tlie induc(id charge on each half of a spherical drop of radius a 
in a field F is 3xa^F/4x = 2 F«^ and when F approaches the sparking value this 
will generally greatly exceed any resultant charge of the drop. The charge per cubic 
centimetre of water for each half of the drop = — OFiySwa; if Fq = 100 

and a = 1 mm. the cliai'ge per cubic centimetre of water for each half of the drop is 
300 E.S.U. Thus if the original drop of 1 ram. in radius were divided into two 
oppositely charged halves, the force acting on each of the new drops would in a field 
of 100 E.S.U. amount to 30 times its weight. 

If the drop is drawn out by the action of the field into an ellipsoidal or cylindrical 
form before disruption, the induced charges will be considerably gi-eater. Separation 
of the charges by division of the drop will thus give rise to oppositely charged 
portions each having a charge much greater than that of the original drop. The two 
portions will tend to travel in opposite directions along the line of force with velocities 
greatly exceeding the original radial velocity of the drop from which they were 
derived. 

The outward moving products of disruption of the drops in the head of a cumulo- 
nimhus cloud may possibly constitute “ false cirrus.” These particles are more likely 
to freeze than those constituting the original head of the cloud; (l) because the 
stretching of the water drop into a filament itself causes cooling ; (2) the conversion 
of a water filament into an ice crystal is not accompanied by a large increase of surface, 
and one of the main obstacles in the way of the freezing of small drops is thus 
removed ; and (3) the charged particles are still further cooled thiough being driven 
by the action of the field into the colder and drier air outside the original cloud. 

Ice needles formed under the above conditions would not only be charged but also 
• ZEr.BNY, ‘ Proc. Cambridge Phil. Soc.,’ vol. 18, p. 71, 1914. 

VOL. CCXXI. — A. q 
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electrically polarised (the induced charges of the original conducting filament 
remaining when the filament freezes), and will thus tend to remain with their long 
axes parallel to the direction of the electric force. A study of the optical phenomena 
of “ false cirrus ” would be of interest in this connexion, as would also an experimental 
investigation of the effects of an electric field on super-cooled drops. 


XV. Pressure Within a Charged Portion of a Cloud. 

The pressure within a charged cloud — ^like that within a charged soap bubble — must 
be less than tlie pressure outside. If the whole charge be supposed to lie near the 
surface of a sphere the analogy with the soap bubble is complete, and this case may 
be considered in finding the order of magnitude of the effect. The reduction of 
pressure within the cloud by the charge is 2xo-“ = F^Sx where er is the charge per 
unit area of the surface of the sphere and F is the radial electric force immediately 
outside. Just before the passage of a discharge F = Fu = about 100 in electrostatic 
measure, so that F^Sx is about 400 dynes per square centimetre, i.e., about .jooo of an 
atmosphere. 

If we consider the charge to be distributed uniformly in a horizontal layer of 
thickness which is small compared with its horizontal dimensions, the diminution of 
pressure midway between the top and bottom of the charged layer, due to mutual 
repulsion of the charged drops, is again FoVS^r dynes per square centimetre. 


XVI. Thunder Resulting from Sudden Contraction due to Loss of Charge. 

Thunder is generally regarded as entirely due to the sudden expansion of the air 
along the track of a lightning flash. It is evident however that the sudden 
contraction of a large volume of air (the contraction corresponding to an increase of 
pressure of some tenths of a millimetre of mercury) must furnish a by no means 
negligible contribution to the thunder which follows the discharge. 


XVII. Energy Dissipated in Lightning Discharges. 

If we take the estimates arrived at above (V = 10® volts, Q = 20 coulombs) for 
the order of magnitude of the potential in the charged portions of a thunder-cloud 
immediately before the passage of a flash, and of the quantity discharged in the flash, 
we obtain for the order of magnitude of the energy dissipated in an average discharge, 
^QV = 10“ joules = 10” ergs. 

We may also arrive at an upper limit for the energy if we assume that the 
distribution of the charges is stratiform and that the vertical electric force is 
uniform and equal to F® throughout the height H through which the discharge 
extends. From the value found for the average electric moment, 2QH, since V must 
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now be equal to FoH, we have for the energy dissipated, ^QV = ^QFoH, about 
10“ joules. 

The rate at which electrical energy would be going to waste in a storm in which 
one such discharge occurred in every 10 seconds would amount to 10“ ergs per second 
or 1,000,000 kilowatts. It is of interest to compare this with the total power 
which would be available if it were possible to catch the rainfall of a thunder-shower 
before it fell and utilise the water power thus stored. The rate of rainfall in a severe 
thunderstorm may reach values approaching 10 cm. per hour. The water power 
available if it were possible to catch the rain at a height of 1 km. would amount to 
3x10“ ergs per sq. kilometre per second. Thus a rainfall of the alx)ve amount over 
an area of about 3 sq. km. if intercepted at a height of 1 km. would furnish sufficient 
power to produce the required electrical energy. The total power available for the 
production of lightning flashes may obviously greatly exceed the above estimate 
based on the rainfall. 


XVIIT. hite'i'pretatioii of Rec,overy" Curves. 

In a typical record of the changes of the vertical electric force due to a distant 
thunderstorm each vertical portion of the trace — representing the sudden change 
produced by a discharge — is followed by a characteristic “recovery” curve. This 
may be interpreted as follows : — The charge in the head or base of the thunder- 
cloud — or in both — is suddenly destroyed by the passage of a lightning flash. The 
field at once begins to be re-established at a rate represented by the initial steepness 
of the curve immediately after the discharge. But as the charge increases, its field 
tends to diminish the rate of increase of the charge in two ways; (l) by hindering 
the separation of oppositely charged rain-drops and cloud particles ; and (2) by 
producing an ioni;5ation current which tends to neutralise the charge and increases 
with the increasing intensity of the field. Unless the field previously reaches the 
sparking limit, a steady condition will finally be approached when the two opposing 
processes, which tend respectively to increase and diminish the field, balance one 
another. 

The initial rate of increase of the field immediately after the passage of a distant 
discharge is thus an important quantity. It is proportional to the rate at which a 
charge destroyed by the flash is regenerated by the action of the thunder-cloud, i.e., 
it is proportional to the vertical electric current which is carried through the thunder- 
cloud by the convection of charged masses. If the distances and height of the charge 
destroyed are known, the vertical electric current may at once be deduced from the 
initial rate of increase of the field. If this information is not available the ratio of 
the current to the quantity which passed in the previous discharge can always be 
obtained from the record. 

Q 2 
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The value of T = ¥ 


, where F is the instantaneous change recorded and dYjdt 


the initial rate of recovery immediately after the discharge, has been deduced from 
the recovery curves in the case of 34 discharges. We may regard T as the time 
which would have been required to re-charge the cloud to the sparking limit had 
there bpen no neutralising process due to the action of the electric field of the cloud. 
The values of T vaiy between 1*5 seconds and 30 seconds, the mean of 64 measure- 
ments giving 6*9 seconds ; in more than half the cases examined T lies between 4 and 
10 seconds. These times are generally only a small fraction of the actual intervals 
between the flashes : on June 17, however, in a record (Plate 3, fig. 5) showing more 
than 100 flashes in 10 minutes — so that the average interval between the flashes was 
less than 6 seconds — the average value of T exceeded half this interval. 

Some of the recovery curves, as, for example, that of June 12, shown in Plate 4, 
fig. 11, approximate very closely to the exponential form, so that the chai*ge wliich 
has been regenerated when a time t has elapsed after the discharge may be represented 
by Q = Such a curve suggests that the charge of the thunder-cloud is 

being regenerated at a constant rate, and that it is at the same time Ixsing dissipated 
at a rate which is at any moment proportional to the charge. It might also liowcver 
be interpreted as representing the regeneration of the charge by a constant E.M.F. 
in the cloud, the current through the cloud being proportional to the difierence 
between this E.M.F. and the opposing potential difference produced by the charges 
separated ; there would he no current when the charges reached a steady value. If 
dissipation of the accinnulated charges is taken into account the recovery curve still 
remains of the same tyjie ; if the dissipation is large, or, in other words, if the 
internal resistance of the thunder-cloud, regarded as a generator of constnnt E.M.F., 
is large compared with that of the external circuit, the current through the cloud is 
constant, and we have again the case first considered. 

The rate of regeneration of charge per second, in other words the vertical current 
through the cloud, immediately after a discharge varies between | and of the 
charge removed by the flash, the mean being about If w(; assume a discharge to 
convey a quantity of the order of 20 coulombs, the mean current through the cloud, 
immediately after a discharge, is of the order of 3 amperes. 

It is not at all impossible that this is also the order of magnitude of the vertical 
current through a thunder-cloud at other times than immediately after a lightning 
discharge, and even when an approximately steady condition of the field has been 
reached. Consider, for example, the charge in the head of a thunder-cloud which 
reaches to a great height. The conductivity of the atmosphere has been found by 
Gerdibn and by Wiegand* to increase rapidly with the height, the former having 
found at 6 km. a conductivity more than 20 times as great, and the latter at 
8865 metres a conductivity about 40 times as great as the normal conductivity near 


* WiEGAND, ‘Deutsch. Physik. Gcsollschaft/ February 29, 1914. 
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the ground. A charged body suspended in the atmosphere under the conditions 
found by Wieqand at 8865 metres would lose about of its charge per second. 
Thus a charge of 20 coulombs in the head of a thunder-cloud at this height should 
lose more than 1 coulomb per second : to keep the charge constant the vertical 
current through the cloud would have to exceed 1 ampere. The presence of such a 
large charge would, it is true, not leave the conductivity of the surrounding 
atmosphere unaltered : it would tend to increase it by dragging down ions from 
upper layers of still greater conductivity. 

XIX. Electrical Currents Maintained in the Atmosphere hy Thunder-clouds and 

Shower-clouds, 

Consider a cumulo-nimbus cloud of the type imagined in Section VITT. containing 
upper and lower charges — the latter being partly or, it may be, mainly carried by the 
rain below the cloud. Such a cloud may be regarded as an electric generator — 
whether essentially of the frictional type or of the influence machine type need not 
at present be disexissed — capable of m.aintaining a potential diflerence between its 
poles of the order of 1 0“ volts. 

As pointed out in Section VIII. the potentials in the conducting layer of the upper 
atmosphere is likely to be insignificant in comparison with that in the head of a 
thunder-cloud, and the potential difference between them may thus be of the order 
of 10" volts. 

There will be a flow of electricity alotig the lines of force belonging to the various 
groups enumerated in Section VTII. and indicated in fig. 5. 'fhe upper pole will 
continually be losing charge by currents flowing (l) to the lower pole; (2) to the 
earth’s surface (this portion of the current reaching the outer zone (Section VIII.) 
where the potential gradient is unlikely to reach high values) ; and (3) to the upper 
atmosphere. 

Unless the field in the shower-cloud approaches very near to the sparking limit, the 
conductivity within the cloud is likely to be small, since any ions liberated soon lose 
their mobility by becoming attached to cloud particles. The electrical resistance 
of the atmosphere between the iipper pole of the cloud and the conducting layer of 
the upper atmosphere will be much less than that between the upper pole and the 
earth’s surface ; for the free ions will be dragged out of the conducting layer, and 
their mobility throughout the greater part of their course will greatly exceed that 
of the ions in the lower layers of the atmosphere. A large part of the current from 
the upper pole must thus go to the upper atmosphere. 

Consider now the lower oppositely charged pole of the cloud. Part of the charge 
is continually being neutralised by the direct return current between the poles, but 
this, as has already been pointed out, is likely to be bmall. The greater part of the 
charge lost by the lower pole will reach the gi'ound. If no rain reaches the ground 
the loss of charge will be due to ions moving under the action of the electric field 
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of the cloud. If the normal rate of production of ions in the air below the cloud had 
alone to be taken into account, the current would be small ; but we have to add 
the ions supplied by evaporation of charged drops falling from the cloud and those 
(of opposite sign) due to point discharges from earth-connected conductors, such 
as the leaves of trees or even the tips of blades of grass, under the action of the 
intense electric field of the central area below the cloud. If the rain reaches the 
ground the former of these sources of ionization is absent, but there is a further 
source of ionization in the splashing of the rain on the ground. In addition to the 
ionization current we have also the convection current carried to the ground by 
charged rain-drops. The total current lietween the lower pole of the cloud and the 
ground now consists of the convection current carried by the falling charged drops 
and the conduction current carried mainly by the upward stream of ions set free by 
point discharges and splashing at the surfiice of the ground. The ratio of the 
convection current to the conduction current will be less near the ground than 
higher up, since the falling drops will lose more and more of their charge as they 
penetrate farther into the stream of upward moving oppositely charged ions ; these 
again as they are carried upwards by the electric field are continually diminished in 
number by union with the drops. The greater the supply of ions from the ground 
the smaller will be the charge retained by the drops ; if the current carried by the 
upward stream of ions is suflicient, the drops may lose the whole of their charge or 
even have it reversed before they reach the ground. The charge carried to the 
ground by rain-drops is thus by no means necessarily a true measure of the vertical 
current in a shower : nor does the sign of the charge carried by the drops when they 
reach the ground necessarily indicate the sign of the current between the ground and 
the base of the cloud. 

Thus a large part of the current from the upper pole of a cumulo-nirabxis cloud 
is likely to reach the conducting layers of the upper atmosphere, while that from 
the oppositely charged lower pole goes mainly to earth. A current is thus 
maintained from the earth through the cloud to the upper atmosphere or in the 
reverse direction according to the sign of the polarity of the cloud. 

Discharges between the ground and the lower pole of the cloud and between the 
upper pole and higher portions of the atmosphere contribute -to the total current 
between the ground and the upper atmosphere ; discharges between the two poles or 
between the upper pole and the ground diminish the electric field which maintains 
the vertical current without contributing anything to the current. 

XX. Differences Between tJie Electrical Effects of Shower-clouds of Positive and 

Negative Polarity. 

We may define the polarity of a shower-cloud as being positive when the upper 
charge is positive, negative when the upper charge is negative, the current through 
it being upward in the former case, downward in the latter. 
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It was first proved by Simpson,* * * § and has been confirmed by many observers, that 
rain on reaching the earth’s surface is much more often positively than negatively 
charged. This, as we have seen, does not necessarily imply that shower-clouds are 
always or even prevailingly of negative polarity. It is therefore of interest to 
consider some of the differences to be expected between the electrical effects of clouds 
of positive and of negative polarity. 

Recent experiments have shownt that the carrier of negative electricity in 
hydrogen, helium and nitrogen even at atmospheric pressure is the free electron, and 
that its mobility is some hundreds of times that of the carrier of positive electricity, 
the positive ion. In ordinary atmospheric air, as the pressure is reduced, the 
average mobility of the carriers of negative electricity increases relatively to that 
of the positive ions ; quite an appreciable proportion of the negative carriers, 
consisting, according to Wellisch,| of free electrons when the pressure is reduced to 
8 cm. of mercury, the proportion increasing rapidly as the pressure is further reduced. 

Thus, while the carriers of positive electricity dragged out of the conducting upper 
atmosphere by a cloud of negative polarity consist of ordinary ions, the negative 
carriers dragged down by a cloud of positive polarity are originally to a large extent 
free electrons, and a considerable proportion are likely to remain in this condition till 
quite moderate elevations are reachtid. The conductivity of the air between a shower- 
cloud and the upper atmosphere will thus he considerably greater if the cloud is 
of positive than if it is of negative polarity. 

Let us compare two shower-clouds which differ only in the sign of their polarity 
and consider the effect of the greater condxictivity of the atmosphere above the cloud of 
positive polarity. Let us suppose that the two clouds act as generators capable of main- 
taining equal potential differences between their poles. Let — Vibe the potentials 
of the upper and lower poles of the cloud of positive polarity, and — Vah +Vi^ the 
potentials of the upper and lower poles of the cloud of negative polarity, let Vj— V, = 
Vi‘— Va*. Then the cxirrent from the ground to the upper atmosphere maintaiiuid 
by the cloud of positive polarity will be greater than that from the upper atmosphere 
to the ground maintained by the cloud of negative polarity, since the total resistance 
of the circuit is less in the former case. 

The ratio Vj/Vj is less than VaVV/, the upper and lower potentials being proportional 
to the resistance of the portions of the circuit above the upper and below the lower 
pole respectively. § Thus Va' is greater than Va and Vj is greater than V,' ; in other 
words the potential (and charge) of both the upper and the lower pole is greater 
when negative than when positive. 

* Simpson, loc , cit . 

t Franck and Pohl, ‘ Verhandl. Deutsch. Physik. Gesellschaft,’ 9, p. 69. 1907. 

t Welusch, ‘ Phil. Mag.,’ vol. 34, p. 33, 1917. 

§ The potential of the conducting layers of the upper atmosphere is assumed to remain small in 
comparison with the E.M.F. of the thimder-cloud. 
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The potential gradient (negative) in the central area below the cloud of positive 
polarity will be greater than the positive potential gradient in the corresponding area 
below the cloud of negative polarity, the central positively charged area below the 
cloud of positive polarity being also larger than the negatively charged area below 
the cloud of negative polarity. Again, the positive potential gradient at the ground 
in the outer zone will ])e less (on account of the smaller charge on the upper pole) in 
the case of the cloud of positive polarity than the negative potential gradient in the 
corresponding region due to th<.i cloud of negative polarity. Thus in each area 
negative poUmtial gradients tend to Ix) greater than positive. 

The electric field in the central area below the lower pole Iwjing stronger in the case 
of the cloud of positive polarity, the current carried by the stream of positive ions 
from the ground will be increased, and therefore also the tendency to neutralisation 
or reversal of the negative charge on the falling rain-drops. 

If lightning discharges occur, tlujy are more likely to pass between the ground and 
either the upper or the lower pole if this is negative than if it is positive, since the 
charge of the pol«.i is greater when m^gative. Thus discharges carrying positive 
electi’icity from the earth to tlu? atmosphere will be more frequent than negative 
discharges. Discharges will tend to occur especially Ixjtween the ground and the 
upper, negative, poles of clouds of nifgative polarity and the lower, n(\gativo, poles of 
clouds of positive polarity. In the lattcir cas(5 the discliarges are an additional source 
of loss or reversal of the negative charge on falling rain-drops. 

Essentially similar results are rciuched if, instead of assuming the same potential 
difference to be maintaijied Ijetween the poles, whether the clouds are of positive or 
of negative polarity, we assunm that the same vaa’tical current is maintained in 
both cases. 


Thus, if we assume that shower-clouds may have polarity of either sign, the 
differences in the mobilities of tin; positive and ni^gative carriers of (dectricity in the 
higher portions of the atmos])here will account for the prepondtsrance in showers : 
(l) of negative potential gradients ; (2) of upward or positive lightning discharges ; 
and (3) of positively charged rain. It also aftbrds (4) a possible explanation of the 
normal positive potential gradient of fine-weather regions. 


XXT. The Normal Potential (iradient and Air-earth Ouri'ent of Fine Weather. 

A thunder-cloud or shower-cloud is the seat of an electromotive force which must 
cause a current to flow through the cloutl between the earth’s surface and the upper 
atmosphere. In the case of thunder-clouds the records of the changes produced in 
the electric field by the passage of lightning flashes give us means of forming some 
estimate of the magnitude of such currents, and it would appear from them that the 
current through a few sqiiare kilometres of the surface of the ground below a 
thunder-cloud may amount to some amperes. In shower-clouds in which the 
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potentials fall short of what axe required to produce lightning discharges, there is no 
reason to suppose that the vertical currents are of an altogether different order of 
magnitude. If any considerable proportion of shower-clouds are of positive polarity 
the upper atmosphere will receive an excess of positive electricity which may possibly 
be sufficient to maintain the positive potential of the conducting layers and to supply 
the normal downward current of the fine-weather regions. The total current which 
must be supplied for this purpose is, as Simpson''*' has pointed out, of the order of 
1000 amphres for the whole earth. 

It is not necessary to suppose that only isolated clouds of the cumulo-nimbus type 
contribute to the current between the ground and the upper atmosphere. If we 
consider a cloud from which heavy rain is falling and assume thatHhe conditions are 
uniform over a large area, the case is in fact somewhat simpler than that of the 
cumulo-nimbus cloud ; the general results are the same. 

We may suppose that a steady condition is reached in which the vertical electric 
field within the cloud (and thus the potential difference between its upper and lower 
surfaces) has a value which depends on the rate of rainfall and other factors ; it is 
assumed to be independent of the sign of the polarity. Even if this potential 
difference is only -jV or of that reached in thunder-clouds the effects may be 
important : the E.M.F. which tends to drive a current between the ground and the 
upper atmosphere is still from 10 to 100 times the normal potential of the upper 
atmosphere above fine- weather I'egions. 

The difference between the mobilities of the positive and negative carriers dragged 
out of the conducting upper atmosphere will again cause clouds of positive polarity 
to differ from those of negative polarity in (l) the gi’eater magnitude of the vertical 
current (positive for the cloud of positive polarity) ; (2) the smaller magnitude of the 
potential (positive) at the upper surface and greater magnitude of the potential 
(negative) at the lower surface of the cloud ; and thus (3) the greater intensity of the 
potential gradient (negative for the cloud of positive polarity) below the cloud, this 
again tending to cause a larger part of the vertical current below the cloud to be 
carried by ions liberated at the ground and thus to produce a more complete 
discharge of the (negatively-charged) rain. 

XXII. Influence of the Nature of the Earth's Surface below a Thunder-cloud 

or Shower-cloud. 

The dissipation of the lower charge of a thunder-cloud or other rain-cloud by the 
upward stream of ions liberated by point discharges or by splashing at the earth’s 
surface must depend largely on the nature of that surface, on whether for example it 
consists of desert, snowfield, grassland, forest, lake or sea ; and again the effect of the 
nature of the covering of the earth’s surface may depend on the sign of the electric 
field. 

* Simpson, ‘Nature,’ December 12, 1912. 
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< Point discharges wiU occur most freq^eatly and give rise to ibe^largest roilrrente 
over forests and lands covered with v^etation ; also on mountain .ishmmits and zidgeet 
owing to the increased intensity of the eleotric field through proximity to the -ohai^ged 
cloud. Ionization by splashing of rain on the ground and the r e stive numheri,df 
positive and negative ions liberated thereby is likely to he very omerent over^^e 
various surfaces. Of special interest is the question of the amount and nature 
of the ionization at the surface of the ocean under heavy rainfall. 

Over an area in which the surface ionization was large we should ex]^Ct 
increased vertical current, a diminution of the charge carried to the ground by rain, a 
diminution in the intensity of the electric field of the cloud, and in consequence a 
diminution in the tendency for lightning discharges to occur. 

The holding up of charged rain-drops by the electric field and the diminution of the 
field by the dissipation of cloud charges by forests and other sources of surface 
ionization are perhaps not negligible factors in the local distribution of rainfall. 
Mr. L. F. Kiohabdson,* describing some of the phenomena observed during the 
passage of a line squall in France, on September 6, 1917, remarks “the cloud was 
noticeably darker over the Forest of Argonne than over the grasslands of 
Champagne.” 


XXIII. Secondary Thunder-doxids. 

It has thus far been assumed that the source of E.M.F. is within the cloud in 
which the lightning discharges and other electrical effects are manifested. It is easy 
however to imagine conditions in which a cumulo-nimbus cloud, which acts as 
electric generator, may supply electrical energy to quiescent clouds and produce in 
them mtense electrical fields and even lightning discharges. 

Consider for example a horizontal stratiform cloud which intersects lines of force 
connecting the poles of a cumulo-nimbus cloud; the stratiform cloud might be a 
lateral extension of the shower-cloud. The electrical conductivity within the 
stratiform cloud will, through capture of the ions by cloud particles, be very small 
compared with that of the free air above or below the cloud. The current from the 
poles of the primary thunder-cloud will cause an accumulation of charges of opposite 
sign at the upper and lower surfaces of the stratiform cloud. This accumulation of 
charge will continue — unless the field within the cloud previously reaches the sparking 
limit — until a steady condition is reached, when the vertical field within the cloud is 
sufficient to maintain a current equal to that which enters its upper and lower 
surfaces. The potential difference finally existing between the upper and lowet 
sur&ces of the stratiform cloud might amount to a considerable fraction of that 
between the top and bottom of the shower-cloud, the ratio being that of the resistance 
of that portion of a tube of flow which lies within the cloud to the ree&tance 

* Bioharosqb, * Quart. Joum. Boy. Meteor. Soc.,’ 45, p. 112, 1919. 
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of the whb^ tube.* If the thickness of the stratiform cloud were small, intense 
field&vgfl^^t^ result within the cloud and discharges m^bt even occur ; each flash 
would discharge only a small area of the cloud, of dim^uons comparable with the 
thickness of Ihe doud. 

The dharacteristic striated and mammatiform appearances frequently observed on 
^e lower surfaces of stratiform clouds associated with thunderstorms may be due to 
intense electric fields produced as above suggested, the electrical attraction between 
the upper and lower charges giving rise to convection currents. 

If the ionization above and below a stratiform cloud in the field of a primary 
thunder-cloud is unequal, the cloud will acquire unequal upper and lower charges and 
thus carry a resultant charge. For example, a stratiform cloud above a cumulo- 
nimbus cloud will intercept the flow of ions from the upper atmosphere and become 
charged with electricity of opposite sign to that of the upper pole of the shower-cloud, 
a steady condition not being reached until a potential difference between the thunder- 
cloud and the upper atmosphere is concentrated almost entirely in the region below 
the stratiform cloud. Lightning discharges between the stratiform cloud and the 
head of the primary thunder-cloud below will be likely to occur. 

In the absence of any such cloud above the primary thunder-cloud, the. great 
diminution of the mobility of ions or electrons dragged out of the conducting layers 
as they penetrate into the denser regions of the atmosphere will have a very similar 
effect ; the concentration of charge will be greatest where the change of conductivity 
with the height is most rapid. We may in fact, as suggested in Section VIII., 
consider that the conditions are much the same as if a conducting protuberance were 
drawn out from the conducting layer towards the summit of the thunder-cloud. It 
does not seem unlikely that discharges may sometimes occur between this protuberance 
and the top of the thunder-cloud. In a previous paper some evidence was obtained 
suggesting the occurrence of discharges of very great vertical length ; possibly these 
may have been of the type we have been considering. 


* This action of a layer of cloud, in particular of a ground fog, in increasing the vertical electric field 
within it has long been recognised in the case of the potential gradient of fine weather. Elster and 
Oeitbl, ‘ Meteor. Zeitschr.,’ 17, p. 230, 1900; GElTar>, ‘Physikal. Zeitschr.,’ 17, p. 456, 1916. 
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IV. Researches on the Elastic Properties and the Plastic Extension of Metals. 

By W. E. Dalby, F.R.S., Professor of Engineering at the City and Guilds 
{Engineering) College of the Imperial College of Science a7id Technology. 

Originiil Paper received January 28, — Revised form March 24, 1920. 

§ 1. Pi'eliminary. 

On March 7, 1912, I descrilHjd an instrument which gives photographically a 
load-extension diagram of a metal test piece during the process of stretching it to 
fracture. 

On February 13, 1913, I described further experiments with the instrument.* A 
diagram was shown which was taken from a test piece broken in ten seconds. It is 
safe to say that up to that time no apparatus existed which would give a complete 
record of the load-extension relation during such a quick break. 

I have since that time arranged the apparatxis to i-ecord at even a quicker rate. 
Fig. I shows the record of a break done in seconds. The test piece measui-ed 



Fig. 1 (mild steel). 


one inch between the shmddei's. The line of the record is in dashes. These dashes fix 
the time scale of the diitgram. Centre to centre of a pair of dashes corresponds to 

* Additional results are given in ‘ Transactions of the Institute of Naval Architects,’ March 29, 1912, 
' Institute of Metals,’ May Lecture, 1917, vol XVIII., No. 2. 
yOL. GOXXl. — A 585, 8 


^Published September 29, 102U. 
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of a second. This time calibration is obtained by placing an interrupter in the lamp 
circuit. Keferring to the diagram it will be seen that the yield load was reached in 
about seconds. 

In my 1913 paper I included a diagram taken with an instrument which multiplied 
the extension of the gauge length 150 times so that the elastic part of the curve 
appeared on a scale which enabled its shape to be studied and which enabled the limit 
of proportionality to be identified when such a limit existed. 

In my method of taking these diagrams the test piece is stretched without pause in 
the loading and the spot of light follows without break of continuity every phase of 
the relation between load and extension. Sudden slips of the crystals are duly 
recorded. 

In the usual method the load is applied in steps, pausing at each step to observe 
the extension, so that the piece gets a rest under steady load during the time 
occupied in making the observation of extension. The load-extension curve is thus 
defined by a definite number of points only and peculiarities of form between these 
points are missed. 

I have from time to time continued these elastic researches, and the following paper 
records some of the results obtained with what I call the Optical Recorder of Load 
and Elastic Extension. 


§ 2. The Test Piece. 

In these researches the gauge length is defined by flanges turned on the test piece 
itself. The ends of the arms of the extensometer rest on these flanges. The 
dimensions of the standard form of test piece used in these researches are shown in 
fig. 2. A shorter gauge length was used for the more ductile metals, but all 
experiments on the iron and steels were done on a 5-inch gauge length. 



lO'— 

Pig. 2. 


I was lead to adopt this form by the many difficulties encountered when pointed 
screws have to be driven into the test piece to define the gauge length. 

These screws cannot be driven properly into hard material like the alloy steels 
which have to be tested nowadays, and in soft material like copper the primitive 
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centre dot in which the points rest, elongates as stretching proceeds and the points 
slip. 

The modulus of elasticity, E, found from flanged test pieces agrees with the values 
found from plain bars. The flanges therefore have negligible influence on the elastic 
extension of the gauge length. They restrict the plastic extension slightly. In mild 
steel the total extension is about 3 per cent, less when found from a flanged test piece 
than it would be if found from a plain bar. 

Dr. OotiBB has kindly examined the distribution of stress produced by a flange in a 
xylonite test piece made to the dimensions of fig. 2. When the xylonite test piece is 
stretched the colours show that there is no stress in the flange itself and there is a 
slight but symmetrical modification of the stress distribution at its root. This means 
that as stretching proceeds the flange is not distorted, and therefore the distance 
l)etween the flanges is a true measure of the extension of the primitive gauge length 
which they define. 

§ 3. The Elasticity of Materials cmd a Typical Load Elastic Extenswn Dictgram 

of Mild Sted. 

The elasticity of a material means in a general sense its power of returning to its 
primitive form after loading has been applied and removed. 

The recovery may be partial or complete. 

The power of complete recovery is lost when the stress produced by the loading has 
once passed beyond a certain limiting value peculiar to the material. 

Below this limiting stress the extension of a steel test piece is proportional to the 
load. 

Above this limiting stress the extension increases at a greater rate than the load. 

The limit is therefore called the limit op proportionality. 

The power of recovery may thus be distinguished into the power of complete 
recovery possessed and retained only so long as the stress in the steel has never once 
exceeded the limit of proportionality : and the power of partial recovery peculiar to 
the state into which the metal passes directly it has once been loaded beyond the 
limit of proportionality. 

Provided that the material has never been loaded beyond its limit of proportionality 
the material may be said to be in a state of perfect elasticity, because it possesses the 
power of complete recovery of form after removal of load ; alternatively it may be 
said to be in a state of proportional elasticity because its extension is found to be 
proportional to the load. 

The one term includes the other. If it is found to extend proportionally to the 
load its recovery is perfect after removal of load. 

No metal is, however, quite perfect in its recovery, but the term perfect used in 
the sense defined above is convenient and substantially expresses the experimental 
results. 

s 2 



120 


PROF. W. E. DALBT: RESEARCHES ON THE ELASTIC 


A diagram recording the elastic extension of mild steel is seen in fig. 8. 

This steel contains 0‘156 per cent, of carbon. The extension scale of the diagram is 
defined by the distance between the two vertical lines seen in the diagram. This 
distance represents an extension of 0‘01 inch. 

Proportionality lietween load and extension ceases at about 4*5 tons corresponding 
to a stress of .14*67 tons per sq. inch. Yield occurs at 6*7 tons which corresponds to 
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Fig. 3 (mild steel). 


21*85 tons per sq. inch. The load drops away from yield to about 5*5 tons giving a 
stress of 18 tons per sq. inch. These stress are reckoned on the original area of the 
cross-section of the test piece. 

The slope of the line from the origin to the limit of proportionality defines E, the 
modulus of elasticity. From the diagram its value is 13,300 tons per sq. inch. 

§ 4. Restoration of Perfect Elasticity after Cherstrain. 

The term “ overstrain ” means that a metal has been loaded beyond its limit of 
proportionality. 

If the load is removed after a test piece has been strained beyond the limit of 
proportionality and then the piece is immediately re-tested, the reconl shows a curved 
line. 

It has no range of proportionality and no modulus of elasticity which can be 
identified with E. 

The material still possesses elasticity because it shrinks as the load is removed, but 
the elasticity is imperfect in the sense that change of length is no longer proportional 
to change of load. 

But, if the metal is iron or mild steel, proportional elasticity is slowly recovered 
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with time ; and this change from unproportional to proportional elasticity or from 
imperfect to perfect elasticity is accelerated by boiling. 

In fact overstrained iron or mild steel is restored to its perfect or proportional 
elastic state with remarkable rapidity by mere boiling. This point has been 
established by Sir Alfred Ewing.* 

I have found, however, that overstrained high carbon steels and the alloy steels do 
not recover proportional elasticity either by resting or by boiling. 

The elastic line of a 3 per cent, nickel steel is seen in fig. 4. It is lettered A. 



The limit of proportionality is reached at 8 tons, 26 tons per sq. inch, and the yield at 
9 ‘25 tons, 30 tons per sq. inch. 

The piece was stretched 2 per cent, and then the diagram, line B, was taken. 
Proportional Elasticity has disappeared. 

Curve C is the record after a 6 per cent, stretch. 

Curve D is a repetition test after turning the bar to a slightly reduced diameter. 
The interval of time between C and D is 24 hours. No restoration of elasticity has 
taken place. It has been established by other experiments that a lapse of many 
months has no effect in restoring the proportional elasticity. 

The piece was then boiled for 1 hour, and curve E shows that elasticity has not 
been restored. 

finally, the piece was heated to 550° C. in a mufile furnace for about half an hour 
and was then allowed to cool down with the furnace. Line F, taken immediately 
after this treatment, shows perfect recovery of proportional elasticity and a slight 
raising of the limit and the yield point. 

I have confirmed these results by other experiments on nickel steel test pieces and 
on high carbon steel test pieces. 

* ‘ Phil. Trans. Roy. Soc.,’ 1899. 
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§ 5. Looping c^fier the Elastic Limit of Proportionality has heen Passed. 

The recorder is fitted with a microscope so that the process of stretching can be 
watched as the experiment proceeds, and the loading, which is produced by hydraulic 
pressure, stopped at any moment. This arrangement enables interesting records to 
be taken, because after the test piece has been stretched an assigned amount, the load 
can be let off and then immediately re-applied, so that stretching continues through 
a second interval and so on. 

Such a record is seen in fig. 5. The material is nickel steel. It will be seen that 



25V n»«h.v I9IS. 
Fig. 5 (nickel steel). 


the removal and the re-application of the load compels the spot of light to trace a 
loop. The area of the loop represents the internal work done during the process. 

Following the path of the spot it starts from the origin 0 and describes the elastic 
line OA, passes the limit of proportionality at A, and then curves away to the yield 
point B, and on to C. At C the loading is stopped, the hydraulic pressure is relieved 
by opening the exhaust valve, and the spot travels down the curved path CD as the 
load falls to zero. The exhaust valve is then closed and the pressure valve is opened 
and the process is repeated through the path EF and so on. 

When the steel test piece has been stretched beyond its limit of proportionality, 
for example to C, fig. 5, the total extension is made up of two parts, namely : — 

(1) the proportional elastic extension up to the limit of elasticity, for example up 

to A, fig. 5 ; 

(2) the plastic extension after the limit has been passed. 
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When the load is removed the steel shrinks unproportionally, for example from C 
to D, by an amount approximately equal to its previous proportional elastic extension 
and then stops at a dimension greater than its primitive dimension by an amount 
approximately equal to its plastic extension. 

The increase of size measured after the removal of the load is called the Permanent 
Set. OD is the permanent set produced by the first stretching of the test piece to C. 
From the diagram the permanent set measures 0‘0052 inch and the unproportional 
elastic recovery measures 0*011 inch. 

When the load is re-applied the spot of light moves from D to E along a curved 
path. The extension is no longer proportional to the load. The metal is in a 
different elastic state. Stretching beyond the limit of proportionality has robbed 
the metal of its power of proportional extension and of perfect recovery after removal 
of load. It may be said to lie in a state of imperfect elasticity, or alternatively it 
may be described as in a state of unproportional elasticity. 

The imperfect state is disclosed by the loop formed by the removal and re- 
application of the load. 

The diagram shows four loops. Each loop is slightly larger than the loop 
preceding it. 

The four loops shown were all recorded on a half plate inserted in the camera. 
A succession of plates was taken and the last plate is shown in fig. 6. 



This last plate shows that unproportional elastic shrinkage occurs right up to the 
load at which local contraction begins. The last loop is just seen on the plate. 

The last line seen curving up from the origin Q is the typical curve of overstrained 
material. The primitive gauge length of 5 inches had been stretched to 5*67 inches 
before the last plate, fig. 6, was taken. 
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The permanent set QZ measured from the new origin Q is 0 01 27 inch. The total 
permanent set is thus 0’67 + 0’0127 inch = 0’6827 inch. The unproportional elastic 
recovery is ZY = 0‘0244 inch. 


§ (5. Loi>ping a General Property of Metals. 

Records of looped diagrams are shown in the following figures. The load scale is 
varied to bring out the shape of the loops. 

The extension scale is substantially, 1^ inches measured horizontally on the diagram 
I'epresents i^ch extension of the gauge length. The diagrams are reproduced as 
taken, the object being to compare the elastic line and the loop formations. 
Staffordshire Iron. — Fig. 7. The limit of proportionality is reached at 3*5 tons ; 



Fig. 7 (iron). 

11 ‘4 tons per sq. inch. The yield is reached at 5*1 tons; 16 tons per sq. inch. The 
load then drops to about 4*7 tons. The loop area is not large, hut the area increases 
progress! vely. 

Steel . — 'Carlwn 0*8 per cent., fig. 8. The limit of proportionality is reached at 
about 8 tons; the yield at 8*85 tons. There is a slight drop at the yield load. The 
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area of the first loop is many times larger than the area of the first loop of the 
previous record, and this area increases rapidly in the succession of loops. 





Fig. 8 (0‘S catbun steel). 

AVkfcZ.- -( Jarlxm 0'8 per cent., fig. 9. Tliis diagram is introduced Injcause.it is taken 
from a test piece cut from a bar delivered from the works as steel of the same kind 
and quality as that from which the previous diagram was taken. 
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The limit of proportionality occurs now at about 3 tons and there is no definite 
yield point. The loop areas and their rates of increase are alK)nt equal in the two 
plates. 

The explanation of the dill'erence in quality sliowu by comparing thf two diagrams 
may be found m the fact that the test piece of fig. 8 was cut from a bar delivered 
before the war. Tlic test piece of fig. 9 was cut iVom a bar delivered towards 
the end of the war. There luis clearly Ijeen some change in the mamdacturing 
process. 



Fig. 10 (nickel chrome steel). 


Iwir 1 inch diameter is 54 ton.s per sq. inch, with an extension of 14 per cent, on 
8 inches and 55 per cent, reduction of area. The limit of proportionality is at a load 
of 10 tons on the standard test piece 0'625 inch diameter, corresponding to 32 '5 tons 
per sq. inch. Yield sets in at 11 tons, that is, 36 tons pei' sq. inch. 

The first loop of tlu^ diagram is small, but the area increiises rapidly, as will be 
seen from the three loops visible in the record. 

Nickel Steel . — Carbon 0’33 per cent., Ni 3‘52 percent. — Fig. II. The ultimate 
strength of this material is about 48 tons per sq. inch, with an elongation of 20 per 
cent, on 5 inches and a reduction of area of 47 per cent. Ijimit of proportionality 
occurs at about 30 tons per sq. inch and yield at 32 tons per sq. inch. TIk? limit of 
proportionality here approaches quite near to the yield point. 
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Fig. 1 1 (nickel steel). 

Xiuv. - h'\g. 12. DiaiiK'ter of test piece 0 8 inch. Gauge length 5 inches. The 
test piece was turned from a zinc rod. Tliere is no proportional elastic line. , (-urvature 
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l)egins at the origin, so that the extension is increasing at a greater rate than the load 
from the commencement of loading. There is no definite yield point. 

The most interesting result to notice is that the test piece goes on 
shrinking in length after the load has been removed. It is shrinking under the 
action of its own internal molecular forces because it is entirely free from external 
load. 


The shrinking at no load is indicated by the flat lx)ttom of the loop. A dwell of 
minutes was made in the experiment after the removal of the load and before the 
re-application of the load. All the perceptible shrinking at int load takes place 
within this time interval. 

At the third loop after the loail was removed the light was shut off and flashed on 
at intervals of seconds to get some idea of the rate of shrinking. 

Tin. — Fig. 1.’!. Diameter of test piece 0'8 inch. Gauge length .0 inches. This 



Fig. 13 (tin). 

lest piece was turned from a bar of tin. It exhibits properties similar to zine 
on a smaller scale. There is shrinking continuing for alxiut I minute after the 
load has been removed, and there is the same absence of a proportional elastic 
line. 

1 ^, Copper. — Pure and free from arsenic. Fig. 14. Diameter of test piece 0*8 inch. 
Gauge length 5 inches. I'here is no marked limit of proportionality and no yield 
point in this material. The noteworthy feature of the record is the small rate of 
increase of loop area. This small rate of increase of loop area is a common 
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characteristic of all the copper samples which I have tested. It may be that this 
rate of increase is identified with the quality of toughness. 



Fig. 14 (electrolytic copper). 

Copper. — Fig. 15. 99 ‘4 per cent, copper. Arsenic present, and by difference 

estimatetl at 0'4 per cent. Diameter of test piece 0’8 inch. Gauge length 5 inches. 



Fig. 15 (arsenical copjwr). 
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The effect of the arsenic is remarkable. It gives to the copper an elastic line with a 
distingnishahle limit of proportionality of 1‘4 tons ; 2*8 tons per sq. inch. 

Then^ is no definite yield point. The loops are small and the rate of incr ega^ of 
loop area is small. 

The elastic line from the origin to 1*1 tons i.s thicker than the continuation of the 
line. This thickening is brought about by a removal and a re-application of the load, 
'fhe s])ot of light ti‘avolle<l three time.s up and down tliis piece of the diagram, 
indicating that the elastic line, within the limits of this load, is permanent. 

Brass. — Kig. IC. (Jomposition 60 per cent, copper, 40 per cent, zinc, with traces 



Fig. 16 (I trass). 


of tin and other impurities. The ultimate strength of the material Is 32*6 tons per 
8 ( 1 . inch. There is :i marked limit of proi)ortionality at 21 Lons; 7‘33 Ions i)er 
sq. inch. Yield follows gradually, There is no contraction after the load luis been 
removed, although the material coptains so much zinc. 

Phosphor Bronze. — Fig. 17. The curve in this diagram shows a limit of 
proportionality at about 2 tons ; G‘5 tons per .sq. inch ; but it is difficult to l(X“ate 
the exact spot at which the line l)egin8 to curve away from the primitive straight 
element. 

Aluminium Alloy. — Fig. 18. Diameter of test piece 0*625 inch. Gauge length 
5 inches. This diagram is remarkable in that the removal and the re-application of 
the load in the plastic state shows no looping and therefore no hysteresis loss which 
can be calculated from the loop area. It appears as though the metal continually 
anneals itself at ordinary temperatures as plastic stretching proceeds. The material 
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appears to lje elastic up to a load of tons. The thick line indicates the remova 
and the re-application of load before the metal begins to yield plastically. 



V 


Fig. 18 (aluminium alloy). 
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§ 7. Loop Arm and Permanent Set, 

The loop area inoreases in sisse as the stretching proceeds and the rate of increase 
differs in different materials. 

The question now arises : does the increase in area follow a regular law ? The 
answer is given by the curves on Sheet 1 (folding diagram). 

The co-ordinates on Sheet 1 are loop area and permanent set. Curve 1 shows the 
results obtained fram a test piece of 0*8 inch carbon steel, f inch diameter, with a 
5 inch gauge length. The slope of this curve shows the rate of increase of loop area 
as stretching is continued. The curve ends when local contraction begins. Similar 
curves are given on Sheet 1 for nickel steel, mild steel, and for iron. 

The rate of increase depends upon the time interval between the drawing of the 
loops and upon the kind of material. In irons and mild steels the influence of time 
is profound. In the alloy steels tested and in high carbon steels the influence of 
time is small. 

When the stretching of iron or mild steel is resumed after a rest, the loop area, at 
first small, increases rapidly towards the area the loops woiild have had if stretching 
and looping had been continued without resting. Anticipating the detailed 
description of the curves on Sheet 1, this point may be illustrated by curve 3, same 
sheet. Plates Ai, B„ C„ Di, Ei, and F, were taken consecutively, there being no 
more time interval between the plates than the few seconds required to change the 
plates. After the mild steel test piece had been stretched to 0’2 inch it was taken 
out of the machine and laid aside for 15 days. Plate Gi, the first plate taken after 
the rest, and plates H„ I], J, furnish loops of rapidly increasing area until the 
area is reached on plate K], corresponding to continuous stretching without rest 
intervals. 

§ 8. Loop Area and Permatwnt Set Curve. Curve 1 Sheet 1 (0‘8 per cent. 

Carbon Steel). 

The detailed consideration of this curve will show how all the curves of the 
diagram on Sheet 1 have been derived. The capital letters along the top of the 
procession of loops seen in fig. 19 refer to the sequence of negatives recording the 
loops taken from a standard test piece of 0*8 inch carbon steel. 

Plate A gives the record of the first application of the load to the test piece and 
its immediate removal and re-application four times. The plate therefore shows the 
elastic line and the first four loops. A scale is placed under the loops so that the 
permanent set of the primitive 5 -inch gauge length can be read at any point in the 
procession of loops. For examjfle, the permanent set at the end of the looping 
operations recorded on the sequence of plates A, B, C, D, is the distance 
0k = 0*187 inch. 



LOOP AREA w. Sq. Ins. 



Loop Area plotted against Permanent Set 


To Jure j). 132. 


Each small circle denotes a loop, and the letter written against some of them identifies the first loop on the plate corresponding with the letter. The subscript I means the 1st loop. 
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The procession is formed by setting the plates in due sequence and placing the 
origin of the record on each plate at the point on the extension scale corresponding 
to the permanent set measured from the test piece itself. For example, direct 
measurement of the gauge length after taking plate D shows that the permanent set 
is 0‘137 inch. The origin of the record on plate E is then located at 0*137 inch on 
the scale. 

The procession of loops seen in fig. 19 is reprodticed on a small scale in order to 
present to the eye the complete record on a reasonably sized sheet. 

Selected loops from the procession are shown full size in figs. 20 to 23. The elastic 
line and the first and second loops are seen in fig. 20. The area of the first loop 
represents an energy loss of 0*42 ft. lbs., and of the second loop 1*15 ft. lbs. The 
corresponding permanent sets are 0*002 inch and 0*007 inch. 

The areas through the sequence of plates A, B, C, D, E, F increase gradually. 
The last loop of this sequence is seen in fig. 21 and it represents an energy loss 
of 7*42 ft. lbs. The time occupied in taking these six plates was 23 minutes. 

After taking plate F the experiment was stopped. Tlie test piece was removed 
from the machine and laid aside. After six days’ rest it was put back into the 
machine and looping continued. 

The first line after the rest and the first loop are seen in fig. 22. The first line 
shows no elastic recovery and the six days’ rest has had no perceptible influence on 
the loop area, which represents 7*78 ft. lbs. The area is what it would have been 
if there had been no interruption of the experiment for a period of rest. The 
sequence of plates G to V was taken in 1 hour 20 minutes. The record on the last 
plate is seen full size in fig. 23. Stretching was stopped because local contraction 
had set in. 

The areas of the loops in the sequence are plotted against permanent set in 
cuiwe 1, Sheet 1. Each small circle denotes a loop, and the letter written against 
some of them identifies the first loop on the plate corresponding with the letter. 

It will be noticed on Sheet 1 that the curves joining the loop areas on any one plate 
do not merge into one another to form a continuous curve. The time interval 
required to change the ^late and to resume loading seems to be occupied by the 
material in some inner process which tends to slightly reduce the area of the next 
loop taken. But whatever the inner process may be, it practically exhausts itself 
in a few moments and produces only slight eifect on the next loop area. No further 
change takes place after a rest of six days, and the inner process, whatever it is, has 
no influence in restoring the material to a state of perfect elasticity after the overstrain. 

A curve sketched through the group of loojjs on each plate is continuous and 
clearly shows that the area of the loops tends to a maximum. The maximum value 
in this experiment represents an energy loss of 11*48 ft. lbs. per loop. This loss 
corresponds to 7*51 ft. lbs. per loop per cubic inch of material in the primitive gauge 
length. 

VOL. ccxxi. — A. 
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Prooessidns of loops were similarly taken from a nickel steel test piece, from a 
mild steel test piece, and from an iron test piece. 

§ 9. Looping under Gonetctnt Load. 

The diagram in fig. 24 shows the effect of looping under constant load. 



~ Looping under Constant load Piq £4 

— 0-8 Carbon Steel — 

The test piece was placed in a Buckton testing machine and loaded gradually until 
yield began at 7 '86 tons, and then loading was stopped. The extension was allowed 
to proceed under this load for 4 minutes. Then the load was removed and re-applied 
and the spot of light traced out loop 1. 

Extension continued slowly under the load, still maintained at 7 '86 tons, and loops 
2, 3 and 4 were taken at intervals of 20, 30 and 60 minutes respectively. 

The next interval was 17 hours 20 minutes, during which time the gauge length 
extended rnVo i*ich approximately. Loop 5 was then taken. Comparing these 
loops it will be seen that there is no recovery of proportional elasticity although the 
piece was allowed to stretch under the yield load of 7 '8 6 tons for about 20 hours. 

This shows that if the yield load is kept on until the test piece has stopped 
extending, a process which may take a long time, at the end of the experiment the 
test piece will not have gained proportional elasticity. It is still in a state of 
imperfect, or unproportional elasticity. 


§ 10 . The Practical Utility of the Load Elastic Extension Looped Diagram. 

A diagram showing the elastic line and a few loops is of great practical utility in 
industrial applications. The data immediately measurable from the diagram are : — 

(l) the load at the limit of proportionality ; 
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(2) the yield load ; 

(3) the value of E : this is given by the slope of the elastic line ; 

(4) the work lost per loop ; 

(5) the rate of increase of the work lost per loop. 

The diagram from normal material satisfying known conditions of composition and 
manufacture may be used as a diagram of comparison. The form of the curve, the 
loop area and the rate of increase are sensitive to changes in the kind of material and 
to changes in the inner state of materials. 

The diagram is specially useful in showing the load at the limit of proportionality, 
for this load bears neither a constant relation to the yield point, when there is one, 
nor to the ultimate load. Consequently factors of safety reckoned against either the 
yield load or the ultimate load are ambiguous. 

This is specially important in gun design. The whole theory rests upon the elastic 
property of the material, and the theory ceases to apply after the limit of proportionality 
is passed. 

Considerable research in many directions is necessary before a full interpretation can 
be given to the looped diagrams, and for the present I will reserve further discussion. 

§11. Correlation of Diverse Tests hy tiie Load Extension Diagram. 

Load extension diagrams of the kind shown in this and former papers are likely to 
be useful to the engineer and metallurgist in the correlation of the many different 
tests now made to ascertain the quality of metals. 

For example, fig. 25 was taken from a test piece of material giving a low impact 
number. Its shape differs markedly from the shape of a normal diagram. It 
corresponds in fact with the shape of the curve found from overstrained material. 



Fig. 25 (overstrained mild steel). 
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The inference is that the material is in the overstrained conditiorj. That this inference 
is correct is shown by fig. 26. A test bar of the same material was annealed by heating 



Fig. 26 (normal mild steel). 


to 550° (J., and then cooling slowly within the furnace, and then it was found that it 
gave the diagram of fig. 26, which is the normal shape for the class of steel tested. 

I have tested many bars of steel rejected on shock test and giving low impact 
numbers, and I have always found that the shape of the load extension diagram 
discloses the abnormal state of the metal. Much work of a comparative kind must be 
done before the result can be widely generalized. The War Committee of the Royal 
Society did a considerable amount of work in this direction. 

The limiting fatigue stress may probably be found by inspection from a load elastic 
extension diagram. 

It is probable that the limitifig range of stress {?i fatigue has for its positive value 
the stress equal to the limit of pi’opoi'tionality. 

Referring to the diagram for iron, fig. 7, it will be seen that the limit of 
proportionality is at about 3^ tons, corresponding to H '45 tons per sq. inch. 

I prepared six test pieces of the material, and Dr. Stanton kindly applied his 
fatigue test to them at the National Physical Laboratory. He found, after applying 
alternating loads in the aggregate 24,000,000 times to the eight test pieces, that the 
approximate limiting range of stress in fatigue was between ±10^ and ±13 tons per 
sq. inch. The average is ±1175 tons per sq. inch. 
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The agreement between the limit of proportionality shown on the diagram, namely, 
11 ‘45 tons per sq. inch, and the fatigue limit found by quite a different test, is 
remarkably close. 

Again, if this result could be generalized, it could be asserted that every load 
elastic extension diagram shows the positive value of the fatigue limit. The long 
and tedious experiments with alternating loads would be unnecessary. Such a 
conclusion requires comparison to be made over a wide range of material. This, 
therefore, is a promising field of research. 

These brief notes of results and inferences show what a wide range of information 
lies before the engineer and metallurgist if he has before him a pair of diagrams, the 
one showing the complete load extension curve from zero to fracture, the other a load 
elastic extension looped diagram on a large extension scale. 

The matter incorporated in this paper has been selected from experiments extending 
over several years. I desire to express my acknowledgments and thanks to 
Prof. WiTOHELL for his help, and in particular for the assistance he gave me in 
reducing the looped diagram to the curves of Sheet 1. 

I qlso desire to acknowledge the assistance of Mr. Orr for the skill and care with 
which he has drawn the curves on Sheet 1 and figures 19-23 from the photographic 
plates. 
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The physical characteristics of transparent bodies capable of resisting stress have 
been the stibject of much investigation, and in pirticular the properties of various 
glasses* have been studietl with mucli thoroughness since these latter have an 
extensive use both for commercial and scientific purposes. 

In recent years many new forms of optical materials have found an industrial use, 
and especially nitro-cellulose compounds, which are valuable in cases where glass is 
not suitable. 

The mechanical and optical properties of such bodies have not, so far, been examined 
in very great detail, and the present paper describes some experimental evidence 
which has been obtained and which it is hoped to extend as opportunity occurs, since 
this has an important bearing on the study of stress problems arising in engineering 
practice. 

The principal matters which are examined in the present communication are the 
mechanical properties of nitro-cellulose under pure tensile and bending stresses and 
the laws of its optical behaviour under these kinds of stresa In the course of the 
experimental study a considerable number of specimens have Ijeen examined, all of 
which are the manufacture of the British Xylonite Company. 

The salient features of the material are its great flexibility and toughness, and the 
ease with which it can be drilled, turned or machined. By suitable adjustment of 
the condition of nitration of the body the hardness of the material can be varied 
through a considerable range, but owing to the difficulties created by the stress of 
war it has not been possible to make this investigation cover materials possessing a 
great range of hardness, and in fact all the specimens taken were originally selected 

* L. N. 6. Filon, “On the Variation with the Wave-length of the Double Refraction in Strained 
Glass,” ‘ Camb. Phil. Soc. Proc.,’ vol. XL, Part VI. ; vol. XII., Part I. ; and vol. XII., Part V. ; see also 
‘ Phil. Trans.,’ A, vol. 207, and ‘ Roy. Soc. Proc.,’ A, vols. 79 and 89. F. Pockels, “ Ubor die Aenderung 
des Optischen Verhaltens verschiedener Glaser durch elastische Deformation,” ‘ Annal. d. Physik,’ 1902, 
and F. D. Adams and E. G. Coker, “ The Cubical Compressibility of Rocks,” ‘ Trans. Carnegie Institute.’ 

VOL. OOXXI. A 586. X [Published October 18 , 1920 . 
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on account of their transparency and freedom from initial stress. The sheets from 
which the specimens are made differ greatly in age, one has been in stock for at least 
eight years, most of the others have been stored one or more years. 

In order to examine the stress-strain properties of this material it is unnecessary 
to use a very delicate extensometer as the value of the modulus for direct stress is 
comparatively small, and for the purposes of these experiments a very simple form is 
employed consisting of a pair of clips attached respectively to a scale and a pointer, 
which latter slides ewer the scale and is kept in contact with it by suitable attachments. 
In order to examine the optical properties of the material while under stress, both 
scale and pointer are perforated to give a window opening, and thereby permit a beam 
of polarised light to be transmitted through the specimen under examination. With 
this instrument and special magnifying devices it is possible to estimate extensions 
of 0 0002 inch. 

A preliminary examination of the problem set out above may be described with 
reference to some experiments on a specimen which was originally used in 1911 for 
determining the stresses in a notched tension member.* 

Two bars, each 1 inch wide, were cut, at that time, from a clear plate of xylonite 

inch thick, and each was fashioned with notches of different sizes along the edges. 
One of these specimens has been used for the present test. A length of 6 inches was 
used tor observations of the longitudinal strains, while the lateral strains required for 

determining Poisson’s ratio ~ — ^ have been measured by aid of a strain-measuring 

apparatus having a unit reading of — inches. Unless otherwise stated these 
latter mea.suiements are in the direction of the thickness of the material. As the 
details of the measuring apparatus and the cylindrical recorder used with it have 
already been describedt they are not referred to further here. 

fjongitudinal Extension . — The specimen was examined in the polariscope under a 
moderate load and it was found that the stress was very uniformly distributed over 
a length of 6^ inches, but the remaining part of the parallel portion showed signs of 
unequal stress distribution owing to the enlarged ends. It was therefore marked off 
approximately into half-inch lengths over a total length of 6 inches, the exact 
distance being read to- n>V<) inches. 

Young’s Modulus . — As it is convenient to start with a load of 20 lbs. on 
the specimen, a preliminary observation is made to determine the corresponding 
extension, and this value is allowed for in subsequent readings for convenience in 
plotting from a zero strain value. 

* E. G. Coker, “The Effects of Holes and Semi-circular Notches on the Distribution of Stress in 
Tension Members” ‘Proc. Phys. Soc.,’ 1911. 

t “ Photo Elasticity for Engineers,” by Prof. E. G. Coker, D.Sc., F.R.S., ‘ The Institute of Automobile 
Engineers,’ November, 1917. 
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Six sets of observations are shown in fig. 1, the loads being applied in 20-lb. 
increments. 

The maximum loads vary from 160 lbs. to 200 lbs., and after th^ strains reach their 
final value the load is again taken to its initial value and the scale read, to note the 
“ semi-permanent set.” The time interval between successive loads varies from one to 



two minutes. It is found that the stress-strain readings so obtained are approximately 
linear, except at the highest values, but in order to obtain as correct a value of 
Young’s Modulus, E, as possible only measurements between 40 and 140 lbs. load are 
used, as the readings between these points are considered to be the most reliable. 
The strain corresponding to this difference of stress of 1256 lbs. per sq. inch is 
0’00354 inch giving a value of E = 355,000. 
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It will be ol)8erved that there is no very pronounced elastic limit, and that the 
curve is nearly straight up to 150 lbs. load (1900 Ib./in.*), which latter value may be 
taken as the elastic limit of the material. There is a “semi-permanent” set of 
O'OOl inches for each repetition of load, and a pronounced recovery l)etween successive 
loadings especially with a short period of rest. 

Meamrements at Higher Strefoies . — The spring Imlance used to measure the 
moderate loads in the above observations had a maximum capacity of 200 ll)s., but for 
the higher stre^es required, a balance I’ecording up to 500 llis. was necessary, 
the observations being made in a similar manner with readings on the magnified 
scale up to 400 lbs. load, and after this coarser readings were taken with the 
telescope. A maximum load of 470 lbs. (6000 Ib./in.*) was reached, but as the 
extension then increased very rapidly it was not possible to keep the load at this 
maximum value, moi'eover, as the stressing frame was of rather limited capacity for 
large strains, the test could not be carried to fracture, although a total extension of 
1’211 inches was obtained. The observations also sliowed that the permanent 
extension was very uniform from section to section. 

The condition of the material has in fact some resemblance to that of a mild steel 
which has been overstrained and allowed to rest. This is shown by a subsequent 
experiment in which the loading was repeated and the stress-strain properties examined 
anew. It was then found that the elastic limit of the material was still approximately 
at 150 lbs. load, corresponding to a stress of 1900 lbs. per sq. inch, but the modulus E 
had now risen to 502,000, measured in pound and inch units, as a result of the 
overstrain. The relations of load to extension for both conditions are shown in the 
accompanying fig. 2, but as the scales of load and extension are the same for both 
experiments the curve for over8traine<l material lies Ijelow that for unstrained material. 
It may be observed that the material possesses, in a marked degree, the property of 
contraction when the load is removed even ndien very much overstrained, and in this 
case when the full load of 800 lbs. was removed the semi-perinanent extension was only 
0’006 inch, and half of this disappeared with a few minutes rest. 

Observations of lateral strain were also made with a suitable extensometer at several 
sections of the test bar, and their mean value for 100 lbs. load showed a strain of 

0’00144, corresponding to a value of'm = - = 2’45 where <r is Poisson’s ratio. 

The value of E is high as later experiments show, and this may possibly be due to an 
ageing effect, as in process of time the material appears to undergo some change, 
especially if the cut surfaces are not highly polished. This may probably be ascribed to 
the escape of a small portion of the volatile constituent of the material. It is also 
worthy of remark that the tisual method of polishing appears to produce a thin outer 
layer which is harder than the interior, and this also has the effect of raising the value 
of E in thin specimens. 

The effect of removing this thin layer of hard material has been under observation 



Load on tt.5t piece 
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for some time, but in the experiments described here the flat Sides are untouched, and 
the cut edges are unpolished although quite smooth. 

Optical Properties , — ^There is considerable colour when an over-strained specimen 
is examined under no load in the polariscope. In tlie parallel part the colour is very 
uniform, and by comparing this with a previously unstrained specimen under load it 
appears that the permanent colour indicates a complex state of stress, since it could 
not be completely neutralised by a comparison tension piece, nor by l)ending the 

strained bar itself. 
u>. 



It may also bo noted that nitro-cellulose with good optical properties is not 
apjmrently procurable, above ^ inch thick, and it is difficult therefore to conform to 
the laws of similarity for the test specimens used in this investigation. 

In later experiments the stress-strain properties of the mateiial are examined lx)th 
below and above the elastic limit, and the values of Young’s modulus and Poisson’s 
ratio are measured for a number of specimens of different thickness and varying age. 
Especial attention is also directed to test the validity of the stress-optical law of this 
material since this is a matter of fundamentiil importance and little attention has so 
far been given to it. 
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The result of breaking the first three specimens showed that the extensometer 
arrangement was defective. The tiny indentations at the sides, where the extenso- 
meter was attached, so weakened the specimens that they all broke at one or other of 
these sections. The thinnest one naturally was affected most, so much so that it 
fractured with very little extension. This defect was partly corrected by cementing 
small fillets on to the specimen from which the extensometer clips were supported, but 
in spite of this some of the specimens fractured outside the gauge limits, showing that 
even in a ductile material the effects of enlarged ends prevents equalisation of stress 
near the change of section under any condition of load. 

Stress Optical Determination . — It was originally intended to study the stress- 
optical properties of nitro-cellulose by analysing the light which traversed the 
material by means of a spectroscope ; but the necessary apparatus was rather 
difficult to procure, and it was convenient therefore to commence with a standard 
nitro-cellulose beam and use this for comparison with the optical phenomena observed 
in tension. The methods adopted here proved to be exceedingly well adapted for 
measurement of stress distribution beyond the elastic limit and are likely to be of 
great use hereafter. The coniparison beam used is of rectangular section and is 
subjected to pure bending moment of known amount, and the stress at any p)oint can 


therefore be calculated from the formula f = 


I 


without appreciable error. 


It is generally assumed that the relative retardation of the polarised rays in a piece 
of optical material under moderate stress is proportional to the difference of principal 
stresses at the point, but this may not be correct and cannot be assumed to hold without 
experimental proof. Hence the stresses in the comparison beam are restricted to small 
values, so that the limit of proportionality of stress to strain is not passed in order to 
give an opportunity of examining the possibility of the law following a linear strain 
function or possibly some more complex variable. In order to make the retardation 
in such a l)eam sufficiently great to balance the retardation in the highly stressed 
specimens, the thickness of the l)eam should be large. This is most conveniently 
obtained by placing the several beams side by side, with their ends clamped and pinned 
together, as shown in fig. 3 in which several beams are so fastened together by plates 
A, to which extension levers B are also attached for supporting loads C depending 
from hangers D. This compound l)eam is supported on knife edges two inches apart, 
and when loaded has its central section sufficiently removed from the supports to give 
pure bending moment at the central section. The material of the beams is almost 
perfectly elastic up to and probably beyond 1600 lb./in.*, but they are actually not 
stressed to more than 1300 lb./in.“. In some cases as many as eight beams ^ inch 
thick are used in this way, and a strong l)eam of light is then necessary to enable a 
comparison to l)e made with the tension member under observation. A carbon arc is 
then used as the source of light, but when only two or three thicknesses are 
employed the light from a Nernst lamp is sufficient, but in all cases the images are 
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observed directly by eye instead of projecting on to a screen. The general arrange- 
inent of the apparatus is shown in the accompanying fig. 4, in which a plane polarised 
beam of white light from a Nicol’s prism A is transmitted through the tension 
specimen B, to which an extensometer C is secured, and is then focussed by a lens D 
on a hori?5ontal slit in order that the light passing through the comparison beams 



shall be at the same level throughout. This thin pencil of light is again brought 
to parallelism liefore passing through the compound l)eam F and analyser G, and is 
finally focussed on a ruled glass slide H provided with an eye-piece J. The weight 
of the extension lieanis and hangers causes a bending moment in the lieams which 
has been allowed for in all calculations of stress. In order to compare the different 



specimens one with another, an “ equivalent stress ” in each specimen is calculated, 
that is, such a stress as would produce the same relative retardation in a piece of 
nitro- cellulose of the same material as the standard beam, but of the thickness of the 
specimen under observation. Thus if the thickness of specimen is t and the stress in 
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the beam at the points where the colour in the specimen is neutralised is and the 

ft 

corresponding thickness is we have the equivalent stress in the specimen . 

V 

Now if M is the bending moment in the beam, d is its depth, and y is the distance 
from the neutral axis, then 

f _ _ 12Mj/ 

~ I " ~ ’ 

so that the equivalent stress 

f-fis! = 

''~t t(P ' 

Although as stated above the law of optical retardation is generally assumed to 
follow a linear law of stress difterence, yet there is no apparent reason why it should 
not follow some other law, as for example a linear strain law or possibly contain terms 
involving squares of stress or strain. Some attempt has been made to find if the 
latter assumptions have any foundation, but if so the elfects are within the limit of 
experimental error, and too small to be of any significance with the effect produced 
by a linear relation. 

As regards the question wliether this relation should l)e expressed in terms of stress 
or strain, it may be pointed out that an attempt is made here to test this with 
materials under direct stress, and that the validity of the law for combined stresses 
and strains still remains for consideration (apart from lateral strains, which are 
presumed to have no effect beyond altering the length of the path in which retardation 
takes place), but as in this case, if the standard, not stressed beyond the elastic limit 
is compared with another in which this condition is passed the experiments do in fact 
provide a means of discrimination, since in the standard, stress and strain are 
proportional, but are not so in general for the tension member. Hence if the form 
of the law of optical effect is assumed in terms of stress it does not exclude the 
possibility of finding from the experimental evidence whether it should not be 
expressed in terms of strain. We may, therefore, without loss of generality, take as 
an assumption the usual relation that relative retardation R = C (P— Q) < as a con- 
venient expression where (P— Q) is the difference of principal stress =f,t is the 
thickness of the material and C is the stress-optical coefficient. 

Let Co 1)6 the stress-optical coefficient of the standard beam. Then Ro = Co^/„ 
for this beam. 

When this latter is used to neutralise the retardation R in the specimen, since 
R = Ro, we have 

Oft = Cofto 

But t = < 0 , here and therefore 


c/=Coy;. 
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Now in general there is an initial retardation which is independent of any load. 
Let this correspond to stresses F, Fq. Then the condition Of = Q/j, becoine.s 


or differentiating, 
therefore 


C(/+F) = CoU+F.) 


^ = -L 

c« df ^ 

df. 


= reciprocal of slope of the stress/equivaleut stress, 


which affords a convenient relation for examitnng the experimental data. 

Turning now to the further experimental data upon the stress-strain properties of 
nitro-cellulose in tension a number of experiments have been tnade upon material of 
varying age and thickness, and these are plotted in the accompanying fig. 5, to show 
their characteristic properties under loads which sometimes exceed very considerably 
the elastic limits of the material. 

With the thinnest specimens inch thick it was not found possible to obtain a 
reliable value of Poisson’s ratio, but Young’s modulus, E, has been found, and the 
measurements plotted in fig. 5 show a characteristic feature that, although the first 
test is carried well beyond the elastic rangt^, tis soon as the load is removed a total 
extension of 0'0608 inch is reduced to 0’0070 inch or only O’OOl inch more than 
obtained at the commencement of this test. Moreover the value of the modulus 
changes less than 2 per cent, under these circumstances due to the earlier loading. 
It is also large as the skin effect is pronounced. These gtmeral characteristics are 
also observable in the measurements recorded in this figure for much thicker 
material if due allowance is made for the diminished effect of the surface layers. The 
capacity of returning to its original shape after high loads is still more marked in the 
next series of experiments on material i inch thick, fig. 0, in which a stress of nearly 
5000 lbs. per sq. inch is reached in the first experiment (curve l) with nearly complete 
recovery, and when further loads with maxima varying from 4000 to 5000 lbs. per 
sq. inch are applied (curves 2 to 8) these give almost identical values of Young’s 
modulus on the straight part of the curve until the ninth loading, where there is a 
sudden fall to E = 261,000 with an extension of 0’1045 inch corresponding to the 
initial loaxl of 20 lbs. After this, with the considerable initial extension of 0‘4290 
inch, there is a great rise in the modulus. The value of Poisson’s ratio is very 

constant and is here found to reach the highest value of wi = - = 27. 

or 

Succeeding experiments on still thicker material confirm these results, and with 
the exception of the |-inch plate, the load extension curves agree in their linear 
character up to about 2000 lbs. per sq. inch, although the specimens differ in age and 
possibly also in composition. They have, however, the common feature of possessing 
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excellent optical properties and freedom from initial stress. The thickest plate, 
however, is exceptional, as its optical properties are poor. 

Further experimental work on these materials is almost entirely devoted to the 
examination of the optical law of retardation under load, and for convenience all the 
data which follows is expressed as a stress or a strain, the units being pounds and 
inches, in which e is the strain under direct stress /, and the equivalent stress /„ is 
obtained from the comparator beam. A typical example of these values is given in 
Table I., for material ^ inch thick, as these measurements are referred to later for 
comparison with values of stress and strain obtained from spectrum ol)servations. 


Table I. 



^-inch. 


i 



e. 


Jo- 

1 

! 

/. 

: Jo. 

0 

0 

Ti 

j 

1 0-0123 

3315 

i 

3440 

0-0003 

160 

220 

1 0-0135 

3505 

1 • 3560 

0-0007 

319 

322 ! 

0-0142 

3005 

i 3900 

0-0013 

478 

440 1 

; 0-0153 

3826 

4140 

0-0020 

637 

660 1 

0-0172 

3980 

4500 

0-0027 

797 

880 

0-0187 

4140 

; 1770 

0-0033 

956 

1025 

0-0208 

4300 

, 5100 

0-0037 

1115 

117.-{ 

; 0-0212 

4460 


0-0043 

1274 

1320 : 

0-02:57 

4620 


0-0050 

1433 

1495 ! 

0-0287 

4780 

1 

0-0055 

1694 1 

1642 

0-0320 

1940 

1 

0-005S 

1752 i 

1760 

i 0-0370 

5100 

i 

0-0063 

; 19l2 

1910 

0 - 0553 

5260 

1 

0-0070 

; 2070 

1 2050 

0-120 

5420 

1 

i 

0-0077 

2230 

2200 

0-1.57 

5580 


0-0082 

2390 

2350 

1 0-18:5 

5740 

1 

0-0087 

i 2550 

2540 

i 0-‘247 

5900 


o-ooar> 

i 2710 

i 2310 

; 0-280 

6().'>5 


0-0102 

i 2865 

! 2860 

0-340 

6215 


0-0108 

3025 

3080 

0-357 

6375 


0-0117 

! 3185 

3230 





I 

! 


In the earlier experiment on the material -iV> inch thick, a fracture was obtaitjed 
near the change of section and before the full extension developed, but still very 
nearly at the full load. It is included here (fig. 7 ) as, although the later parts of the 
stress-strain curves are not entirely satisfactory, this does not affect the problem in 
hand, since the stress-sti-ain curve is not required very much l)eyond a pronounced 
yield in the material. 

As a purely mechanical problem, however, there is a considerable amount of interest 
attaching to the accurate measurement of stress and strain over the whole of the 

Y 2 
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plastic region, and it may be worth while at some future time to examine this with 
some care, especially if optical methods are applied to study the distribution of stress 
in purely plastic materials. 

The stress-strain curves obtained for this thin material show a divergence from a 
linear law above 2000 lbs. per sq. inch whether plotted from the direct load or the 
optical stress measurements, but if the direct stress is plotted against its optical 
equivalent there is a definite linear law extending up to at least 4500 lbs. per sq. 



0 O-OZ 0-04 0-06 0-08 010 OIZ Cn 

0 0<XU OOO* 0006 0008 0 010 O-OU 0016 0016 0018 OOiO € 0088 

o 1(000 Zfioo 3)000 ifioo Sfioo 6)000 Ut/jn*(equiv.aCre33) 


Fig. 7. Stress-strain curves of nitro-cellulose. 


inch, and with only a small divergence at 5000 lbs. per sq. inch. The results in fact 
go to show that the law of retardation is linear as regards stress not only up to the 
elastic limit but actually to at least twice this range, where it is quite impossible for 
the strain to be linear. This result is shown in all the experiments on good optical 
material. Thus in plates ^ inch thick where the elastic limit appears to be about 
2250 lbs. per sq. inch, fig. 8, the corresponding value for fff)^ shows no divergence from 
linearity until nearly double this amount, although the curve of/o/e ceases to be 
linear at about 2500 pounds per sq. inch. 
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Somewhat similar results are obtained on plates inch thick, but in both 
experiments, fig. 9, the curves of fje have a rather higher linear limit than the 
corresponding ffe curve, but here again the ratio /jf^ is still linear to about the 
same range as in previous cases. 

The case of plates inch thick, fig. 10, is more especially interesting from the fact 
that the stress-strain curve there shown is, at a later stage, obtained entirely from 
the optical effects observed from an analysis of the spectrum of a beam under 
uniform bending moment. It is sufficient to remark here that tho///’o curve shows 
a somewhat lower limit of linearity, although both the other curves have 
corresponding limits of 2000 lbs. per sq. inch. 

When these curves are corrected for the change of cross-section which occurs 
as the tost proceeds it is found, as fig. 10 shows, that the stress-strain curve fje is 
perceptibly raised beyond the elastic limit and therefore tends more towards linearity, 
and the equivalent stress/strain curve is lowered and diverges still more from the 
linear relation. The stress/equivalent-stress curve has therefore a somewhat higher 
linear limit when this correction is made. Owing to the defective optical properties 
of still thicker material it was not found possible to examine these relations in 
a §-inch plate in a satisfactory manner. 

Fracture. — The behaviour of nitro-cellulose at fracture is somewhat unusual for 
so ductile a material. As the load increases the section diminishes very uniformly 
at all parts removed from the enlarged ends, but there is little or no local contraction at 
any stage, and even at the fractured section, the cross-section differs but little from 
that at any other part of the bar, but after fracture there is a remarkable contraction 
in the total -length accompanied by uniform expansion of the cross-section. This is 
shown in Table II., which gives a summary of the observations made and, except 
for one of the thin specimens atid for the reasons given earlier, there is a recovery 
in length of from 6 to 9 per cent, after fracture. Various other measurements 
already described above are recorded here for convenient reference and also some 
ratios of the optical constants. 

Spectrum Analysis of the Stress in a Beam. — The results of the optical 
examination appear to show the truth of the optical stress law for simple stress well 
beyond the elastic limit of the material, but the importance of this fundamental law 
makes it desirable to examine the matter in an independent way and possibly 
by a more rigid test than a comparison beam affords. An investigation of the 
optical phenomena presented by a beam under pure bending moment was made 
therefore on a rectangular strip 22^ inches long, 1'005 inch deep and 0*2542 inch 
thick. Its specific gravity was approximately 1*361, this latter being deter- 
mined at a temperature of 64“ Fahr. by measurement of its volume and weighing 
in air. 

The beam is supported as before on knife edges 2 inches apart, and the loading is 
applied at each end by dead weights having an overhang of 9f inches. 






Table II. — Properties of the Specimens Tested. 
Test length, 6-inch. 
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The optical aiTangements are modified for the new conditions as shown in the 
accompanying fig. 11. Light from the filament A of a Nernst lamp is focussed on to 
a vertical slit S by aid of a lens B, after passing through a Nicor/s prism M and 
this narrow band is in turn focussed on the central section of the beam at D, and 
analysed by a second Nicol’s prism N. A lens E placed at a convenient distance 
from the beam transmits this light as a parallel beam to a reflecting prism F, from 
which it passes through prisms G, H. The spectrum so obtained is focussed on a 
glass screen L ruled with lines iJjo inch apart, and provided with a micrometer 
eye-piece for measuring the ordinates of the bands observed. 



The field of view consists therefore of the spectrum of a Nernst lamp filament to 
which is added the effect produced by a narrow section of a beam of rectangular cross- 
section under pure bending moment. The relative retardation, owing to this latter- 
stress effect, produces black bands in the field having a variable distance apart 
depending on the optical law of the retardation of the wave-length. 

The general disposition of the field of view is shown in the accompanying fig. 12 in 
which bands of the first and second order appear on each side of the neutral 
axis C of the beam, and their co-ordinates are measured by reference to the 
graduations on the glass , scale with the aid of a pair of parallel wires D, the positions 
of which can be adjusted vertically by a micrometer head E reading to inch, 

while complete turns of the screw are obtained from a scale F on the left, which also 
appears in the field of view. In order to calibrate the horizontal scale the Nernst 
lamp and nitro-cellulose beam are removed, the Nicols rotated to parallelism, and a 
beam of solar light focussed on to the slit. The position of lines of known wave- 
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length are noted with reference to the horizontal scale, and from these observations the 
constants in the equation 

A B C 

are found for calibrating the positions of the black bands. 

In the observations it is found that the depth of the beam does not appear quite 
constant throughout the field, an error due to the combined imperfections of the 
lenses and prisms employed. The maximum change of depth is about 2 per cent., and 
a correction is therefore necessary to reduce all vertical distances to a constant depth 
of beam. 

Micrometer 
head 




Fig. 12. View of spectrum. 

The observations made are too numerous to give in detail, hut typical examples of 
some measurements are shown in the accompanying fig. 13, in which the black bands, 
due to extinction of light, are drawn for a bending moment of 178*3 in pound and inch 
units. This, however, is not the exact appearance of the bands in the field of view 
owing to variation in the wave-length which alters the horizontal scale, but is here 
made uniform for plotting. 

For some calculations, however, it is more convenient to show the form of the bands 
corresponding to a definite wave-length with a varying bending moment. Owing to 
the presence of a small amount of initial retardation in plates of nitro-cellulose, due 
to the method of manufacture, which leaves traces of initial stress, there is generally 
some slight difference between the bands on each side of the neutral axis, and a more 
accurate value is probable if the mean value for the two sides is taken. 

If relative retardation is a linear function of the stress difference, these new 
abscissae will represent the mean stress, but if the strain varies linearly they will also 
represent strains to another scale. 
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Fig. 13. Stress bands in spectrum load - 18 lb. B.mt. 178-3 Ib.-inches. 

If then the mean distances of the bauds are plotted as ordinates against the order 
of the band as abscisste, fig. 14, a convenient form of diagram OCF is obtained in 



Fig, 14. 

rectangular co-ordinates X, Y, in which Y is the distance from the neutral axis to a 
scale a and f is the stress to a scale <8, or 

y = Y .a; / = X . say. 

z 2 
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Now the bending moment 


for a breadth = h and a depth 



d, or 


M = &.a^/3^*"X.Y.^Y 

J-ia 

= 2 . a*)8 . b X first moment of the area of the diagram about the neutral axis. 

If now any point C on the curve is projected on to the edge line at D and the 
line OD is drawn to the origin of co-ordinates intersecting the horizontal through C 
at E, then 

BE : Y :: AD : AO = X : ^ , 

2 

or 

XY = BEx^. 

2 

rid 

Hence I X . Y . dY represents the area OEFAO x d. 

j-id 

A typical example of one of these diagrams is shown in the accompanying fig. 15, 



of which al)Out forty were actually prepared. The first moment areas M', as deter- 
mined by planimeter measurements, are shown in Table III., and when these are 
divided by the Ixmding moment a value of is obtained. If, however, the relative 





OP NITRO-CELLULOSE AND THE LAW OF ITS OPTICAL BEHAVIOUR. 


159 


Table III. — First Moments of* Stress-strain Curves = M'. 




W = 20 lb. 

181b. 


A 

M = 198 

178-3 



lb./in. 

lb./in. 

20 

4725 

46-20 

40-30 

25 

4925 

43-15 

38-40 

30 

5136 

41-25 

36-50 

35 

5380 

89-85 

36-40 

40 1 

1 5660 

38-00 

34-66 

45 

6016 

36-65 

31-90 

50 

6430 

1 

33-60 

29-55 


16 lb. 

14 lb. 

i 

12 Ib. 

10 lb. 

9 lb. 

158-7 

139-2 i 

119-6 

100-0 

90-2 

lb./in. 

lb./in. 

lb./in. 

lb./in. 

lb./in. 

33-60 

29-65 i 

25-60 



32-15 

28-65 

24-35 

— 



31-80 

27-00 

23-35 . 

19-95 

17-90 

31-10 

26-76 

21-20 

18-25 

1 — 

28-66 

' 24-00' 

20-55 

17-50 

i 

27-85 

! 23-00 ' 

19*25 

i 17-00 

1 — 

25-00 

' 21-15 

18-60 

16-35 

— 


retardation is assumed to be independent of the wave-length, the mean value of 
affords values of /? corresponding to different wave-lengths. The values of 
determined in this way are shown in the accompanying Table IV. 


Table IV. 


Xi. 

! 


20 

4725 

920 

25 

4925 

960 

30 

5135 

1000 

35 

5380 

1050 

40 

5660 

1104 

45 

6015 

1172 1 

50 

6430 

1255 


In order to determine the scale of strains the value of Young’s modulus 
E = 309,000, as taken from the measurements in tension within *the elastic limit, 
is assumed to hold near the neutral axis of the beam for all loads, and since in this 
region we have the strain e = Y . s, where s is the scale for strains, then 


or 


de s ' dY 

13 dX 

s — 

K dY 


dX 

The slopes near the neutral axis are measured from the diagrams similar 
to those of fig- 15, and their values are shown in the accompanying Table V. 
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multiplied by the values of appropriate to the wave-length. Their mean values 
afford measures of the strains as the table shows. 


TAB1.B V. — Values of 




5X 

'5Y’ 


ii = 20 

1165 

1012 

805 

681 

589 



= 25 

1167 

1000 

810 

672 

581 

— 

— 

= 30 

1180 

1000 

810 

670 

572 

473 

435 

- 36 

1180 

998 

840 

657 

559* 

466 

— 

= 40 

1196 

1032 

848 

657 

563 

468 

— 

- 45 

1201 

996 

838 

656 

563 

479 

— 

= 50 

1205 

997 

831 

677 

564 

467 


Total . . . 

8294 

7035 

5782 

4670 

3991 

2353 

435 

Moan . . . 

1186 

1005 

826 

667 

570 

471 

435 t 

Scale of strains 








1 .. «X 

3-84 X 10-^ 

3-25 X 10-* 

2-67 X 10 » 

2-16x 10-»' 

1-85 X 10~* 

l-62xl0-» 

1 • 39 X 10-' 

“ K ■ ^ W ! 




j 

1 



- X 10-* 

5 

0-260" 

0-308" 

0-375" 

0-463" 

0-541" 

0-658" 

0-720" 


The data afforded by this method is therefore sufficient to construct a stress-strain 
curve entirely from these measurements of the bands due to retardation in the 
spectrum, and if the tissumptions are correct, it ought to agree with a similar 
diagram constructed from data obtained independently. The stress-strain diagram 


Table VL — Stress-strain Values. 



Xi. 

A. 





Strains. 






# 













0-002. 

0-004. 

0-006. 

0-008. 

0-010. 

0-012. 

0-014. 

0-016. 

0-018. 

0-0192 


20 

4725 

596 

1210 

1815 

2350 

2834 

3290 

3700 

4090 

4420 

4570 

s2 

25 

4925 

612 

1205 

1827 

2362 

2830 

3290 

3672 

4016 

4340 

4530 

o 

30 

5135 

620 

1230 

1840 

2360 

2810 

3260 

3620 

3950 

4220 

4340 


35 

5380 

629 

1258 

1855 

2390 

2850 

3280 

3644 

3980 

4270 

4400 

II 

40 

5660 

631 

1262 

1880 

2424 

2900 

3330 

3730 

4020 

4265 

4360 


45 

6015 

647 

1271 

1860 

2420 

2910 

3255 

3766 

4130 

44.50 

4610 


50 

64.30 

654 

1295 

1910 

2440 i 

i 2880 

1 

1 

.3295 

3695 

4000 

4260 

4370 

Mean . . . 

627 

1247 

1855 

2394 

2859 

3284 

3689 

4026 

4311 

4454 
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obtained from spectrum observations gives the following values, of which Table VI. 
is a typical example, from which the mean values are obtained as follows : — 


Strains 

0 001 

0 003 

0 003 

0 004 

0-006 

0 006 

0-007 

0 008 

Stresses in lbs. per sq. 
inch 

310 

620 

920 

1240 

1640 

1846 

2135 

2400 

- - . -i 

Strains 

• 0 009 

0010 

0-011 

0-012 

0-013 

1 

0-014 

0-018 

00192 

Stresses in lbs. per sq. 



j 






inch 

1 3C66 

i 

2890 

3056 

3286 

1 3460 

3680 

4310 

1 

4455 




Table 

of medn values 
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This information has already been obtained however by observations on precisely 
similar material under direct tension stress, Table II. and fig. 13, and on comparing 
plots of the two sets of data obtained, fig. 16, the agreement is seen to be a remark- 
ably close one up to about 3500 lbs. per sq. inch. This agreement is improved if the 
changes in thickness are allowed for, since the corrected curves then lie closer 
together, and strengthen the evidence in favour of the law of optical retardation 
being an effect of stress and not of strain, and also that it is still a linear functitm 
much beyond the elastic limit of the material. 

The whole of the evidence, in fact, appears to show that the transparent nitro- 
cellulose examined ol)eys a linear stress optical law which holds up to approximately 
twice the range of the elastic limit of stress ; and that within this range optical 
determinations of stress distribution may be relied upon. 

In conclusion we desire to express our grateful thanks for the help afforded in this 
work by the Department of Scientific and Industrial Research, also for valuable 
suggestions from Prof. Filon, F.R.S., and Prof. Pobtbr, F.R.S,, during its progress, 
and for the skilful assistance of Mr. F. H. Withycombe in preparing all the 
experimental apparatus required. 
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1. Introduction. 

In the course of an investigation of the effect of surface scratches on the mechanical 
strength of solids, some general conclusions were reached which appear to have a direct 
bearing on the problem of rupture, from an engineering standpoint, and also on the 
larger question of the nature of intermolecular cohesion. 

The original object of the work, which was carried out at the Royal Aircraft Estab- 
lishment, was the discovery of the effect of surface treatment — such as, for instance, 
filing, grinding or polishing — on the strength of metallic machine parts subjected to 
alternating or repeated loads. In the case of steel, and some other metals in common 
use, the results of fatigue tests indicated that the range of alternating stress which 
could be permanently sustained by the material was smaller than the range within 
which it was sensibly elastic, after being subjected to a great number of reversals. 
Hence it was inferred that the safe range of loading of a part, having a scratched or 
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grooved surface of a given type, should be capable of estimation with the help of one 
of the two hypotheses of rupture commonly used for solids which are elastic to fracture. 
According to these hj^otheses rupture may be expected if (a) the maximum tensile 
stress, (6) the maximum extension, exceeds a certain critical value. Moreover, as the 
behaviour of the materials under consideration, within the safe range of alternating 
stress, shows very little departure from Hooke’s law, it was thought that the necessary 
stress and strain calculations could be performed by means of the mathematical theory 
of elasticity. 

The stresses and strains due to typical scratches were calculated with the help of 
the mathematical work of Prof. C. E. Inglis,* and the soap-film method of stress 
estimation developed by Mr. G. I. Taylor in collaboration with the present author, f 
The general conclusions were that the scratches ordinarily met with could increase 
the maximum stresses and strains from two to six times, according to their shape and 
the nature of the stresses, and that these maximum stresses and strains were to all 
intents and purposes independent of the absolute size of the scratches. Thus, on the 
maximum tension h 3 rpothe 8 is, the weakening of, say, a shaft 1 inch in diameter, due 
to a scratch one ten-thousandth of an inch deep, should be almost exactly the same as 
that due to a groove of the same shape one-hundredth of an inch deep. 

These conclusions are, of course, in direct conflict with the results of alternating 
stress tests. So far as the author is aware, the greatest weakening due to surface 
treatment, recorded in published work, is that given by J. B. Kommers,{ who found 
that polished specimens showed an increased resistance over turned specimens of 
46 to 60 per cent. The great majority of published results indicate a diminution in 
strength of less than 20 per cent. Moreover, it is certain that reducing the size of the 
scratches increases the strength. 

To explain these discrepancies, but one alternative seemed open. Either the 
ordinary hypotheses of rupture could be at fault to the extent of 200 or 300 per cent., 
or the methods used to compute the stresses in the scratches were defective in a like 
degree. 

The latter possibility was tested by direct experiment. A specimen of soft iron 
wire, about 0 •028-inch diameter and 100 inches long, which had a renaarkably definite 
elastic limit, was selected. This was scratched spirally (i.e., the scratches made an 
angle of about 46 degrees with the axis) with carborundum cloth and oil. It was 
then normalised to remove initial stresses and subjected to a tensile load. Under 
these conditions the effect of the spiral scratches was to impart a twist to the wire, 
the twisting couple arising entirely from the stress-system due to the scratches. It 
was found that if the load exceeded a certain critical value, a part of the twist, amounting 

* “ Streeses in a Plate due to the Presence of Cracks and Sharp Comers,” * Proo. Inst. Naval Architeots,’ 
March 14 , 1913. 

t ‘ Proc. Inst. Mech. Eng.* December 14, 1917, pp. 766-809. 

I ‘ Intern. Assoc, for Testing Materials,’ 1912, vol. 4a and vol. 4 b. 
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in some cases to 16 per cent., remained after the removal of the load. It was inferred 
that at this critical load the maximum stresses in the scratches reached the elastic 
limit of the material. This load was about one-quarter to one-third of that which 
caused the wire to 3rield as a whole, so that the scratches increased the maximum 
stress three or four times. The readings were quite definite even in the case of scratches 
produced by No. 0 cloth, which were found by micrographic examination to be but 
lO'Mnch deep. Control experiments with longitudinal and circumferential scratches 
gave twists only 2 or 3 per cent, of those found with spiral scratches, and there was no 
permanent twist. 

This substantial confirmation of the estimated values of the stresses, even in very 
fine scratches, shows that the ordinary h3rpothese8 of rupture, as usually interpreted, 
are inapplicable to the present phenomena. Apart altogether from the numerical 
discrepancy, the observed difference in fatigue strength as between small and large 
scratches presents a fundamental difficulty. 

2. A Theoretical Criterion of Rupture. 

In view of the inadequacy of the ordinary h 3 q)otheses, the problem of the rupture 
of elastic solids has been attacked from a new standpoint. According to the well-known 
“ theorem of minimum energy,” the equilibrium state of an elastic solid body, deformed 
by specified surface forces, is such that the potential energy of the whole system* is 
a minimum. The new criterion of rupture is obtained by adding to this theorem the 
statement that the equilibrium position, if equilibrium is possible, must be one in which 
rupture of the solid has occurred, if the system can pass from the unbroken to the 
broken condition by a process involving a continuous decrease in potential energy. 

In order, however, to apply tliis extended theorem to the problem of finding the 
breaking loads of real solids, it is necessary to take account of the increase in potential 
energy which occurs in the formation of new surfaces in the interior of such solids. 
It is known that, in the formation of a crack in a body composed of molecules which 
attract one another, work must be done against the cohesive forces of the molecules 
on either side of the crack.f This work appears as potential surface energy, and if 
the width of the crack is greater than the very small distance called the radius of 
molecular action,” the energy per unit area is a constant of the material, namely, its 
surface tension. 

In general, the surfaces of a small newly formed crack cannot be at a distance 
apart greater than the radius of molecular action. It follows that the extended 
theorem of minimum energy cannot be applied unless the law comiecting surface 
energy with distance of separation is known. 

* PoTNTiNo and Thomson, ‘ Properties of Matter,’ ch. xv. 

t The potential energy of the applied surface forces is, of course, included in the “ potential energy, 
of the system.” 
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There is, however, an important exception to this statement. If the body is such 
that a crack forms part of its surface in the unstrained state, it is not to be expected 
that the spreading of the crack, under a load sufficient to cause rupture, will result in 
any large change ifi the shape of its extremities. If, further, the crack is of such a 
size that its width is greater than the radius of molecular action at all points except 
very near its ends, it may be inferred that the increase of surface energy, due to the 
spreading of the crack, will be given with sufficient accuracy by the product of the 
increment of surface into the surface tension of the material. 

The molecular attractions across such a crack must be small except very near its 
ends ; it may therefore be said that the application of the mathematical theory of 
elasticity on the basis that the crack is assumed to be a traction-free surface, must 
give the stresses correctly at all points of the body, with the exception of those near 
the ends of the crack. In a sufficiently large crack the error in the strain energy so 
calculated must be negligible. Subject to the validity of the other assumptions involved , 
the strength of smaller cracks calculated on this basis must evidently be too low. 

The calculation of the potential energy is facilitated by the use of a general theorem 
wliich may be stated thus : In an elastic solid body deformed by specified forces applied 
at its surface, the sum of the potential energy of the applied forces and the strain energy 
of the body is diminished or unaltered by the introduction of a crack whose surfaces are 
traction-free. 

This theorem may be proved* as follows : It may be supposed, for the present purpose, 
that the crack is formed by the sudden annihilation of the tractions acting on its surface. 
At the instant following this operation, the strains, and therefore the potential energy 
under consideration, have their original values ; but, in general, the new state is not 
one of equilibrium. If it is not a state of equilibrium, then, by the theorem of minimum 
energy, the potential energy is reduced by the attainment of equilibrium ; if it is a state 
of equilibrium the energy does not change. Hence the theorem is proved. 

Up to this point the theory is quite general, no assumption having been introduced 
regarding the isotropy or homogeneity of the substance, or the linearity of its stress- 
strain relations. It is necessary, of course, for the strains to be elastic. Further 
progress in detail, however, can only be made by introducing Hooke’s law. 

If a body having linear stress-strain relations be deformed from the unstrained state 
to equilibrium by given (constant) surface forces, the potential energy of the latter is 
diminished by an amount equal to twice the strain energy.f It follows that the net 
reduction in potential energy is equal to the strain energy, and hence the total decrease 
in potential energy due to the formation of a crack is equal to the increase in strain 
energy less the increase in surface energy. The theorem proved above shows that the 
former quantity must be positive. 

* The proof is due to Mr. C. Wigley, late of the Royal Aircraft Establishment, 
t A. B. H. Lovb, * Mathematical Theory of Elasticity,’ 2nd ed., p. 170. 
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3. Ajyplioation of the Theory to a Cracked Plate. 

The necessary analysis may be performed in the case of a flat homogeneous isotropic 
plate of uniform thickness, containing a straight crack which passes normally through 
it, the plate being subjected to stresses applied in its plane at its outer edge. 

If the plate is thin, its state is one of “ plane stress,” and in this case it may, without 
additional complexity, be subjected to any uniform stress normal to its surface, in 
addition to the edge tractions. If it is not thin, it may still be dealt with provided it is 
subjected to normal surface stresses so adjusted as to make the normal displacement 
zero. Here the plate is in a state of “ plane strain.” The equations to the two states 
are of the same form,* differing only in the value of the constants ; they will therefore 
be taken together. 

The strain energy may be found, with sufiicient accuracy, in the general case where 
the edge-tractions are arbitrary ; it is necessary in the present application, however, 
for the resulting stress-system to be symmetrical about the crack, as otherwise it is 
not obvious that the latter will remain straight as it spreads. The only stress 
distribution which will be considered, therefore, is that in which the principal stresses 
in the plane of the plate, at points far from the crack, are respectively parallel and 
perpendicular to the crack, and are the same at all such points. This is equivalent 
to saying that, in the absence of the crack, the plate would have been subjected to 
uniform j)rincipal stresses in and perpendicular to its plane. It is also necessary, on 
physical grounds, for the stress perpendicular to the crack and in the plane of the plate 
to be a tension, otherwise the surfaces of the crack are forced together instead of being 
separated, and they cannot remain free from traction. 

In calculating the strain energy of the plate use will be made of the solution obtained 
by Prof. Inglis for the stresses in a cracked plate, to which reference has already been 
made. The notation of Prof. Inglis’s paper will be employed. In that notation 
a, are elliptic co-ordinates defined by the family of confocal ellipses ; a = const, 
and the orthogonal family of hyperbol® = const. The crack is represented by the 
limiting ellipse or focal line a = 0. The axis of x coincides with the major axes, and 
the axis of y with the minor axes of the ellipses. The cartesian co-ordinates x, y, are 
connected with the elliptic co-ordinates a, /S, by the relation 

x-\-iy = c cosh (a 4- i^). 

R„, Ma, are the tensile stress and displacement respectively along the normal to 
a = const. 

Ufi, are the corresponding quantities in the case of the normal to /S = const. 

S«^ is the shear stress in the directions of these normals. 
c is the half-length of the focal line. 

* A. E. H. Lots, ‘ Mathematical Theory of Elasticity,* 2nd ed., p. 205. 



16B 


MR A. A. GRIFFITH ON 


h is the modulus of transformation, \/ -r-; — r -- 

V c* (cosh 2a 

n is the modulus of rigidity of the material. 

B is Young’s modulus. 

(T is Poisson’s ratio. 

p = 3 — 4 <r in the case of plane strain, and 
- — — ^ in the case of plane stress. 


— cos 2/8) 


The state of uniform stress existing at points far from the crack {i.e. where a is 
large) will be specified by the three principal tensions P, Q and R. P is normal to the 
plate, and in the case of plane stress it is the same everywhere. Q and R are parallel 
respectively to the axes of x and y, and R is positive. 

The strain energy of the plate is a quadratic function of P, Q and R, and hence, in 
accordance with the theorem proved above, the increase of strain energy due to the 
crack must be a positive quadratic function of P, Q and R. Tlie general form of this 
function may be found by evaluating a sufficient number of particular cases. 

The following particular cases are sufficient : — 

I. — Q = R (and P = 0 in the case of plane stress). 

Boundary of crack given by a = a^. 

The stresses are 

T 5 1 ) sinh 2a (cosh 2a — cosh 2ao) /, v 

= “ (cosh a. - 


sinh 2a (cosh 2a - cosh 2ai, — 2 cos 
(cosh 2a — cos 2)8)* 


R sin 2/j (cosh 2a — cosh 2ao) 
(cosh 2a — cos 2)8)* 


• (2) 


while the displacements are given by 


— 1) cosh 2a — (p -}- 1) cos 2)8 4- 2 cosh 2ao} 


The strain energy of the material within the ellipse a, per unit thickness of plate is 

+ ( 6 ) 



THE PHENOMENA OF RUPTURE AND FLOW IN SOLIDS. 


169 


On substituting and integrating, it is found that, as a becomes large, the strain 


energy tends towards the value 

+ ( 6 ) 

Hence W, the increase of strain energy due to the cavity oq, is given by 

W = ^!^(3-^))co8h2ao (7) 

S/A 

or, on proceeding to the limit, = 0, 


W = (8) 

S/A 

for a very narrow crack of length 2c. 

II. — R = 0 (= P in the case of plane stress) ao = 0. 

Here the stresses are entirely unaltered by tlie crack, at every point of the plate 
except the two points jc = ± c, ?/ = 0, where Raa = — Q. It follows that W = 0. 

III. — Q == R = 0, ao = 0. 

Here, again, the stresses are unaltered, and W = 0. 

The only positive quadratic function of P, Q and R which is compatible with these 
three particular cases is that given by equation (8) ; this is therefore the general form 
of W, and rupture is determined entirely by the stress R, perpendicular to the crack. 

A point of some interest, with regard to equation (8), may be noticed in passing. 
Since W cannot be negative it follows that, in real substances, where /i is positive, 
3 — p must be positive. Hence o- cannot be negative in real isotropic solids. 

The potential energy of the surface of the crack, per unit thickness of the plate is 

U = 4cT (9) 

where T is the surface tension of the material. 

Hence the total diminution of the potential energy of the system, due to the presence 
of the crack, is 

W - U = ~ ^ - 4cT (10) 

S/A 


The condition that the crack may extend is 

1(W-U) = 0. 


or 


(3 — p) ttcR^ = 16/xT, 


( 11 ) 
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so that the breaking stress is 

( 12 ) 

in the case of plane strain, and 

R= . (13) 

^ ircrC 

in the case of plane stress. 

Formula (13) has been verified experimentally. In connection with the experiments, 
interest attaches not only to the magnitude of R, but also to the value of the maximum 
tension in the material, which occurs at the extremities of the crack. This stress may 
be estimated if the radius of curvature of the boundary of the crack, at the points in 
question, can be found. 

Expression (2) gives the maximum tcjision as 

2rV- 

P 

in case I. above, p being the radius of curvature at the corners of the elliptic crack. 
Prof. Inglis shows that this expression may also be used, with little error, for cracks 
which are elliptic only near their ends. The foregoing expressions for the stresses 
are obtained, however, on the assumption that the displacements are everywhere so 
small that their squares may be neglected. At the corner of a very sharp crack, it 
cannot be assumed, without proof, that the change in p leaves formula (14) substantially 
unaffected. 

In the case under consideration the displacements at the surface of the crack, due to 
a small tension dR at distant points, are given by 


X ^ ^ 2a„ - cos 2^) 


^ =0 
n 


(16) 


Whence, by resolution, the displacements parallel respectively to the major and minor 
axes are 

2dR 
E 

2dR 


which may be written 




c sinh a# cos ^ 


u„ = -=r- c cosh oo sin 

JIj 


2dR . 1 

w, = ^=r- X tanh oo 


(16) 


2dR ^ 

My = y COth Oo 


( 17 ) 
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Equations (17) show that the effect of the small stress d!R on the elliptic cavity is to 
deform it into another ellipse. If a and 6 are the major and minor semi-axes of the 
ellipse, when the plate is subjected to a stress R, then, by (17), 


'1 

dR E 

d6 _ 2a 
dR“ E 


(18) 


on making use of the relation b = a tanh 
The solution of these simidtaneous differential equations is 


« = cosh^+6o 
6 = ao sinh cosh^ | 


(19) 


where and are the values of a and b in the unstrained state. 

With the help of equations (19) it is possible to find the maximum stress, F, due to 
an applied stress, R, taking account of the change in the shape of the cavity. From (2) 


whence 


dF _ 

dii b 


S " CO! 
— 

0 a„ si 


" cosh ^ + 6„ sinh ^dR 


. , 2R , ; , 2R 

sinh-^-1- uosh-^ 


= H Jog (cosh ^ + 1 sinh 


( 20 ) 


( 21 ) 


and in the case of a narrow crack which is elliptic only near its ends, ^ may, as in (14), 


be replaced by a / -• 
▼ 


In the general case, where Q is not equal to R, the quantity R — Q must be added 
to the value of F given by (21). 

Formulae (19) and (21) are not, of course, exactly true. The application of integration 
to equations (18) and (20) involves the assumption that the strains are so small that 
they can be superposed. If the strains are finite, this involves an error in the stresses 
depending on the square of the strains. In the case of ordinary solids, it is improbable 
that this assumption can alter the calculated stress by as much as 1 per cent. 

VOL. ccxxi. — A. 2 B 
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4. Experimental Verification of the Theory. 

In order to test formula (13), it was necessary to select an isotropic material which 
obeyed Hooke’s law somewhat closely at all stresses, and whose surface tension at 
ordinary temperatures could be estimated. For these reasons glass was preferred to 
the metals in common use. A comparatively hard English glass,* having the following 
properties, was employed : — 

Composition— SiOj, 69 *2 per cent. ; K,0, 12*0 per cent. ; NsjO, 0*9 per cent. ; 

AljOj, 11 ’8 per cent. ; CaO, 4*6 per cent. ; MnO, 0'9 per cent. 

Specific gravity— 2*40. 

Young’s modulus— 9*01 X 10® lbs. per sq. inch. 

Poisson’s ratio— 0-261. 

Tensile strength — 24,900 lbs. per sq. inch. 

The three last-named quantities were determined by the usual tension and torsion 
tests on round rods or fibres about 0- 04-inch diameter and 3 inches long between the 
gauge points. The fibres had enlarged spherical ends which were fixed into holders 
with sealing wax. A slight load was applied while the wax was still soft, to ensure 
freedom from bending. The possible error of the extension measurements was about 
±0-3 per cent., and Hooke’s law was obeyed to this order of accuracy. No “ elastic 
after- working ” was observed with this glass, though more accurate measurements 
would doubtless have indicated its existence. 

The problem of estimating the surface tension of glass, in the solid state, evidently 
requires special consideration. Direct determinations appeared to be impracticable, 
and ultimately an indirect method was decided on, in which the surface tension was 
found at a number of high temperatures and the value at ordinary temperatures deduced 
by extrapolation. 

On the accepted theory of matter, intermolecular forces in solids and liquids consist 
mainly of two parts, namely, an attraction which increases rapidly as the distance 
between the molecules diminishes, balanced by a repulsion (the intrinsic pressure), 
which is due to the thermal vibrations of the raoleftules. It is reasonable to assume 
that the attraction, at constant volume, is sensibly independent of the temperature ; 
this amounts merely to supposing that the attraction exerted by a molecule does not 
depend on its state of motion. On this view, the temperature variation, at constant 
volume, of the intermolecular forces is determined entirely by the change in thermal 
energy. Hence, it may be inferred, on the accepted theory of surface ten8ion,t that 
the surface tension of a material, at constant volume, is equal to a. constant diminished 
by a quantity proportional to the thermal energy of the substance. In the case of 
solids, nearly the same result should hold at constant pressure, as the temperature- 
volume change is small. 

* Supplied in the form of test-tubes by Messrs. J. J. Griffin, Eingswsy, Loudon, 
f PoTMmo and Thomson, ‘ Properties of Matter,’ ch. xv. 
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The specific heat of glass is greater at high than at low temperatures, but the 
temperature coefficient is not large. Hence its surface tension may be expected to be 
nearly a linear function of the temperature, and extrapolation should be fairly reliable. 
This was found to be the case with the glass selected for the present experiments. 

In the neighbourhood of 1100*’ 0. the surface tension was found by Quincke’s drop 
method. At lower temperatures this method was not satisfactory, on account of the 
large viscosity of the liquid glass ; but between 730** C. and 900** C. the n\ethod described 
below was found to be practicable. Fibres of glass, about 2 inches long and from 
0* 002-inch to 0* 01-inch diameter, with enlarged spherical ends, were prepared. These 
were supported horizontally in stout wire hooks and suitable weights were hung on 
their mid-points. The enlarged ends prevented any sagging except that due to 
extension of the fibres. The whole was placed in an electric resistance furnace main- 
tained at the desired temperature. Under these conditions viscous stretching of the 
fibre occurred until the suspended weight was just balanced by the vertical components 
of the tension in the fibre. The latter was entirely due, in the steady state, to the surface 
tension of the glass, whose value could therefore be calculated from the observed sag 
of the fibre. In the experiments the angle of sag was observed through a window in 
the furnace by means of a telescope with a rotating cross wire. If «> is the suspended 
weight, d the diameter of the fibre, T the surface tension, and 6 the angle at the point 
of suspension between the two halves of the fibre, then, evidently, 

TT . d . T . sin l6 = w. 

For this method of determining the surface tension to be valid, it is evidently necessary 
that the angle of sag shall reach a steady value before the development of local 
contractions, arising from the instability of liquid cylinders, becomes appreciable. 
That this requirement is satisfied is shown by the following experimental results. After 
heating for two hours at about 760** C. the angle of sag of a particular fibre was 18° *25. 
Two hours later it had increased by less than 0°’l. The temperature was then raised 
momentarily to 940° C., and quickly reduced again to 760° C. The angle was then 
found to be 20° *2. After two hours further heating at 760° C. the angle had decreased 
to 18° *4, agreeing within permissible limits of error with the former value. That 
is to say, substantially the same limiting angle of sag was reached whether the initial 
angle was above or below that limit. 

Above 900° C. it was found that the viscosity was insufficient to enable an observation 
to be made before the fibre commenced to break up into globules. Below 730° C., on 
the other hand, observations made on fibres of different diameters were inconsistent, 
the apparent surface tension being higher for the larger fibres. The obvious meaning 
of this result is that below 730° C. the glass used was not a perfect viscous liquid and 
hence the method was inapplicable. The transition from the viscous liquid state was 
quite gradual. The maximum tension (apart from surface tension) which could be 
permanently sustained, was zero at 730° C., 1*3 lbs. per sq. inch at 667° C., and 24 lbs. 

2 B 2 
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per sq. inch at 640® C. At lower temperatures the rates of increase, both of this “ solid 
stress ” and the viscosity, were enormously greater. At 640® C. a fibre took about 
70 hours to reach the steady state. 

Table I. below gives the values of the surface tension obtained from these experiments. 
That for the temperature 1110® C. is the mean of five determinations by the drop 
method. The remaining figures were obtained from the sag of fibres. 


Table I. — Surface Tension of Glass. 


Temperature. 

Surface Tension. 

» C. 

lb. per inch. 

1110 

0-00230 

906 

0-00239 

896 

0-00250 

852 

0-00249 

833 

0-00264 

820 

0-00249 

801 

0-00267 

760 

0-00255 

745 

0-00261 

15 

0-0031* 


So far as they go, these figures confirm the deduction that the surface tension of glass 
is approximately a linear function of temperature. Moreover, as the actual variation 
is not great, the error involved in assuming such a law and extrapolating to 16® C. is 
doubtless fairly small. The value so obtained, 0’0031 lb. per inch, will be used in 
the present application. 

Rigorously, expressions (13) and (21) above are true only for small cracks in large 
flat plates. In view, however, of the difficulties attendant on armealing and loading 
large flat glass plates, it was decided to perform the breaking tests on thin round tubes 
and spherical bulbs. These were cracked and then aimealed and broken by internal 
pressure. The calculation cannot be exact for such bodies, but the error may obviously 
be reduced by increasing the ratio of the diameter of the bulb or tube to the length of 
the crack. It will be seen from the results of the tests that the variation of this ratio 
from two to ten caused little, if any, charge in the bursting strength, and hence it may 
be inferred that the error in question is negligible for the present purpose. 

The cracks were formed either with a glass-cutter’s diamond, or by scratching with 
a hard steel edge and tapping gently. The subsequent annealing was performed by 
heating to 460® C. in a resistance furnace, maintaining that temperature for about 
one hour, and then allowing the whole to cool slowly. The question of the best annealing 
temperature required careful consideration, as it was evidently -necessary to relieve the 


* By extrapolation. 
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initial stresses due to cracking as much as possible, while at the same time keeping the 
temperature so low that appreciable deformation of the crack did not occur. It was 
found that the bursting strength increased with the annealing temperature up to about 
400° C., while between 400° C. and 600° C. very little further change was perceptible. 
From this it was inferred that relief of the initial stresses was sufficient for the purpose 
in view at a temperature of 460° C. 

The principal stresses at rupture, Q and R, were calculated from the observed 
bursting pressure by means of the usual expressions for the stresses in thin hollow 
spheres and circular cylinders, the thickness of the glass near the crack being measured 
after bursting. In the case of the tubes the cracks were parallel to the generators, 
and provision was made for varying Q by the application of end loads. 

In dealing with the longer cracks, leakage was prevented by covering the crack on 
the inside with celluloid jelly, the tube being burst before the jelly hardened. In the 
case of the smaller cracks leakage was imperceptible and this precaution was unnecessary. 

The time of loading to rupture varied from 30 seconds to five minutes. No evidence 
was observed of any variation of bursting pressure with time of loading. 

The results of the bursting tests are set down in Tables II. and III. below. 2c is 
the length of the crack, Q and R are the calculated principal stresses respectively 


Table II. — ^Bursting Strength of Cracked Spherical Bulbs. 


2c 

D 

Q 

B 

RVc. 

inch. 

inch. 

lbs. per sq. inch. 

lbs. per sq. inch. 


015 

1-49 

864 

864 

237 

0-27 

1-63 

623 

623 

^28 

0-64 

1-60 

482 

482 

251 

0-89 

2-00 

366 

366 

244 


Table III. — Bursting Strength of Cracked Circular Tubes. 


2c 

D 

Q 

B 

B^c. 

inch. 

inch. 

lbs. per sq. inch. 

lbs. per sq. inch. 


0-26 


-621 

678 

240 

0-32 

0-71 

-176 

590 

232 

0-38 

0-74 

- 31 

526 

229 

0-28 

0-61 

66 

666 

246 

0-26 

0-62 

202 

674 

243 

0-30 

0-61 

308 

616 

238 


parallel and perpendicular to the crack, and D is the diameter of the bulb or tube. 
The thickness of the bulbs was about 0*01 inch and the tubes 0*02 inch. 






















176 


MR. A. A. GRIFFITH ON 


The average value of B v/c is 239, and the maximum 251. 

According to the theory, fracture should not depend on Q, and R \/c should have, 
at fracture, the constant value 

2ET 

■ I- — ■ • 

VtT 



In the case of the glass used for these experiments, E = 9*01 X 10* lbs. per sq. inch, 
T = 0*0031 lbs. per inch, and or == 0*251, so that the above quantity is equal to 266. 

These conclusions are sufficiently well borne out by the experimental results, save 
that the maximum recorded value of R \/c is 6 percent., and the average 10 percent., 
below the theoretical value. It must be regarded as improbable that the error in the 
estimated surface tension is large enough to account for this difference, as this view 
would render necessary a somewhat imlikely deviation from the linear law. 

A more probable explanation is to bo obtained from an estimate of the maximum 
stress in the cracks. An upper limit to the magnitude of the radius of curvature at 
the ends of the cracks was obtained by inspection of the interference colours shown 
there. Near the ends a faint brownish tint was observed, and this gradually died out, 
as the end was approached, until finally nothing at all was visible. It was inferred 
that the width of the cracks at the ends was not greater than one-quarter of the shortest 
wave length of visible light, or about 4 X 10~“ inch. Hence p could not be greater 
than 2 X 10“* inch. 

Taking as an example the last bulb in Table II. and substituting in formula (21), it 
is found that 




a/- 2: 478 

p 


2R 

~ = 8*13 X 10- 
E 


whence the maximum stress F > 344,000 lbs. per sq. inch. The value given by the 
first order expression 

F = 2R a/ 

^ P 

is 350,000 lbs. per sq. inch. 

A possible explanation of the discrepancy between theory and experiment is now 
evident. In the tension tests, the verification of Hooke’s law could only be carried 
to the breaking stress, 24,900 lbs. per sq. inch. There is no evidence whatever that 
the law is still applicable at stresses more than ten times as great. It is much more 
probable that there is a marked reduction in modulus at such stresses. But a decrease 
in modulus at any point of a body deformed by given surface tractions involves an 
increase in strain energy, and therefore in the foregoing experiments a decrease in 
strength. This is in agreement with the observations. 
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6. Deductions from the Foregoing Results. 

The estimate of maximum stress obtained above appears to lead to a peremptory 
disproof of the hypothesis that the maximum tension in this glass, at rupture, is always 
equal to the breaking stress in ordinary tensile tests. If Hooke’s law was obeyed to 
rupture, and the squares of the strains were negligible, the maximum tension in the 
above cracked tube could not have been less than 344,000 lbs. per sq. inch ; but, in 
the tensile tests, Hooke’s law was obeyed up to the breaking stress, the squares of 
the strains were negligible, and the maximum stress was only 24,900 lbs. per sq. inch. 
Hence the stresses could not have been the same in the two cases. Moreover, 
the order of the results obtained suggests (though this is not rigorously proved, 
as the assumptions have not been checked at stresses above 24,900 lbs. per sq. 
inch) that the actual strength may be more than ten times that given by the 

Similar conclusions may be drawn regarding the “ maximum extension,” “ maximum 
stress-difference ” and “ maximum shear strain ” hypotheses which have been proposed 
from time to time for estimating the strength of brittle solids. 

These conclusions suggest inquiries of the greatest interest. If the strength of this 
glass, as ordinarily interpreted, is not constant, on what does it depend ? What is 
% greatest possible strength, and can this strength be made available for technical 
purposes by appropriate treatment of the material ? Further, is the strength of other 
materials governed by similar considerations ? 

Some indication of the probable maximum strength of this glass may be obtained 
from the bursting tests already described. There is no reason for supposing that, in those 
tests, the radii of curvature at the corners of the cracks were as great as 2X10~* inch. 
It is much more likely that they were of the same order as the molecular dimensions. 
Considering, as before, the last bulb in Table II., and putting /o = 2X10“* inch 
in formula (21), it is found that the maximum stress, P, is about 3x10® lbs. per 
sq. inch. Elastic theory cannot, of course, be expected to apply with much accuracy 
to cases where the dimensions are molecular, on account of the replacement of 
summation by integration, and the probable diminution of modulus at very high 
stresses must involve a further error. Taking these circumstances into consideration, 
however, it may still be said that the probable maximum strength of the glass used 
in the foregoing experiments is of the order 10* lbs. per sq. inch. 

It is of interest to enquire at this .stage whether there is any reason for ascribing 
similar maximum strengths to other materials. On the molecular theory of matter 
the tensile strength of an isotropic solid or liquid is of the same order as, though less 
than, its “ intrinsic pressure,” and may therefore be estimated either from a knowledge 
of the total heat required to vaporise the substance or by means of Van der Waal’s 
equation.* It may be noted that these methods of estimating the stress indicate that 

* PoYNTiNO and Thomson, ‘ Properties of Matter,’ ch. xv. 
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it should be, approximately at least, a constant of the material. Tbaube* gives the 
following as the intrinsic pressures of a number of metals, at ordinary temperatures ;• — 


Table IV. — Intrinsic Pressures of Metals (Traube). 


Metal. 

Intrinsic Pressure. 

Nickel 

lbs. per sq. inch. 

4-71 X 10« 

Iron 

4-70 X 10« 

Copper 

3-42 X 10« 

Silver 

2-34 X 10« 

Antimony 

1-74 X 10« 

Zinc 

1-58 X 10« 

Tin 

1-06 X 10« 

Lead 

0-75 X 10* 


These are of the same order as the direct estimate obtained above for glass, but they 
are from 20 to 100 times the strengths found in ordinary tensile and other mechanical 
tests. 

In the case of liquids, the discrepancy between intrinsic pressure and observed tensile 
strength is much greater. According to Van der Waal’s equation, water has an 
intrinsic pressure of about 160,000 lbs. per sq. inch, whereas its tensile strength is found 
to be about 70 lbs. per sq. inch. It has been suggested that this divergence may be 
due to impurities, such as dissolved air, but Dixon and JoLvf have shown that dissolved 
air has no measurable effect on the tensile strength of water. 

Thus the matters under discussion appear to be of general incidence, in that the 
strengths usually observed are but a small fraction of the strengths indicated by the 
molecular theory. 

Some further discrepancies between theory and experiment may now be noticed. 
In the theory it is assumed that rupture occurs in a tensile test at the stress corresponding 
with the maximum resultant pull which can be exerted between the molecules of the 
material. On this basis the applied stress must have a maximum value at rupture, 
and hence, if intermolecular force is a continuous function of molecular spacing, the 
stress-strain diagram must have zero slope at that point. This, of course, is never 
observed in tensile tests of brittle materials ; in no case has any evidence been obtained 
of the existence of such a maximum anywhere near the breaking stress. 

Again, the observed differences in strength as between static and alternating stress 
tests are at first sight inexplicable from the standpoint of the molecular theory, if the 

* ' Zeitschi. fiir Anorganische Chemie,' 1903, vol. zxxiv., p. 413. 
t ‘ Phil. Trans.,’ B, 1896, p. 668. 
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bieaking load is regaided as the sum of the intermolecular attractions. According to 
the theory, large changes in the latter can only occur as a result of large changes in 
the thermal energy of the substance, such as would be immediately evident in alternating 
stress tests, if they took place. 

Lastly, as indicated above, the strain energy at rupture of an elastic solid or liquid 
should on the molecular theory be of the same order as its heat of vaporisation. Hence 
rupture should be accompanied by phenomena, such as a large rise of temperature, 
indicative of the dissipation of an amount of energy of this order. It is well known 
that tensile tests of brittle materials show no such phenomena. 

If, as is usually supposed, the materials concerned are substantially isotropic, there 
is but one hypothesis which is capable of reconciling all these apparently contradictory 
results. The theoretical deduction — ^that rupture of an isotropic elastic material always 
occurs at a certain maximum tension — ^is doubtless correct ; but in ordinary tensile 
and other tests designed to secure uniform stress, the stress is actually far from uniform 
so that the average stress at rupture is much below the true strength of the material. 

Now it may be shown, with the help of elastic theory, that the stress must be 
substantially uniform, in such tests, unless the material of the test-pieces is heterogeneous 
or discontinuous. It is known that all substances are in fact discontinuous, in that 
they are composed of molecules of finite size, and it may be asked whether this type 
of discontinuity is sufiicient to accoimt for the observed phenomena. 

With the help of formula (13) above, this question may be answered in the negative. 
Formula (13) shows that a thin plate of glass, having in it the weakest possible crack of 
length 2d inch, will break at a tension, normal to the crack, of not less than 266/'v/c lbs. 
per sq. inch. This result, however, is subject to certain errors, and experiment 
shows that the true breaking stress is about 240/‘\/c lbs. per sq. inch. But- such a 
crack is the most extreme type, either of discontinuity or heterogeneity, which can 
exist in the material. Hence it is impossible to account for the observed strength, 
24,900 lbs. per sq. inch, of the simple tension test specimens, unless they contain 

discontinuities at least 2 X ( inch, or say, 2 X 10“‘ inch wide. This is of 

\24,900/ 

the order 10“* times the molecular spacing. 

The general conclusion may be drawn that the weakness of isotropic solids, as 
ordinarily met with, is due to the presence of discontinuities, or flaws, as they may be 
more correctly called, whose ruling dimensions are large compared with molecular 
distances. The effective strength of technical materials might be increased 10 or 20 
times at least if these flaws could be eliminated. 

It is easy to see why the presence of such small flaws can leave the strength of cracked 
plates, such as those of the foregoing experiments, practically unaffected. The most 
extreme case of weakening is that where there is a flaw very near the end of the crack 
and collinear with it. Here the result is merely to increase the effective length of the 
crack by less than 10“* inch. This involves a weakening of lees than 0*1 per cent. 

VOL. ooxxi. — A. 2 c 
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6. The Strength of Thin Fibres. 

Consideration of the consequences of the foregoing general deduction indicated that 
very small solids of given form, e.g., wires or fibres, might be expected to be stronger 
than large ones, as there must in such cases be some additional restriction on the size 
of the flaws. In the limit, in fact, a fibre consisting of a single line of molecules must 
possess the theoretical molecular tensile strength. In this connection it is, of course, 
well known that fine wires are stronger than thick ones, but the present view suggests 
that in sufiiciently fine wires the efiect should bo enormously greater than is observed 
in ordinary cases. 

This conclusion has been verified experimentally for the glass used in the previous 
tests, strengths of the same order as the theoretical tenacity having been observed. 
Incidentally, information of interest has been obtained, somewhat unexpectedly, 
concerning the genesis of the flaws, and it has been found to be possible to prepare 
quite thick fibres in an unstable condition in which they have the theoretical strength. 

Fibres of glass, about 2 inches long and of various diameters, were prepared. One 
end of a fibre was attached to a stout wire hanging on one arm of a balance, and the 
other end to a fixed point, the medium of attachment being sealing wax. A slight 
tension was applied while the wax was still soft, in order to eliminate bending of the 
fibre at the points of attachment. The other arm of the balance carried a beaker into 
which water was introduced from a pipette or burette. The weight of water necessary 
to break the fibre was observed, and the diameter of the latter at the fracture was 
found by means of a high-power measuring microscope. Hence the tensile strength 
was obtained. 

At first the results were extremely irregular, though the general tendency of the 
strength to increase with diminishing diameter was clear. It was found that the 
irregularities were due to the dependence of the strength on the following factors : — 

(1) The maximum temperature of the glass. — ^To secure the best results it was found 
necessary to heat the glass bead to about 1400° C. to 1600° C. before drawing the fibre. 

(2) The temperature during drawing. — If the glass became too cool before drawing 
was complete, a weak fibre was obtained. This temperature could not be very closely 
defined, but it is perhaps the same as the limiting temperature of the viscous liquid 
phase, namely, 730° C. This efiect made the drawing of very fine fibres a matter of 
some difficulty, as the cooling was so rapid. 

(3) The presence of impurities and foreign bodies. 

(4) The age of the fibre. — For a few seconds after preparation, the strength of a 
properly treated fibre, whatever its diameter, was found to be extremely high. Tensile 
strengths ranging from 220,000 to 900,000 lbs. per sq. inch were observed in fibres up 
to about 0*02 inch diameter. These strengths were estimated by measuring the radii 
to which it was necessary to bend the fibres in order to break them. They are therefore 
probably somewhat higher than the actual tenacities. The glass appeared to be 
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almost perfectly elastic up to these high stresses. The strength diminished, however, 
as time went on, until after the lapse of a few hours it reached a steady value whose 
magnitude depended on the diameter of the fibre. 

Similar phenomena have been observed with other kinds of glass, and also with fused 
silica. 

The relation between diameter and strength in the steady state was investigated in the 
following manner. Fibres of diameters ranging from 0 • 13 X inch to 4 • 2 X 10“® inch, 

and 0 inches long, were prepared by heating the glass to about 1400® C. to 1600® C. in 
an oxygen and coal-gas flame and drawing the fibre by hand as quickly as possible. 
The fibres were then put aside for about 40 hours, so that they might reach the 
steady state. The test specimens were prepared by breaking these fibres in tension 
several times until pieces about 0’6-inch long remained ; these were then tested by 
the balance method already described. The object of this procedure was the 
elimination of weak places due to minute foreign bodies, local impurities and other 
causes. 

Table V. ‘below gives the results of these tests. Diameters are in thousandths of 
an inch, and breaking stresses in lbs. per sq. inch. 


Table V. — Strength of Glass Fibres. 


Diameter. 

Breaking Stress. 1 

Diameter. 

Breaking Stress. 

0*001 inch. 

lbs. per stp inch. 

O-OOl inch. 

lbs. per sq. inch. 

40-00 

24,900* 

0-95 

117,000 

4-20 

42,300 

0-75 

134,000 

2*78 

50,800 

0-70 

104,000 

2-25 

64,100 

0-60 

i 185,000 

2-(K) 

79,600 

0-56 

154,000 

1-85 

88,500 

0-50 

195,000 

1-75 

82,600 

! 0-38 

232,000 

1-40 

85,200 

! 0-26 

332,000 

l-.'}2 

99,500 

i 0-165 

498,000 

1-15 

1 

88,700 

1 0-130 

i 

1 

491,000 


It will be seen that the results are still somewhat irregular. No doubt more precise 
treatment of the fibres would load to some improvement in this respect, but such 
refinement is scarcely necessary at the present stage. 

The limiting tensile strength of a fibre of the smallest possible (molecular) diameter 
may be obtained approximately from the figures in Table V. by plotting reciprocals 
of the tensile strength and extrapolating to zero diameter. This maximum strength 
is found to be about 1*6 X 10® lbs. per sq. inch, which agrees sufficiently well with 
the rough estimate previously obtained from the cracked plate experiments. 

* From the tensile tests previously described. 

2 0 2 



182 


MR. A. A. GRIFFITH ON 


In 1858, Karmarsoh* found that the tensile stiei^h of metal wires could be repre* 
aented within a few per cent, by an expression of the type 

F = A+? (22) 

where d is the diameter and A and B are constants. In this connection it is of interest 
to notice that the figures in Table V. are given within the limits of experimental error 
by the formula 



where F is in lbs. per sq. inch and d is in thousandths of an inch. Within the range 
of diameters available to Karmarsch, this expression differs little from 

F = 22, 400+^5^, (24) 

a 

» 

which is of the form given by Karmarsch. Moreover, the values of B found by him 
for the weaker metals, e.g., silver and gold, in the annealed state, are of the same order 
as that given by formula (24) for glass. 

To a certain extent this correspondence suggests that the mechanism of rupture, as 
distinct from plastic flow, in metals, is essentially similar to that in brittle amorphous 
solids such as glass. 

The remarkable properties of the unstable strong state referred to on p. 180 above 
are exhibited most readily in the case of clear fused silica. If a portion of a rod about 
6 mm. diameter be made as hot as possible in an oxyhydrogen flame, and then drawm 
down to, say, 1 mm. or less and allowed to cool, the drawn-down portion may be bent 
to a radius of 4 or 5 ram. without breaking, and if then released will spring back almost 
exactly to its initial form. If instead of being released it is held in the bent form it 
will break spontaneously after a time which usually varies from a few seconds to a 
few minutes, according to the degree of flexure. To secure the best results the drawing 
should be performed somewhat slowly. 

When fracture occurs it is accompanied by phenomena altogether different from those 
associated with the fracture of the normal substance. The report is much louder and 
deeper than the sharp crack which accompanies the rupture of an ordinary silica or 
glass rod, and the specimen is invariably shattered into a number of pieces, parts being 
frequently reduced to powder. This shattering is not confined to the highly stressed 
drawn-out fibre ; it usually occurs also in the unchanged parts of the original thick 
rod and sometimes in the free ends, which are not subjected to the bending moment. 
The experiment is most striking, for it appears at first sight that the 5 mm. rod has 
been broken by a couple applied through the fibre, which may be only 0*6 mm. in 
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diameter. As a matter of fact, however, the shattering is probably merely one of the 
means of dissipating the strain energy of the strong fibre, which at fracture is perhaps 
10,000 times that of silica in the ordinary weak state. An elastic wave is doubtless 
propagated from the original fracture, and the stresses due to this wave shatter the 
rod. 

Confirmation of this view is obtainable if the fibre is broken by twisting instead of 
by bending. The thick part of the rod is in this case found to contain a number of 
spiral cracks, at an angle of about 45** to the axis, showing that the material has broken 
in tension, but the cracks run in both right- and left-handed spirals, so that the surface 
of the rod is divided up into little squares. This shows that the cracking must be due 
to an alternating stress, such as would result from the propagation of a torsional wave 
along the rod. 

Another phenomenon which has been observed in these fibres is that fracture at any 
point appears to cause a sudden large reduction in the strength of the remaining pieces. 
Thus, in one case a glass fibre was found to break in bending at an estimated stress 
of 220,000 lbs. per sq. inch. One of the pieces, on being tested immediately afterwards, 
broke at about 67,000 lbs. per sq. inch. 


7. Molecular Theory of Strength Phenomena. 

From the engineering standpoint the chief interest of the foregoing work centres 
round the suggestion that enormous improvement is possible in the properties of 
structural materials. Of secondary, but still considerable, importance is the demon- 
stration that the methods of strength estimation in common use may lead in some cases 
to serious error. 

Questions relating to methods of securing the indicated increase in tenacity, or of 
eliminating the uncertainty in strength calculations, can scarcely be answered without 
some more or less definite knowledge of the way in which the properties of molecules 
enter into the phenomena under consideration. In this connection it is of interest to 
enquire whether any indication can be obtained of the nature of the properties which 
are requisite for an explanation of the observed facts. 

For this purpose it is convenient to start with molecules of the classical type, whose 
properties may be defined as (a) a central attraction between each pair of molecules 
which decreases rapidly as their central distance increases, and which depends only on 
that distance and the nature of the molecules ; (&) translational and possibly rotational 
vibrations whose energy , is the thermal energy of the substance. In the unstrained 
state, the kinetic reactions due to (6) balance the central attractions (a). 

In a body composed of such molecules, the flaws which have been shown to exist 
in real substances might consist of actual cracks. But experiment shows that under 
certain conditions the strength of glass diminishes with lapse of time. On the 
present hypothesis this would require the potential energy of the system to increase 
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spontaneously by the amount of the suifaoe eneigy of the cracks. This view must 
therefore be regarded as untenable. 

Again, the observed weakening might conceivably occur if at any instant the vibrations 
of a large number (at least 10*) of near molecules synchronised and were in phase, 
provided the energy of these molecules was approximately that corresponding with 
the temperature of ebullition of the substance. Except in the case of a material very 
near its boiling point, the probability of such an occurrence must be so small as to be 
quite negligible. Hence this hypothesis also must be discarded. 

The foregoing discussion seems to suggest that the assumed type of molecule is too 
simple to permit of the construction of an adequate theory. An increase in generality 
may be obtained by supposing that the attraction between a pair of molecules depends 
not only on their distance apart, but also on their relative orientation. The properties 
of crystals seem definitely to require the molecules of anisotropic materials to be of 
this tjrpe, but those of isotropic substances have usually been assumed to be of the 
simpler kind. In view of the author, however, molecular attraction must be a function 
of orientation even in substances, such as glass, metals and water, which are usually 
referred to as “isotropic.” 

donsider a solid made up of a number of such molecules, initially oriented at random. 
Doubtless the mechanical properties of the substance, while it is in this amorphous 
condition, will diEer little from those of a substance composed of molecules of the 
simpler type, having an attraction of appropriate strength. If this is so, the tensile 
strength of the material must be that corresponding with its average intrinsic pressure. 

In general, however, this initial condition cannot be one of minimum potential 
energy. 

It is clear that under suitable conditions the tendency to attain stable equilibrium 
can cause the molecules to rotate and set themselves in chains or sheets, with their 
maxima of attraction in line. The formation of sheets will commence at a great number 
of places throughout the solid, i.e., wherever the initial random arrangement is sufficiently 
favourable. Evidently it is possible for the nmnber of such “ sufficiently favourable ” 
arrangements to be enormously less than the total number of molecules, so that the 
ultimate result will be the formation of a number of units or groups, each containing 
a large number of molecules oriented according to some definite law. The relative 
arrangement of the units will, of course, be haphazard. 

Now, in each unit there will, in general, be a direction which is, approximately at 
least, that of the minimum attractions of the majority of the molecules in the unit. 
Hence if the ratio of the maximum to the minimum attractions is sufficiently great, 
each unit can constitute a “ flaw,” and there appears to be no reason why the units 
should not be as large as the flaws have been shown to be in the case of glass. Thus, 
in order to explain the spontaneous weakening of glass, it is only necessary to suppose 
that the thermal agitation at about 1400** G. is sufficient to bring about the initial 
random formation. ' 
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It will be remembered that in the case of the freshly drawn fibres the reduction in 
tenacity required several hours for completion, so that the time taken was large 
compared with the time of cooling. Expressed in terms of molecular motion, this 
means that the molecules resist rotation very much more than they resist translation. 
This is in keeping with the conclusions of Debye,* who found that, on the basis of the 
quantum theory, the phenomena associated with the specific heat of solids could be 
explained only if the thermal vibrations of the molecules were regarded as practically 
irrotational. The same thing is shown more roughly, without introducing the quantum 
theory, by the law of Dxilong and Petit, which requires that each molecule shall 
have only three degrees of freedom. 

The theory here put forward makes the spontaneous weakening a consequence of 
the attainment of a molecular configuration of stable equilibrium ; it therefore suggests 
that the weakening should be accompanied, in general, by a change in the dimensions 
of the solid. This has been verified by direct observation with a high-power microscope ; 
in the course of half an hour a spontaneously weakening glass fibre increased in length 
by about 0*1 per cent., while the length of a sUica fibre decreased by about 0*03 per 
cent. 

On account of the random arrangement of the molecular groups, this spontaneous 
change in unstrained volume must set up internal stresses, which may be sufficiently 
large to start cracks along the directions of least strength. In this connection it may 
be mentioned that irregularly shaped pieces of glass, of which some parts had been 
put into the strong unstable state by heating, have sometimes been observed to break 
spontaneously about an hour after cooling was practically complete. 

It was remarked on p. 184 that cracks could not form spontaneously in a substance 
composed of molecules having spherical fields of force, as the process would involve 
an increase in potential energy. This is no longer true when the attraction is a function 
of orientation, as the surface energy of the cracks may be more than counterbalanced 
by the decrease in potential energy accompanying the molecular rearrai^ement. 

For this reason, it is impossible to deduce the ratio of the maidmum to the minimum 
molecular attractions from the ratio of the maximum and minimum strengths of the 
material, as it is possible that the spontaneous weakening is alw'ays accompanied by 
the formation of minute cracks, of the same size as the molecular groups. 

It is probable that, in many cases, the most stable orientation of the molecules at 
a free surface is that in which their maxima of attraction lie along the surface. Such 
an orientation would in turn lead to a similar tendency on the part of the next layer 
of molecules, and so on,, the tendency diminishing with increasing distance from the 
surface. There would therefore be a surface layer having the special property that in it 
the “ flaws ” ran parallel to the surface. 

Hence this layer would bo of exceptional strength in the direction of the surface. 
This suggests a reason for the experimental fact that the breaking load of wires and 

• ‘Ann. der Phyeik,’ 39 (1912), p.-789. 
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fibies consists maiulj of two parts, one proportional to the area, and the other to the 
perimeter of the cross-section. The process of drawing, too, might predispose the 
molecules to take up positions with their maxima of attraction parallel to the surface. 

If a perfectly clean glass plate be covered with gelatine and set aside, the gelatine 
gradually contracts, and as it does so it tears from the glass surface thin flakes up to 
about 0* 06-inch diameter and shaped like oyster shells.* This tendency to flake at 
the surface is also observed when glass is broken by bending. This was particularly 
well shown in the specially prepared fibres used for the experiments described in the 
present paper. In almost all cases of flexural -fracture the crack curled round on 
approaching the compression side, till it was nearly parallel to the surface. On two 
occasions the fracture divided before chai^ng direction, the two branches going 
opposite ways along the fibre and a flake of length several times the diameter of the 
fibre was detached. 

Surface flaking is also observed when some kinds of steel are subjected to repeated 
stress. Here the flakes are usually very small. 

All these facts are evidently in complete agreement with the “ surface layer ” theory 
and, indeed, it is difiUcult to account for them on any other basis. 

8. Extended Application of the Molecular Orientation Theory. 

On the basis of the present theory, the physical properties of materials must be 
intimately related to the geometrical properties of the molecular sheet-formation. In 
order that a substance may exhibit the characteristic properties of crystals, it is clearly 
necessary for the sheets of molecules to be plane. In this case the crystals are, of 
course, the molecule groups or “ units ” referred to above. In “ amorphous ” materials, 
on the other hand, the sheets are probably curved.f 

In materials of the former type, there must exist planes on which, if they are subjected 
to a sufficiently large shearii^ stress, the portions on either side of the planes can undergo 
a mutual sliding through a distance equal to any integral multiple of the molecular 
spacing, without fundamentally afEecting the structure of the crystal. It is well known 
that the phenomenon of yield in crystals, and especially in metals, is of this nature. 
The planes in question are, of course, the well-known “ gliding planes,” and it is further 
possible that they may be identified also with the surfaces of least attraction. The 
stress at which gliding occurs in a single crystal must be determined in the following 
manner. The molecules of a crystal are normally in a configuration of stable equilibrium, 
and if two parts of the crystal slide on a gliding plane through one molecular space the 
resulting configuration is also stable. Between these two positions there must, in 
general, be one of higher potential energy, in which the equilibrium is unstable, and the 
shearing stress is determined by the condition that the rate at which work is done, in 

* Lord Ratlkigh, ‘ Engineering,’ 1917, vol. 103, p. Ill, and H. E. Head, * Engineering,’ 1917, vol. 103, 
p. 138. 

t See Quincke, ’ Ann. der Phyaik,’ (4), 46, 1916, p. 1026. 
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sliding from the stable to the unstable state, must be equal to the greatest rate of 
increase in potential energy which occurs during the passage between the two states. 
This rate will depend on the shape of the molecular fields of force, and may in particular 
cases be zero. Liquid crystals are doubtless of this type. The average shear stress, 
during yield, of a random aggregation of a large number of crystals, is doubtless greater 
than that of a single crystal, as the angle between the gliding planes and the maximum 
shear stress must vary from crystal to crystal and can be zero in only a few of them. 

As the mutually gliding portions of a crystal pass from the stable to the unstable 
state, the molecular cohesion between them (normal to the gliding plane) must, in 
general, become less. In particular instances it may diminish to zero before the 
position of unstable equilibrium is reached. In these cases, shearing fracture along 
the gliding planes will occur, unless the material is subjected to a sufiiciently high 
“ hydrostatic ” pressure, in addition to the shearing stress. Thus, a crystalline 
substance may be either ductile or brittle, according to nature of the applied stress, 
or it may be ductile at some temperatures and brittle at others, under the same kind 
of stress as has been actually observed by Bengough and Hanson in the case of tensile 
tests of copper. This rupture in shear explains the characteristic fracture of short 
columns of brittle crystalline material under axial compression. The theory indicates 
that such fracture can always be prevented and yield set up by appl3dng sufficient 
lateral pressure in addition to the longitudinal load ; this is in agreement with experi- 
ments on rocks such as marble and sandstone.* Conversely, a ductile substance might 
be made brittle if it were possible to apply to it a sufficiently large hydrostatic tension. 

In the case of an alloy of, say, two metals A and B, suppose, as an example, that the 
sequence of molecules on either side of a gliding plane is 

.A.B.B.A.B.B 

B.B.A.B.B.A. 

Let sliding occur (through one molecular space) to an adjoining position of stable 
equilibrium, or, say, to the configuration 

.A.B.B.A.B.B.^ 

.B.B.A.B.B.A — ^ 

Evidently, tlie structure in the neighbourhood of the gliding plane is in this case no 
longer the same as in the original crystal formation. It is therefore likely that the 
new state is one of higher potential energy, whence it is reasonable to suppose that 
the maximum rate of increase in potential, in sliding, is greater than it would have 
been had the potential of the two states been the same. Thus an alloy may be expected 
to have a higher yield-point than its most ductile coixstituent. This is in accordance 
with experience. For example, it is known that quenching from a high temperature 

* T. V. Eaubian, * Zeitschr. Ver. Deutsoh. lug.,’ 56, 1911. 
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hardens tool steel by preventing the separation of “ ferrite,” or iron containing no 
carbon. 

In a single crystal the molecules are presumably in an equilibrium configuration of 
maximum stability. In this event, the equilibrium of molecules at or near inter- 
crystalline boundaries, in a body composed of a large number of crystals, must, in 
general, be less stable than that of the molecules in the interior of the crystals. In 
fact, where the orientation of the component crystals is haphazard, the stability of 
the boundary molecules may be expected to range from the maidmum of normal 
crystallisation down to zero, t.e., neutral equilibrium. If such a body be subjected 
to a shear stress, some of the molecules in or near neutral equilibrium must, in general, 
become unstable, and these will tend to rotate to new positions of equilibrium. This 
rotation, however, will be strongly resisted, as has been seen, by forces doubtless of 
a viscous nature, and its amount will accordingly depend on the time during which 
the stress is applied. If, therefore, the strain is observed it will be found to increase 
slowly as time goes on, but at a constantly decreasing rate, as the molecules concerned 
approach equilibrium. If now the load is removed, these molecules must rotate in 
order to regain their original positions of equilibrium, and this process in turn will be 
retarded by viscous forces. Hence a small part of the observed strain will remain 
after the removal of the load, and this will gradually disappear as time goes on. These 
properties, known as “ elastic after-working,” are, of course, well known to belong 
to crystalline materials. Moreover, the theory shows that they should not be possessed 
by single crystals, and this has been demonstrated experimentally.* 

There is a special type of gliding or yield which may occur at stresses below the 
normal yield point. Consider a pair of adjacent crystals, separated by a plane boundary. 
If these crystals are thought of as sliding relatively to each other, it will be seen that 
only in a finite number of the positions so taken up can the two be in stable equilibrium. 
Between each pair of such positions there must in general be one of unstable equilibrium. 
Suppose that, while near such an unstable position, the two crystals are embedded in 
a number of others. Under these conditions the boundary molecules of the two crystals 
will be pulled over in the direction of one or other of the two adjoining stable positions, 
and they will strain the solid in the process. If now the body is subjected to a shearing 
stress tending to cause relative displacement of the two crystals towards the other 
stable position, then at a certain value of this stress the molecules on either side of the 
boundary will be Mnrenched away, will pass through the position of instability, and will 
then take up a new position bearing the same relation to the second stable position 
as their original state did to the first. This new condition will, of course, persist after 
the removal of the load, as the original state cannot be regained without passing through 
unstable equilibrium, i.e., a condition of maximum potential energy. To cause the 
crystals to pass through this condition it would be necessary to apply a load of opposite 
sign, and in this way the process might be repeated indefinitely. In a body composed 
• H. V. Wabtbhbbbo, ‘ Deutsch. Phys. Qesell., Veth.,’ 20, pp. 113-122, August 30, 1918. 
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of a large number of crystals there must be many arrangements of this type, in which 
adjacent crystals can execute inelastic oscillations about positions of unstable equilibrium, 
under alternating shear stresses below the ordinary yield stress. The consequent 
observed phenomena would correspond exactly with those known to be manifested 
in metals, under the name “ elastic hysteresis.”* 

Experimentally, elastic hysteresis is distinguished from elastic after-working by the 
circumstance that it is completed very much more quickly. This is just what would 
be expected theoretically, on the view that molecular translation occurs much more 
readily than rotation. 

It has been remarked that when a single crystal of a pure substance is caused to 
yield, its structure is fundamentally unaltered. This cannot hold, however, in the 
case of an aggregate of a large number of crystals arranged at random, or a crystal 
embedded in amorphous material. True, the material in the interior of each crystal 
can retain its original properties, but near the crystalline boundaries the structure 
must be violently distorted. As a result, it may be expected that the number of the 
molecules of inferior stability will be largely increased. Elastic after-working in metals 
should therefore be increased by overstraining or ” cold-working.” This, again, agrees 
with experience. 

The foregoing considerations lend support to the view that each crystal of a severely 
cold-worked piece of metal is surrounded by an amorphous layer of appreciable 
thickness. If such a piece of metal undergoes a shear strain greater than that which 
can initiate yield in the normal crystalline .substance, the average stress which is set 
up must be above the normal yield stress, for the part due to the amorphous layers 
must be the elastic stress corresponding with the strain, and this, by h3rpothesis, is 
greater than the yield stress. This part, moreover, will increase with the strain. It 
follows that yield in cold-worked metal should be less sharply defined, and should occur 
at a higher shear stress than in the normal crystalline variety. That this is actually 
the case is, of course, well known. 

In the case of very large strains an important part of the shear stress must be taken 
by the amorphous boundary layers, and as a result the maximum tensile stress may 
reach a value sufficient to cause rupture of some favourably disposed crystals across 
their planes of least strength. This is, perhaps, the actual mode of rupture in ductile 
materials. On this view, the “ ductility ” of a metal depends simply on the relation 
between the tensile strength of the “ flaws ” and the normal yield stress. A substance 
whose ductility is small may still be “ malleable,” as hammering need not give rise 
to large tensile stresses. . 

The formation of non-crystalline material at the intercrystalline boundaries, when a 
piece of metal is over-strained, appears to provide an explanation of the sudden drop 
in stress which occurs immediately after the initiation of yieldf in ductile metals. 

* Guest and Lea, “ Torsional Hysteresia of Mild Steel,” ‘ Roy. Soo. Ptoc.,’ A, June, 191T. 

^ Bopbbtson and Cook, ‘ Roy. Soc. Proc.,’ A, vol. 88, 1913, pp. 462-471. 
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Remembering that the surface tension of a substance is the work done in forming unit 
area of new surface, it will be seen that the tension of any surface of a crystal must 
depend on the angle it makes with the crystal axis. Thus the surface tension parallel 
to the planes of least strength must be less than that in any other direction. 
Consequently, in a body composed of a number of crystals there must exist a mutual 
surface tension at each intercr 3 rstalline boundary. Now, the theory of surface tension 
shows that the magnitude of such a mutual tension is greatly diminished by making the 
transition between the two bodies more gradual. Hence the formation of the amorphous 
boundary layer involves a reduction in the surface energy of the crystals, and this is 
shown in the experiments by a drop in the stress. If this account of the phenomenon is 
complete, the drop in stress must be determined by the condition that the loss of strain 
energy equals the reduction in surface energy. I’he mechanism of the process appears 
to be that the breaking up of the boundary, which must accompany yield, is resisted 
by the surface tension, and yielding therefore requires a higher stress for its initiation 
than for its maintenance. 

According to this view, the loss of strain energy should be inversely proportional to 
the linear dimensions of the crystals. Hence the results of different experiments should 
show considerable variation in the magnitude of the drop in stress. This is actually the 
case ; a single series of experiments on mild steel, by Robertson and Cook, gave drops 
varying from 17 per cent, to 36 per cent., while in other experiments as little as 7 per 
cent, has been observed. 

In the above series of experiments the average loss of strain energy was about 
12 inch-lbs. per cubic inch. Assuming, for simplicity, that the crystals were cubes, 
of, say, 0- 001-inch side (which is a fair value for well-treated mild steel), the area of the 
intercrystal surface was 3000 sq. inches per cubic inch. These figures give the average 
intercrystal surface tension as 0*004 lbs. per inch. This is certainly of the right order 
of magnitude. 

Many of the phenomena discussed above will be more complicated, in practice, if 
the coefficient of expansion of the crystals is not the same in all directions. In such 
an event, internal stresses will be set up in cooling, on account of the random arrangement 
of the crystals, and these stresses must be taken into consideration in applying the theory. 

There remains for consideration the problem of the fracture of metals under alternating 
stress. It is known that fatigue failure occurs as the result of cracking after repeated 
slipping on gliding planes, and the theory has been advanced* that this cracking is due 
to repeated to and fro sliding and consequent attrition and removal of material from 
the gliding planes. This theory presents some difficulties, in that it does not explain 
how the attrition can occur, or the method of disposing of the debris. 

A theory which is free from these objections may be constructed if it is supposed 
that a change in volume occurs on the passage of the metal from the crystalline to the 
amorphous state. This assumption is, of course, knovui to be valid for many substances 
* Ewixa and Humfrey, ‘Phil. Trans.,’ A, 1902, p. 200. 
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at 'their melting points, but at lower temperatures there seems to be no definite 
information available. 

This assumption being granted, suppose that a piece of material which contracts on 
decrystallising is being subjected to a stress cycle just sufficient to cause repeated 
slipping in the most favourably disposed crystals. As a result, the material at the 
boundaries of these crystals will become amorphous, and the quantity of amorphous 
material will increase continuously as long as the repeated slipping goes on. But, by 
hypothesis, the unstrained volume of the amorphous phase is less than the space it 
filled when in the crystalline state. Hence all the material in the immediate neigh- 
bourhood will be subjected to a tensile stress, and as soon as this exceeds a certain 
critical value a crack will form. It has been observed above that the application of 
a sufficiently large hydrostatic tension may be expected to make a ductile substance 
brittle. Hence the crack may occur either in tension or in shear, according to the 
properties of the material and the nature of the applied stress. Further alternations 
of stress will cause this crack to spread until complete rupture occurs. This theory 
makes the limiting safe range of stress equal to that which just fails to maintain 
repeated sliding in the most favourably disposed crystals. 

It may be asked why such cracking does not take place in a static test where the 
quantity of amorphous material, once yield has fairly started, is presumably much 
greater. The answer to this is two-fold. In the first place, if the material becomes 
amorphous round all, or nearly all, the crystals of a piece of metal, it is evident that it 
will contract as a whole and no great tensile stress will be set up. In the case where 
only a few crystals yield, the tension arises from the rigidity of the imchanged surrounding 
metal. 

In the second place, even if some crystals do crack, the cracks will not, in general, 
tend to spread through the ductile cores of the neighbouring crystals, unless the applied 
load is alternating, on account of the equalisation of stre.s8 due to yield. 

The safe limit of alternating stress will usually be less than the apparent stress 
necessary to initiate yield in a static test, on account of initial stresses, including those 
due to unequal (jontraction of the crystals. 

The theory indicates that the cracking of the first crystal marks a critical point in 
the history of the piece. At any earlier stage the effects of the previous loading may 
be removed by heat treatment, or possibly by a rest interval, but once a crack has 
formed this cannot be done. True, the tension may be relieved and the ruptured 
crystal may even be compressed somewhat, but this cannot, in general, close the crack, 
as cracking is not a “ reversible ” operation. An exception may occur if the top 
temperature of the heat-treatment is sufficient to bring the molecules on either side 
of the crack within mutual range by thermal agitation, but it is unlikely that this 
can happen save in the case of very small cracks. 

If this theory is correct, it appears at first sight that the phenomenon of fatigue 
failure must be confined to substances which contract on decrystallising. This, however 
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is not necessarily so. If, for instance, a small thickness of material at the interface 
between two crystals were to increase in volume, it could not be said without proof 
that tensile stresses would not be set up thereby, in addition to compressions. In 
some cases, in fact, it is obvious that there must be tensions. Thus, if the outer layer 
of a sphere increases in volume, the matter inside must be subjected to a tensile stress. 

The effect of overstrain on the density of metals is at present under investigation 
at the Royal Aircraft Establishment. The work is not yet sufBlciently complete for 
detailed publication, but it may be mentioned here that the expected change in density 
has been found, and that the results already obtained are such as to leave little room 
for doubt that this change is in fact the cause of fatigue failure in metals. Thus, in 
overstraining mild steel by means of a pure shearing stress, a decrease in average 
density of as much as 0*25 per cent, has been observed. 

Some progress has also been made in the direction of estimating the internal stresses 
set up as a result of the change in density, and it has been found that an average change 
of the magnitude mentioned above could give rise to a hydrostatic tensile stress in the 
cores of the crystals, of the order of 30,000 lbs. per sq. inch. 

Dealing now with materials whose molecular sheet-formations are curved, it is at 
'"once evident that all jdeld, or slide, phenomena must be absent, as possible gliding 
planes do not exist. Thus, this case, though geometrically more complicated, is 
practically much simpler than that in which the sheets are plane. The theoretical 
properties of materials having the curved type of formation appear to correspond 
exactly with those known to belong to brittle “ amorphous ” substances. Exactly 
as in the case of crystalline materials, elastic after-working is explained by the inferor 
stability of molecules near the boundaries of the units of molecular configuration, but 
elastic hysteresis should not occur. If adequate precautions are taken to avoid secondary 
tensile stresses, fracture of short columns in compression should occur at stresses of an 
altogether higher order than in the case of crystals. In this connection it may be 
remarked that the compressive strength of fused silica is about 26 times as great as 
its ordinary tensile strength. 

It appears from the foregoing discussion that the molecular orientation theory is 
capable of giving a satisfactorj' general account of many phenomena relating to the 
mechanical properties of solids, though closer inve.stigation will perhaps show that 
the agreement is in some cases superficial only. Such questions as the efiects of unequal 
cooling, foreign inclusions and local impurities, and the behaviour of mixtures of 
different crystals, have not been dealt with ; it is thought that these are matters of 
detail w'hose discussion cannot usefully precede the establishment of the general 
principles on which they depend. 

9. Practical Limitations of the Elastic Theory. 

It is now possible to indicate the directions in which the ordinary mathematical 
theory of elasticity may be expected to fail when applied to real solids, 



THE PHENOMENA OP RUPTUEE AND PLOW IN SOLIDS. 


198 


It is a fimdamental assumption of the mathematical theory that it is legitimate to 
replace summation of the molecular forces by integration. In general this can only 
be true if the smallest material dimension, involved in the calculations, is large compared 
with the unit of structure of the substance. In crystalline metals the crystals appear, 
from the foregoing investigation, to be anisotropic and they must therefore be regarded 
as the units of structure. Hence the theory of isotropic homogeneous solids may 
break down if applied to metab in cases where the smallest linear dimension involved 
is not many times the length of a crystal. 

Similar considerations apply to solids such as glass, save that here the units of 
structure are probably curved. 

The most important practical case of failure is that of a re-entrant angle or groove. 
Here the theory may break doym if the radius of curvature of the re-entering comer 
is but a small number of crystals long. An extreme instance is that of a surface 
scratch, where the radius of curvature may be but a fraction of the length of the 
crystals. 

In the case of brittle materials the general nature of the effect of scratches on strength 
may be inferred from the theoretical criterion of rupture enunciated in section 2 above. 
Whether the material be isotropic or anisotropic, homogeneous or heterogeneous, it is 
necessary on dimensional grounds that the strain energy shall depend on a higher power 
of the depth of the scratch than the surface energy. It follows that small scratches 
must reduce the strength less than large ones of the same shape. Hence, where the 
tenacity of the material, under “ uniform ” stress, is detemiined by the presence of 
“ flaws,” it must always be possible to find a certain depth of scratch whose breaking 
stress is equal to that of the flaws. Evidently such a scratch can have no influence 
on the strength of the piece. Deeper scratches must have some weakening effect, 
which must increase with the depth, until in the limit the strength of very large grooves 
may be found by means of the elastic theory and the appropriate empirical hypothesis 
of mpture. 

In the case of ductile metals, the effect of scratches is important only under alternating 
or repeated stresses. On the theory advanced in the preceding section, fatigue failure 
under such stresses is determined by phenomena which occur at the intercrystalline 
boundaries. Hence the strength of a scratched piece is fixed, not by the maximum 
stress range in the comer of the scratch, but by the stress range at a certain distance 
below the surface. This distance cannot be less than the width of one crystal, and it 
may be greater. Elastic theory suggests that the stress due to a scratch falls off very 
rapidly with increasing distance from the re-entrant comer, so that the relatively small 
effect of scratches in fatigue tests is readily explained. 

Possibly many published results bearing on this matter depend more on initial skin 
stresses than on sharp comer effects. 
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10. Methods of Increasing the Strength of Materials. 

The most obvious means of making the theoretical molecular tenacity available for 
technical purposes is to break up the molecular sheet-formation and so eliminate the 
" flaws.” In the case of crystalline material this has the further advantage of ebminating 
yield and probably also fatigue failure. 

In materials which normally have curved sheets, the molecular fields of force are 
presumably asymmetrical, and the process indicated above would lead of necessity 
to a random arrangement, which might be unstable. It has been seen that in glass 
and fused silica it is actually unstable, except in the case of the finest fibres. 

As regards crystalline materials, however, in which the fields of force must have 
some sort of symmetry, there seems to be no reason why there should not be possible 
a very fine grained stable configuration, which could be derived from the ordinary 
crystalline form by appropriate rotations of certain molecules to new positions of stable 
equilibrium, in such a way as to break up the gliding planes. The grain of such a 
structure need be but a few molecules long, and its strength would approximate 
to the theoretical value corresponding with the heat of vaporisation. 

There is some evidence that mild steel which has been put into the amorphous 
condition by over-strain tends, imder certain conditions, to take up a stable fine-grained 
formation of this kind, in preference to resuming its original coarse crystalline configura- 
tion, in that a temperature of 0° C. appears to prevent recovery from tensile over- 
strain.* 

These considerations suggest that if a piece of metal were rendered completely 
amorphous by cold-working, and then suitably heat-treated, its molecules might take 
up the stable strong configuration already described. The theory indicates, however, 
that over-straining tends to set up tensile stresses in the unchanged parts of the crystals 
which may start cracks long before decrystallisation is complete. Such cracking could 
be prevented if the over-straining were carried out under a sufficiently great hydrostatic 
pressure, and this line of research seems to be well worth following up. It might, of 
course, be found that the requisite pressure was so enormous as to render the method 
unworkable, but if the theory is sound there seems to be no other reason why definite 
results should not be obtained. 

The problem may be attacked in another way. As has been seen, the theory suggests 
that the drop in stress at the initiation of yield is due to the surface energy of the inter- 
crystal boundaries. Thus the yield point may be raised by “ refining ” the metal, 
i.e., so heat-treating it as to reduce the size of the crystals. The limit of refinement is, 
doubtless, reached when each “ crystal ” contains but a single molecule and the material 
is then in the strong stable state already described. 

Refining is also of great value in connection with resistance to fatigue failure. Suppose, 
in accordance with the foregoing theory of fatigue, that one crystal has been fractured, 

* Coker, ‘ Phys. Rev.,’ 15, August, 1902. 
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then the general criterion of rupture shows that the crack cannot spread unless the 
material is subjected to a certain minimum stress, which is greater the smaller the crack. 
Thus, reducing the size of the crystals increases the stress necessary to cause the initial 
crack to extend. There is therefore a critical size of crystal for which the stress-range 
necessary to spread the crack is equal to that necessary to start it. Until the refining 
has reached that stage it can have no effect on the magnitude of the safe stress range, 
but from that point on the range must increase progressively with refinement until the 
limit is reached, as before, when each “ crystal ” contains but one molecule. 

It therefore appears that refining is one avenue of approach towards the ideal state 
of maximum strength. Strangely enough, another line of argument suggests that the 
reverse of refinement might be effective in securing the desired result, in certain special 
cases. If a wire is required to withstand a simple tension, it seems that the best 
arrangement is that in which the strongest directions of all the molecules are parallel to 
the axis of the wire. This is equivalent to making the wire out of a single crystal. 
The theoretical tenacity would not be obtained, however, if the gliding planes made 
with the axis angles other than 0° C. and 90® C., as yield would occur. 

If, in passing from the normal crystalline to the strong fine-grained state, the necessary 
orientation of the molecules were performed in accordance with some regular plan, 
the resulting configuration would possess some kind of symmetry, and the material 
might therefore exhibit crystalline properties. In cases where a substance exists in 
nature in several different crystalline forms, of which one is much stronger than the 
others, it may be that the strong modification is of the fine-grained type here considered. 
Thus, diamond may be a fine-grained modification of carbon. If this view is correct, 
it suggests that the transformation of carbon into diamond requires, firstly, the existence 
of conditions of temperature and pressure under which diamond has less potential 
energy than carbon ; and, secondly, the provision of means for causing relative rotation 
of the molecules. In the attempts which have so far been made in this direction, 
attention seems to have been concentrated on satisfying the former requirement, the 
possible existence of the latter one havii^ been overlooked. The most obvious way 
of satisfying it, if the mechanical difficulties could be overcome, would appear to be 
the application of suitable shearing stresses in addition to the hydrostatic pressure. 

11. Application of the Theory to Liquids. 

A detailed discussion of the properties of liquids, in the light of the present theory, 
would scarcely fall within the scope of this paper. One prediction which has been 
made, however, and which has been verified experimentally, affords such a remarkable 
confirmation of the general theory that it is felt that no apology is necessary for 
introducing it here. Consider a solid composed of molecules whose attraction is a 
function of orientation, the molecules being arranged in groups, in accordance with 
the theory outlined in the preceding pages. If the temperature of this body be supposed 
to be increasing, it will be seen that at some temperature the kinetic reactions due to 
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the thermal vibrations must overcome the minimum attractions of the molecules in each 
group. It is clear, therefore, that at this temperature the substance will be unable to 
withstand shearing stresses. At the same time it cannot vaporise, as the molecules 
must still be held together in chains by their maximum attractions. In other words, 
the transformation which has been discussed is simply the liquefaction of the solid. 

This view of the phenomenon of melting indicates that the molecules of liquids are 
in general arranged in groups or chains, of a length comparable with that of the 
structure ascribed to solids in the preceding work, or, say, 10* molecules. 

If, therefore, a liquid be contained in a solid boundary which it wets, the ends of 
these chains may be expected to attach themselves to the solid ; and if at any point 
the distance between the bounding walls is less than the length of the chains, some of 
the latter will attach themselves to both walls and hinder the free flow of the liquid 
and the relative movement, if any, of the boundaries. At such a point the liquid will 
act as a solid under any stress which is insuflicient to break the chains. 

This has been verified experimentally. The apparatus consisted of a polished steel ball 
1 inch in diameter, and a block of hard tool steel containing a circular hole about 4 inches 
long. The hole was carefully ground, after hardening, to a diameter about 0*0001 inch 
greater, at its smallest part, than the diameter of the ball. When both were dry the ball 
passed freely through the hole. If, however, they were wetted with a liquid, consider- 
able pressure was necessary to force the ball through. This resistance possessed the 
characteristic “ stickiness ’* of solid friction, and was exactly the kind of resistance 
which would have been expected in forcing the dry ball through a hole which was too 
small for it. 

To show that the resistance was a true “ solid stress ” and not due merely to viscosity, 
the apparatus was on one occasion left for a week, with the weight of the ball supported 
by the stress in the liquid (parafiin oil). The hole was vertical, so that there was no 
normal pressure between its surface and the surface of the ball. During this period 
no motion whatever could be detected. 

It is essential to the success of these experiments that the ball and hole should be 
thoroughly wetted by the liquid. For this reason the liquids used have been chiefly 
paraffin oil and lubricating oils, but on one occasion the effect was obtained with water. 

The present theory suggests a reason for the very low tensile strength of liquids. 
If a liquid is composed of a random aggregation of chains of molecules, it may reasonably 
be expected to contain regions of dimensions comparable with, but smaller than, the 
length of the chains, across which no chains run. Rupture of the liquid will evidently 
occur by the enlargement of these cavities. Now the tension, R, necessary to enlarge 
a spherical cavity of diameter, D, in a liquid of surface tension, T, is given by 

R = 4T/D. 

In the case of water, the tensile strength, R, is about 70 lbs. per sq. inch at ordinary 
temperatures, while T is about 0*00042 lbs. per inch. Hence the cavities, if spherical, 
must be at least 0 • 000024 inch in diameter. This is of the order indicated by the theory. 
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The foregoing conclusions are of especial interest in their relation to the theory of 
Rosbnhain,* on which many of the properties of metals, and particularly “ season 
cracking” under prolonged stress, are explained by supposing that the cr3n3tals are 
cemented together by very thin layers of amorphous material having the properties 
of an extremely viscous undercooled liquid. The experiments described above show 
that fluidity is not a property which can be ascribed o priori to such films. Hence 
if the view of Rosenhain and Archbutt were to be definitely established, it would 
be necessary to regard it, not as a theory of season cracking in terms of the known 
properties of materials, but as a deduction of the properties of the intercrystalline 
layers from the phenomena of season cracking. Looked at in this way, it would be 
of extreme interest, for it would show that the molecular arrangement of the inter- 
crystalline layers could not be of the coarse-grained type characteristic of the normal 
states of solids and liquids. 

It is clear that the foregoing theory of liquids is not free from objection, and that in 
some respects it appears to be less satisfactory than existing theories. The most 
obvious objection is that it seems to be incompatible with accepted determination of 
the molecular weight of liquids. Since, however, these experiments are based ultimately 
on kinetic considerations, the author believes that this difficulty will not in fact arise 
unless the requisite bonds between the molecules of each group are found to be sufficiently 
strong to cause appreciable modification of the average molecular kinetic energy. 

12. Summary of Conclusions. 

(1) The ordinary hypothesis of rupture cannot be employed to predict the safe range 
of alternating stress which can be applied to metal having a scratched surface. The 
safe range of an unscratched test piece appears to be slightly less than the yield range, 
but if the surface is scratched the safe range may be several times the range which 
causes yield in the comers of the scratches. 

(2) The “ theorem of minimum'potential energy ” may be extended so as to be capable 
of predicting the breaking loads of elastic solids, if account is taken of the increase of 
surface energy which occurs during the formation of cracks. 

(3) The breaking load of a thin plate of glass having in it a sufficiently long straight 
crack normal to the applied stress, is inversely proportional to the square root of the 
length of the crack. The maximum tensile stress in the comers of the crack is more 
than ten times as great as the tensile strength of the material, us measured in an ordinary 
test. 

(4) The foregoing observation is in agreement with the known fact that the observed 
strength of materials is less than one-tenth of the strength deduced indirectly from 
physical data, on the assumption that the materials are isotropic. The observed 

• W. Rosbnhain and D. Bwbn, “ Inteiciystallinc Cohesion in Metals,” ‘ J. Inst. Metals,’ vol. 8 (1912) ; 
and W. Rosbnhain and S. L. Abchbutt, “ On the Intercrystalline Fracture of Metals under Prolonged 
Application of Stress (Preliminary Paper),” * Roy. Soc. Proc.,’ A, vol. 96 (1919). 



198 MR. A. A. GRIFFITH ON THE PHENOMENA OF RUPTURE AND FLOW IN SOLIDS. 


strength is, in fact, no greater than it would be, according to the theory, if the test 
pieces contained cracks several thousand molecules long. 

(6) It has been found possible to prepare rods and fibres of glass and fused quartz 
which have a tenacity of about one million poimds per square inch (approximately 
the theoretical strength) when tested in the ordinary way. The strength so observed 
diminishes spontaneously, however, to a lower steady value, which it reaches a few 
hours after the fibre has been prepared. This steady value depends on the diameter 
of the fibre. In the case of large rods it is the same as the ordinary tenacity, whereas 
in the finest fibres the strength diminishes but little from its initial high value. The 
relation between diameter and strength is of practically the same form for glass fibres 
as for metal wires. 

(6) If it is assumed that intermolecular attraction is a function of the relative 
orientation of the attracting molecules, it is possible to construct a theory of all the 
phenomena mentioned in (3), (4) and (6) above. In the case of crystalline substances 
the theory also appears to explain yield and shearing fracture ; elastic hysteresis ; 
elastic afterworking ; the fracture in tension of ductile materials and the flow of brittle 
materials under combined shearing stress and hydrostatic pressure ; the drop in stress 
which occurs on the initiation of yield in ductile substances ; fatigue failure under 
alternating stress ; and the relatively slight effect of surface scratches on fatigue 
strength. In the case of non-crystalline materials the theory explains elastic after- 
working and the great strength of short columns in compression. 

(7) The theory shows that the application of the mathematical theory of homegeneous 
elastic solids to real substances may lead to error, unless the smallest material dimension 
involved, e.y., the radius of curvature at the comer in the case of a scratch, is not many 
times the length of a crystal. 

(8) It should be possible to raise the )nield point of a crystalline substance by 
“ refining ” it, until at the ultimate limit of refinement the yield stress should be of 
the same order as the theoretical strength. It should also be possible similarly to 
increase the tenacity. Up to a certain stage the fatigue range should be unaffected by 
refining, but thereafter it should increase in the same degree as resistance to static stress. 

(9) The theory requires that a thin film of liquid enclosed between solid boundaries 
which it wets should act as a solid. Experimental confirmation of this has been obtained. 

In conclusion, the author desires to place on record his indebtedness to many past 
and present members of the staff of the Royal Aircraft Establishment for their valuable 
criticism and assistance, and also to Prof. C. F. Jenkin, at whose request the work 
on scratches was commenced. 

[Note . — It haa been found that the method of calculating the strain energy of a cracked plate, 
which is used in Section 3 of this paper, requires correction. The correction affects the numerical values 
of all quantities calculated from equations (6), (7), (8), (10), (11), (12) and (13), but not their order of 
magnitude. The main argument of the paper is therefore not impaired, since it deals only with the order 
of magnitude of the results involved, but some reconsideration of the experimental verification of the 
theory is necessary.] 
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1. Introdtictory. — This paper is a development of two earlier papers,* which for 
brevity I call “ Reduction ” and “ Fitting ” respectively. The papert immediately 
preceding “ Fitting ” is referred to as “ Factorial Moments.” 

These earlier papers deal with two problems, which are closely connected and have 
the same solution. For both of them, the data are a set of quantities ?/«, u„ Un, ... of 
the same kind, which we regard as representing certain true values t/o. •••» 

with errors e^, Ci, Ca, ..., so that w, = i!7,+e,. These errors may be independent or 
may be correlated in any way. The first problem is based on the assumption (which 
defines the class of cases we are dealing with) that the sequence of U’b is fairly 
regular, so that differences after those of a certain order, which we will caliy, are 
negligible. This being so, we may alter any u, or any linear compound of the u’s, 
such as an interpolation-formula, by adding to it any linear compound of the neg- 
ligible differences. (I use the term “linear compound” in preference to “linear 
function,” since there is no consideration of functionality.) The problem is to find 
the value of the resulting sum when, by suitable choice of the coefficients in the 
added portion, the mean square of error of the sum is a minimum. This is the 
problem of “ reduction of error.” For the second problem it is assumed that 1/^ is a 
polynomial in r of degree j, and the problem is to find the coefficients in this poly- 
nomial by the method of least squares. This is the problem of “ fitting.” 

The practical solution of these problems for the general case, in which the errors 
are correlated, is not easy. The particular case which is simple is that in which 
the errors all have the same mean square, which by a suitable choice of unit is taken 
to be 1, and the mean products of error are all 0. (In the previous papers I have 
called this system of errors the standard system ; in the present paper the set of m’s 
which possesses this property is called a self -conjugate set.) In “ Reduction ” I gave 
the solution for this particular case in terms of central differences, and in “ Fitting ” 
I gave the solution in terms of advancing differences and of advancing and central 
sums, formed in a particular way. I also gave expressions in terms of the m’s, but 
these were rather complicated. It remained to obtain expressions for the mean 
squares of error of the new values, in order to compare them with those of the old 

* “Reduction of Errors by means of Negligible Differences,” ‘Fifth International Congress of 
Mathematicians,’ Cambridge, 1912, ii., 348-384; “Fitting of Polynomial by Method of Least Squares,” 
‘ Proceedings of the London Mathematical Society,* 2nd series, xiii., 97-108. 

t ” Factorial Moments in terms of Sums or Differences,” ‘ Proceedings of the London Mathematical 
Society,’ 2nd series, xiii., 81-96. 
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valuea In doing this I found that the whole of the work could be very much 
simplified by using certain general theorems, which applied not only to the special 
case of the standard system but also to the general case, and even to a still more 
general problem in which, in the one aspect, the reduction of error is efiected by 
means of quantities which are not necessarily a set of differences, or in which, in the 
other aspect, is not necessarily a polynomial in r of degree y but is a linear com- 
pound, with coefficients to be determined, of any y + 1 functions of r ; and the present 
paper is mainly concerned with these general theorems, so that to a certain extent it 
supersedes the previous papers. 

The abbreviations l.c., m.s.e., m.p.e., are used for linear compound, mean square of 
error, mean product of errors. The mean square of error of A is denoted by {A ; A), 
and the mean product of errors of A and B by (A ;B) or {B ; A), Other special 
notations used in the paper are the same as in the three papers mentioned at the 
beginning of this section, or are explained in §§ 3, 5 (hi.), 7, 17, and 20. 


Conjugate Sets. 


2. Conjugate Set. — (i.) Let A, B, C, D, ... be a set of quantities, not necessaiCy all 
of the same kind, containing coexistent errors which are either independent or 
correlated in any way. For the purpose of the following investigations it is 
convenient to consider, in connexion with these quantities, another set of quantities, 
G, II, J, K, , equal to them in number and connected with them by the conditions 
that (l) each quantity of the second set is a l.c. of those of the first set, and (2) the 
m.p.e. of corresponding members of the two sets is 1 and that of members which do 
not correspond is 0. If we replace the quantities of the two sets by A^, Ai, A 2 , ... , 
and Go, Gi, Go, ... , we can express this latter condition by saying that m.p.e. of G^ 
and A, = 0 (s 7 ^ r) or 1 (s = r). The second set of quantities is said to be conjugate 
to the first. 

(ii.) Let the member of the second set which corresponds to C of the first set 
be J. To determine J, let us write 

♦/ = a A + })B + c(7+ dD + . . . . 

Then, denoting the m.p.e. of A and Bhy {A', B), condition (2) gives 

(A ; A) a+{A ; B) b+(A ; G) c+{A ; D) d+... = 0, 

(B ; A)a+{B ; B)b + {B ; C) c+{B ; V) d-\- ... = 0, 

(G -, A) a+{C ’,B)b + {C;C)c + {G;D)d+... = l, 
{D;A)a+{D;B)b+{D;G)c+{D;D)d+...=^0, 

& 0 . 

2 E 2 
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There are as many equations as there are coefficients a, b, d, ; and the values 
of these are thus uniquely determined. 

(iii.) The values of a, o, ... as found from the above equations have as their 
denominator the determinant 


e = 


{A ;A)(A;B)(A;C)(A;D)... 
{B ; A) (B ;B)(B ;C)(B . 

(C ; A) (C ; B) {C ; C) {C ; D) . . . 
{D ;A){DiB){I)iC){D;D) . . . 


There is therefore no conjugate set if this determinant is zero. The nature of the 
relations which in this case hold between the errors is considered in Appendix I., § 3. 

(iv.) Since the members of the conjugate set are l.cc. of those of the original set, 
the converse also holds. Regrouping the equations which determine the coefficients, 
it will be seen that the original set is conjugate to the conjugate set ; i.e., that the 
two sets are conjugate to each other. The formulae for the members of the original 
set in terms of those of the conjugate set are 

A = {A; A)G+(A ; B)JI+(A ; C) J+..., ' 

B = {B)A) G+{B ; B) H+{B ; C)J+..., , . 

> ( 1 ) 

C = {C;A)G+{G;B)H+{C;C)J+..., 

&c. 

These follow from the solution of the equations in (ii.), by the ordinary properties 
of determinants ; or they may be obtained more simply by determining the 
coefficients of G, U, J, ... in each case from the second of the conditions stated 
in (i.). 

(v). By means of these relations we can not only express any l.c. of the quantities of 
either set in terms of those of the other set, but we can also express any such l.c. in terms 
of particular quantities of one set and those of the conjugate set which correspond 
to the remaining quantities. We can, for instance, express any l.c. of G, H^J,K, ... 
in terms of A, B, J, K, ... by using the first two equations in (l) to determine 

G and H in terms of A, B, J, K, The results involve a certain determinant in 

the denominator ; it is shown in Appendix I., § 4, that this is not zero if 0 is not zero, 
(vi.) Two special cases may be mentioned : — 

(a) If the errors of A, B, C, D, ... form a standard system, i.e., if the m.s.e. of 
each of the quantities is 1 and the m.p.e. of each pair of quantities is 0, the conjugate 
set is identical with the original set ; and conversely. A set which is identical with 
the conjugate set will be called a self -corrugate set. 
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(6) If the m.p.e. of each pair of quantities of the original set is 0, but the m.ss.e. 
are not all 1, this is also the case for the conjugate set. The original set being 
A, B, C, ... , the quantities of the conjugate set are A/{A ; A), B/{B ; B), C/{C ; C), 
and their m.88.e. are 1/{A ; A), l/(J5 ; B), l/(C; C), .... 

3. Relations between Original Set and Conjugate Set. — For expressing a member 
of either set in terms of the members of the other set, it is convenient to give them 
a linear order. We therefore denote the members of the original set by ... 


and those of the conjugate set by o-q, <r„ «r„ ... or,. Also we write 

f,,, = m.p.e. of 5, and 5, = f,., (2) 

fif,t = m.p.e. of or, and or, = ij,., (8) 

(L) The condition of conjugacy is that (r = 0, 1, 2, ... / ; i = 0, 1, 2, ... 1) 

m.p.e. of and <rt = 0{r t) or 1 (r = <) (4) 


(ii.) The expression for in terms of the o-’s is {cf. § 2 (iv.)) 


[For, if we write 
then (2) and (4) give 


K — + ^r,a®’a+ ••• 


5, = a^fTo + a,<r, + a./Ti + . . . 4- ctjo-/. 


t = m.p.e. of St and 




( 5 ) 


(iii.) Similarly the expression for o-j in terras of the 3’e Is 

= «jo. A + ^1. A + ija, A + • • • + *it. A- 


(6) 


(iv.) The relations between the f’s and the i;’s are easily deduced from (5) and (6). 
If we write 


Z = 


Co.o fo.i fo.a • • • ^0,1 

^1.0 ?i.i fi.a • • ‘ 

fa,o fa,i £*,8 • • • 


?J.a • • • Ci.t 


( 7 ) 


Z,., = cofactor of f,,, in Z = Z,,^, 


( 8 ) 
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9o,o *h,i %,« • • • *to.i » 

%.o m.\ >»i.s • • ‘ m.t 

*h,o *la.\ *ta,a • • • *la,i 


I m,o Vi.1 %a • • • m.i I 

Hp,, = cofactor of in H = (lO) 

then 

= ^«/2. (1^) 

= ( 12 ) 

HZ = 1 (13) 


(v.) The assumption that there is a conjugate set implies {cf. § 2 (iii.)) that 
Z is not = 0. It follows from (13) that H is not = 0. It also follows (see 
Appendix I., §4 (6)) that none of the principal minors of Z or of H are = 0.' 

4. Two RelcUed Pairs of Conjugate Sets. — (i.) Suppose that there is another set 
of /+! quantities u^, ih, u.j, ... Ui, connected with the ^*8 by the linear relations 


(r = 0, 1, 2, ... 1) 

Uf = {rj) ^0+ (^i) ^1+ (^a) ^a+ ••• + (^j) (14) 

Then, by the condition of conjugacy of the 5’s and the o-'s, 

(r^) = m.p.e. of w, and <r, (15) 


Let the set conjugate to u^, Wj, Wg, ... w, be yo, Vu 2/a, ... yi> Then there are linear 
relations between the 2/’s and the w’s and between the o-’s and the ^*8, and therefore also, 
by (14), between the y’s and the o-’s. To find the o-’s in terms of the y’s, we write (15) 
in the form 

(r,) = m.p.e. of o-, and w, ; 
and we see that (< = 0, 1, 2, ... 1) 

= (0i)y«+(l|)yi+(2,)ya+ — + (^t)F/. r (16) 

(ii.) Similarly, if the expression for the 5*8 in terms of the w’s is (« = 0, 1, 2, ... 1) 

= {«o} Wo+ {«i} Wi+ {sa} Wa+-**+ {«/} w,, (17) 

where, by (14), 

(n) {0,} + (n) {!,}+... + (r,) {;,} =0{r yet) or 1 (r = t), . . . (18) 

{«»} (O,) + {si} (1«) + ... + {si} {It) = 0{r yet) or 1 (r = «), . . . (19) 


{««} = m.p.e. of S, and y, (20) 

Vt = {0«} <^o+ {1|} 0^1+ {2,} 0-8+ ... + {Z,} a-i (21) 


then 
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(iii.) The above relations can be expressed diagrammatically, thus : — 


• 

• • * • 

• • • • 

• 


• X 

. X 

. X 

. X 


^2 

X X X X . . . 

b" 


X 

X 

X 

X 

b 

So 

X 

X 

X 

X 

1? 


1^3 • • • 



^ ^ ^ . 



The crosses represent the ( ) coefficients if they are the coefficients of the ^*0 in 
the w’s and of the y’s in the o-’s, and the { } coefficients in the converse case. 

(iv.) Similarly, if we write (r = 0, 1, 2, ^ t = 0, 1, 2, ... /) 


[r,] = m.p.e. of and (22) 

then 

Vr — [^o] ^ 0 + [^i] ^ 1 + [^2] 5 a+ ... + [rj S/, (23) 

= [O*] '** 0 + [ 1 ,] Ui + [ 2 ,] Wa + . . . + [Z,] u, (24) 


5. Sums as Conjugates of Differences . — The cases of importance are those in 
which the ^’s are successive differences of the w’s. It will be found that in these 
cases the <r’s are l.cc. of successive sums of the ys. 

(i.) Let the 5’s be the advancing differences of the m’s, i.e. 

Sq Uq^ ... Sf Uof .... 

Then the diagram for the ( ) coefficients is 


I 

1 

• • • • 

• • • • 

• • • * 

0 0 0 1 . . . 


^2 

0 0 1 3 . . . 

b" 

S . 

0 1 2 .3 . . . 

b 

So 

1 1 1 1 . . . 



^0 ^3 ^3 • • • 



^ ;S ^ ^ . 





206 


DR. W. F. SHEPPARD ON 


and, generally, 


so that 

<ro = yo+yi+ya+yz+—-^yi» 

= yi + 2ya+3y8+4j/4+”- + ^y<i 
<ra = J^a+3y8+6y4+10y6+-”+i^(^-l)y<. 

“■/ = »/+(/+!. 1) »/♦!+{/+ 2, 2) »/..+ ••• +tt i-/) »i 
= '2(?./)y.: (25) 

q^f 

or, in the notation of “/Fitting,” § 4, and “ Factorial Moments,” 

,r,= 2"/^V/ (26) 

The <r’s can be obtained by successive summations of the y’s in. reverse order, i.e. 


shown in the following diagram. 

or difference-table 

0 


0 

Vi 

II 

0 

X 


0 X 

yi-x 

Ui 

0 X 

X 


X 

X 

o 

yi-2 

U 2 


^8 

X 

X Si 


0 






a, 


(Tj X 

X 

y% 


<74 X 


X 


O'S 

X 

Vx 


(Ta 


X 




y^ 

Ui 


X X 

X X 

X 
X 


(ii.) Let the ^’s be the central differences of the ub. Then it will be found in the 
same way that 

(a) If the w’s are Wo, w„ Wa, ... Wa,, so that 

^9 ^1 = flSu^, Sg = Si = , 
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then 


<r,,= 2 " (27) 

r——n 

(28) 

r= n 


(6) Tf the ns are w,, u.j, ... W 2 „_i, so that 
then 


<r.A-, = T [/-^, 2/1-1) (29) 

r s=-n+l 

o^aA-2 = ^ 2/1— 2] (30) 

rac -n+l 


(iii.) The values given by (25)-(30) may be expressed in terms of successive sums 
by the formula} given in “ Factorial Moments.” The notation, however, can be 
simplified. Suppose that we have a set of quantities ... Fq, i'’„ Fj, ... corresponding 
to values ... 0, 1, 2, ... of some variable, and that we form the table of successive 
differences (and also, if we like, of successive sums) of the F’s. Then the Lagrangian 
formula for Fe in terms of Fp, Fp^.^, ... /'p+j, which can be expressed in a good many 
different ways, may be regarded as the formula for it in terms of the whole 
(unlimited) set of differences (and sums) which form a triangle with its apex 
at A*Fp', and we can denote it by L{Fe\A*Fp}. With this notation, the above 
results may be written 


(25) 

''/=[A{(-)/s'*V/;2;.'/, • ■ • 

.... (31) 

(27) 


.... (32) 

(28) 

0-2A-1 == [X {-0-*Vn : + 

.... (33) 

(29) 

o'aA-i = [7/ J + • • 

.... (34) 

(30) 

•^aA-s = 1 . 7 / {er=*'''V/»-.} : • • • 

.... (35) 

The L is 

distributive as regards the first member inside the { } ; 

c.g., in the case 


of (31), 

A<r,-^Bcr, = [X ; 2.?/,}];:;,”. 

(iv.) More generally, suppose that the ^’s are the successive differences of the w’s 
according to any system of differences ; by which we mean that 8, is either a definite 
difference of the w’s of order s (the us themselves being differences of order O) or a 
l.c. of such differences. Then (r,) of (14) is a polynomial in r of degree t, and is 
VOL. ocxxi. — A. 2 G 
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of the form 2 (g) y,, where (q) is some polynomial in q of degree t. It follows 

7 = 0 

that any l.c. of o-q, o-j, (r^ ... o-j is also of this form. 

(v.) If we denote the f*'*' moment of the y’a by Mf, then Mf is of the form 

q Si VI 

2 ^/{q)yg- Hence o-, is a l.c. of Mo, Mi, M^, ... M^’, and Mf is a l.c. of <ro,<r,, eta, ... 0 -^. 

7 = 0 

More generally, any l.c. of wo. <»■„ o-a, ... is a l.c. of Mo, Mi, M^, ...Mi', and 
conveirsely. 


Eeduction of Erkor (General). 

6. General Theorems . — Let A, B, C, ... P, Q, R, ... he n sot of quantities as in § 2, 
but all of the same kind. If 

w = aA-\-hB-{-cC-{- ... (with or without terms in P, Q, R, ...), 

X = w+pP+qQ+rR+ ... , 

where a, h, c, ... are fixed and p, q, r, ... are arbitraiy, and if we choose p, q, r, ... 
so as to make the m.s.e. of x a minimum, the resulting value of x is called the 
improved value of w, using P, Q, E, ... as auxiliaries. The following are general 
theorems ; some are quite elementary, but it is convenient to state them here. The 
specially important theoi’ems are (HI-) and (XIII.). The assumption mentioned 
under (VI.) should be noted. If strict proofs of (I.) and (II.) are required, the 
method should he that of Appendix I., § 2. 

(I.) The m.p.e. of A and any l.c. of A, B, C, ... is the same l.c. of the m.pp.e. of 
A and A, B, O, ... [i.e., m.p.e. of A and aA+hB+cC-\r ... is a(.4 ; A)+b(A ; B) + 
c(A ; C) + ...l 

(II.) 2'he m.s.e. of any l.c. of A, B, C, ..., m' the m.p.e. of any two such l.cc., is 
found hy squanng the former or multiplying the latter and replacing squares and 
products hy the corresponding m.ss.e. and m.pp.e. {i.e., m.s.e. of aA-\-hB+cC-\- ... 
= a^(A ;A)+2ah{A ;B)+h^{B; B)+2ac(A ; O) + 2hc(B ; C) +c^C ; C) + ..., and 
similarly for m.p.e. of aA + hB+cO+... and a'A + h'B+c'C+...]. 

(III.) If the improved value of A, usin^ certain auxiliaHes, is A + a, then the 
m.p.e. of A + a and each of the auxiliaries or a or any other l.c. of the auxiliaries is 
zero. [Let the auxiliaries be P,Q,R,..., and let A+ct — A+pP+qQ-¥rR^ ... . 
Then the m.s.e. of A + {p + O) P-\-qQ+rR-\r ...{— A+a+QP) is (A+a; A+a) + 
26 (A + a ; P) + 6® {P ; P). In order that this may be a minimum for 6=0, 
{A + a ; P) must be zero. Similarly for {A + a ; Q), {A+a ; R), .... This proves the 
first part of the theorem ; the second then follows from (I.).] Hence 

(IV.) If the improved values of A and of B, using in each case the same set of 
auxiliames, are A + a and B+^, the m.pp.e. of A+a and B+j3, of A+a and B, and 
of A and B+/3, are all equal ; and 
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(V.) Jf the improved value of A, using certain auxiliaries ^ is A+a, and that ofl&t 
using some only of these, is B + S, the m.p.e. of A + a and B+jS is equal to that of 
A+a and B. 

(VI.) If the improved value of A, using P, Q, R, ... as auxiliaries, is 
A + pP+qQ+rE,+ ... , the values of p, q, r, ... are given hy a set of linear relations 
between p, q, i*, ... and the m.pp.e. of A and P, Q, R, ... . [The equations are given 
by (III.), viz., since {A+pP+qQ+rR+ ... ; P) = 0, &c., 

(A ; P) +p{P ■,P)+q{Q; P) +r (P ; P) + ... = 0, 

(A ; Q)+p{P : Q)+q{Q ; Q)+r{R ; (i>) + ... = 0, 

(A ;R)+p(P; R) +q (() ; R) +r(R ; R) + ... =0, 

&c. 


It is assumed that the determinant 

(P ; P) ((J ; P) {R ; P) . . . 

(P ; Q) {(,) ; V) (P ;(l) . . . 

(P ; R) (Q ; R) (R ; R) . . . 


is not zero ; i.e. (see § 2 (iii-)) that there is a set conjugate to P, Q, H ] 

(VII.) For any particular set of au.riliaries there is one and only one improved 
value of A. [This follows from the fact that the equations in (VI.), on the 
assumption there stated, have one ami only one solution.] Hence we get the 
converse of (III.) : — 

(VIII.) If X is the sum of \v and a l.c. vf P, Q, R, , and if the m.p.e. of x and 
each of P, Q, R, ... is zero, then x is the improved indue of w, using P, Q, R, ... as 
auxiliaries. As a particular ciise : — 

(IX.) If the m.p.e. of w and each of P, Q, R, ... is zero, the improved value of w, 
usitig P, Q, R, ... as auxiliaries, is the setnw. as the original value. 

(X.) llie improved value of P, using P, Q, R, ... as auxiliaries, is P— P = 0. 
[This follows either from (VIII.) or from taking A = P in tlie equations in (VI.).] 
Hence 

(XL) If vf is a l.c. of A, B, C, ... P, Q, R, ... , the improved value of w, using 
P, Q. R, ... as auxiliaries, is the same as that of the quantity obtained hy adding to 
w any l.c. q/" P, Q, R, ... ; and, conversely ; — 

(XII.) If the improved values of w and of w', using in each case the same set of 
auxiliaries, are identical, then w and w' either are identictd or differ by a l.c. of the 
auxiliaries. 

(XIII.) ff the improved values o/ A, B, C, ... , using in each case the same set of 

2 a 2 
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auxiliaries, are A+a, B+/8, C+y, , i/je improved value, of any l.c, ()/* A, B, C, ... , 
using these auxiliaries, is the same l.c. of A + a, B+/9, C + y, ... . [Let the l.c. of 
A, B, C, ... l)e w aA-vhB-{-cC+ ... . We want to prove that .r = a(.4+a) + 
h{B+^) ■\-c{C-\-y) + ... is its improved value. We can do this in either of two 
ways : 

(i.) By (III.), the m.p.e. of x and each of the auxiliaries P, Q, R, ... zero ; and x 
differs from w by a l.c. of P, Q, R, — Hence, by (VIII.), x is the improved value 
of w, using P, Q, R, ... as auxiliaries. 

(ii.) A more direct prof)f follows from the linearity of the equations mentioned in 
(VI.). It is not necessary to set out the proof here.] 

(XIV.) If A, B, ... 0, D, ... P, Q, ... R, S, ...fall into two classes A, B, ... P, Q, ... 
and C, D, ... , R, S, ... , such that the m.p.e. of each member of the one class and 
ejxch member of the other class is zero, then the improved value of a l.c. of any of the 
members, using P, Q, ... R, S, ... as auxiliaries, is to be found by taking the two 

classes separately, i.e., by using P, Q, ... as auxiliaries for the terms in ^ , B, ... P,Q 

and R, S, ... as auxiliaries for the terms in C, D, ... R, S, ... . [For the m.s.e. of 
aA + bB + ... + cC + dD + ... + pP + qQ + ... + rR + sS + ... is the sum of those of 
aA+bB+...+pP+qQ+ ... and c(7+dZ)+...+r/2+s*S+... , since the m.p.e. of these 
latter is zero ; we cannot rediice the m.8.o. of the first of them by adding terms in 
R, S, ... , or that of the second of them by adding terms in P, Q, ... ; and the result 
is therefore the same as if we considered them separately.] 

(XV.) If the improved value of w, using P, Q, R, ... as auxiliaries, is 
x = w+pP+ icrms in Q, R, this is also the improved value of w + pP, rising 
Q, R, ... as auxiliaries. [For x differs from tv+pP by terms in Q, R, ..., and the 
m.p.e. of x and each of Q, R, ... is zero.] This can be stated more generally as 
follows : — 

(XVI.) If the improved value of A, using a set of auxiliaries S, is A + a, and if 
we divide S ii\io two sets, S, and and the con’esponding parts of a are a, and a,, 
then A + a is the improved value of A+a^, using as auxiliaries. [We may take 
... P, ^ to bo and i2, ... to be S. 2 . The theor(mi states that, if the improved value 
of A, using ... P, Q, R, ..., is A + ... +pP+qQ + rR+ ..., this is also the improved 
value of /] + ... +pP+qQ, using R, ] 

(XVII.) The following corollaries of (HI.) may be noticed, though we shall not 
require them. If the improved values of A and of B, using in each case the same 
s<;t of auxiliaries, are A + a and B + ft, then 

(1) i^A +a ', A+a) = (vl ; ^1) — (a ; a) 

and 

(2) (A + a ; B+ft) = (A ; R)-{a ; ft). 

7. Notation : and Particular Values, -(i.) It will now be convenient to adopt a 
linear arrangement of the quantities we are dealing with, and we therefore replace 
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At By C, ... P, Q, R, ... by ^ 3 , ... ... The order is quite arbitrary, so 

far as any general theorems are concerned ; bvit it will usually be convenient to place 
the auxiliaries last. If, for instance, we are using all but y +1 as auxiliaries, we 
denote those not so used by 5o, Sj, (b, ... Sj, and the auxiliaries by ••• ^il the 

improved values are then denoted by ( )j. 

(ii.) We use the following notation : — 

(f/)j = improved value of using S'a after Sj ; 

= (ej)j = improved value of using all subsequent ^’s ; 

= m.p.e. of (e^)j and (e,)j ; 

Aj = = m. 8 .e. of Ey. 

Where there is no doubt as to the ^’s used as auxiliaries, {ef)j and can be 

replaced by and X),,. 


(iii.) By (X.) of § 6 - 


(ey)j = 0 if/>./ ; 

.... (36) 


(V.A = 0 if/>i or g >j 

.... (S7) 

(iv.) By (IV,)- 


= “‘-P-®- of Vfh ^ 1 . 

= m.p.e. of Sy and (e,)^ J 

.... (38) 


Aj = m.p.e. of E^ and Sj 

.... (89) 


8 . Improved Values in terms of Conjugates . — In “Fitting” I have given some 
formulae for improved values in terms of sums. These may be regai'ded as derivable 
from a general theorem relating to the expression of improved values in terms of 
members of the conjugate set. The theorem is given by (XIX.) and (XX.) below ; 
(XVI II.) is a particular case. 

(i.) Take any one of the ^’s as By ( 6 ) — 

— »/o,o^o + '/i,o^i+ ••• +'//.o^e 

Hence <ro/>/o.o differs from <^u by a l.c. of the other <fs. Also the m.p.e. of arJtja,o and 
Aach of these other (J’s is zero. It follows from (VIII.) of §6 that (To/j/o.o is the 
improved value of using the other Ss as auxiliaries. The m.s.e. of this improved 
value is = lAo.o- Hence — 

(XVIII.) TAe improved value of any member of the original set, taking all the 
other members as auxiliaries, is the product of the corresponding member of the 
conjiigate set by a constant ; this constant being = the m.s.e. of the improved value. 
(ii.) The first part of the more general theorem is : — • 

(XIX.) 2'he improved value of any l.c. of a set of quantities, using those after the 
first j + 1 as auxiliaries, is a l.c. of the first j + 1 q/ the conjugate set. 
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For, if m; is a l.c. of So, St, S.j, ... Si, we can (see §2 (v.)) express it as a l.c. of 
o’o. (Ti, <ra,...(rj, Sj^.a,...S,. Let the result be (2) + (A), where (2) is a l.c. 

of <ro, (T„ <ra, ... <rj, and (A) is a l.c. of Sj^^, Sj^.3, ...St Then (2) differs from m; by a 
l.c. of these latter S’s, and the m.p.e. of (2) and each of these 5’s is 0 ; hence, by 
^VIII ), (2) is the improved value of w, using these ^"8 as auxiliaries. 

(iii.) Further — 

(XX.) The coefficients of the <ts in the improved value of the l.c. are the m.pp.e. of 
this improved value and the corresponding S' s. 

For, if the improved value of to is x, and we write 

X — + 6i«ri + ftjjO’a + ••• 

then, by the condition of conjugacy of the <r’s and the <fs, 

m.p.e. of X and S^ = hf. 

(iv.) This would give us a solution of tho problem of finding the iniprovetl value, 
if we could find the m.pp.e. Ordinarily, w is or can be expressed in terms of the S's, 
and we do not find its improved value independently, but deduce it from those of the 
3*8 up to Sj. The Improved value of S^. is, by (iii), 

(‘‘a); = (VA)j®’0 + (^l.A)jO’l+ ••• +(\.A)jOj ; (40) 

and the m.pp.e. that we really reqtiire are therefore the vahies of (X/,*)^. With 
regard to this, see §9. 

(v.) As the converse of (XIX.) it may be noted that — 

(XXI.) J quantity of the conjugate set, or a l.c. of s^ich quantities, cannot he 
impi'oved by means of the non-correspondmg quantities of the original set ; e.g., 
a l.c. of o-;, and 0-4 cannot be improved by using the <^8, other than S^ and ^4, as 
auxiliai'ies. This follows from (IX.) of §6, since the m.p.e. of and <r, is 0 
unless r = s. 

(vi.) If, as in § 5, there are related conjugate sets of ub and y a, and the ^’s are the 
differences of the u ’ b , It follows from § 5 (v.) that (2) in (ii.) above is a l.c. of the 
moments of the ya up to the (XIX.) is therefore a generalisation of the 
theorem, for a self-conjugate set, that the improved values are l.cc. of the moments ; 
and, in fact, it explains the appearance of the moments in this connexion. 

9. Mean Products of E'vror of Improi'ed Values. — (i.) We have found, in § 8 (iv.), 
that 

(®A)j = (Xu. h)j<ro + (Xi. *)^ (T, -f- . . . -h (X^, a)j otj. 

To obtain the X’s, we introduce the condition that this shall differ from S^ by a l.c. 
of ^’s after Sj. 
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(ii.) Substituting for o-o, (tj, 0-3, ... from (6), this condition gives 

(^0, h)j ('/o. 0^0 + >/», 0^1 + • • • + 0^/) 

+ (^1. h)j {no. 1^0 + »»i. 1^1 + • • • + m. \^i) 

+ (^2. A )j {no, 2^0 + »;i. 2*^1 + • • • + m, 2^1) 

+ ... 

+ {no.j^Q+ni.j^i + . . . + 

= 5*+ terms in ... Sf 

Equating the coefficients of ^3, ... Sj, we find that {/ = 0, 1, 2, ...j) 


»;/,o(\A)i+»;/,i(^i.A)j+-” + »!i/.j{\.A)j — 0{f 9^ h) or 1 (/= h). . 


Let us write 



*?o,o ^0.1 */o.a • • • Voj 

*7i.o */i,i ^7 i.2 • • • 

^2.u ^/a, 1 Va,2 • * • ^h,j 


f 


V;.(» %2 • • • %j I 


Then 


= cofactor of i/j,.* in Uj = 


nf, o^^o, A, j nf, a ,7 • "f” n/,j^^j, h,j 


0(/?!A)orHj (/=/,);. 


(41) 

(42) 


( 43 ) 

(44) 


and therefore, by (41), 

(X,..), = (45) 


Substituting in (40), we obtain (e*)^ in terms of the o-’s. 

For the particular case of g = h =j, {\,i)j becomes A^, and becomes ; 

so that 

A, = H;_,/H, (46) 

(iii.) As an example, suppose that we have several independent observations, of 
unequal accuracy, of a single quantity U, and that we wish to obtain a suitably 
weighted mean, which may be regarded as the improved value of any one of the 

observations. Let the observed values be w^, tti, U3 and their m.ss.e. 

«o*» «i“> «2^ •••; m.pp.e. being 0, since the observations are independent. We 

take ^0 to be one of the u'b, and ... to be its successive differences. Then j = 0, 
since the true values of the first and later differences are all 0. Hence, by § 8 (i.), 
the improved value is crj{va.a.e. of o-q). But, by § 5 (i.), <r^ = Xy; and, by § 2 (vi.) (6), 

= M,/a/, so that m.s.e. of erg = 2l/a*. Hence the improved value is 
2 {ula‘)fX (l/a*). 
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(iv.) When j is relatively large, the solution given in (ii.) above can only be 
regarded as a formal one, since it involves calculation of determinants. I have not 
been able to provide a general solution which shall avoid determinants ; but it will 
be seen in §§ 17-19 that, if we can find the values of certain quantities occurring in 
the formulae, we can deduce the X’s and thence the coefficients of the o-’s. These 
latter are important as giving us formulae which contain only a few terms and are 
therefore suited for numerical calculation. 

10. Expressions in terms of a Related Set . — Suppose that there is another set of 
i + 1 quantities Wo, Wi, • • • ’^ 7 . connected with the 5’s by linear relations ; and let the 
set conjugate to the w’s be y^, y^, ... yi. We shall take the relations between the 

w’s and the 5’s and between the y's and the ^’s to be, as in § 4, (r = 0, 1, 2, ... Z) 


Wr = (» o) <^0 + (’’i) K + (^•a) 4 + . . . + (ri) Si (47) 

Vr = W [’‘J ‘^1 + W ‘1+ • • • + [’’ 7 ] S, (48) 


(i.) Let the improved value of using <5’s after be Then, from (47), by 
(XIII.), remembering that, by (36), 

(e/)j = 0 if/>y, 

we have 

’V = (» 0 ) (fo); + (n) {ex)j + • • . + (’* 7 ) (e/); (49) 

= (’' 0 ) (eo)j + ('^’l) («l)i + • • • + h'j) (tj); (49 a) 

Thus the v’s are related to the c’s in the same way that the ^t’s are related to 
the 5’s. 

(ii.) Similarly, if the improved value of using ^’s after is z„ we have 

= W (eo)i + [’’l] (ei); + . • • + W (e/)^ (50) 

= ['>’»] (fo)j + [^' 1 ] (fl)i + • • . + [>>] (f;)j ; ( 50 a) 

and the zb are related to the e’s in the same way that the ys are related to the ^’s. 

(iii. ) Let w be any l.c. of the ^’s or of the ^t’s or ?/s, and let x be its improved 

value, using ^’s after (5^. Suppose that x is expressed in terms of the jy’s, the 

coefiicients being />„, p^, p^, ... pi, so that 


and let 
so that 


^ +l>a^a + • • . + ^72/7 ; 

\g = ra.p.e. of X and (e,)^, 

= 0 if gr > j. 


Then, by the condition of coiijugacy of the u’b and the y&, 


( 51 ) 


m.p.e. of a; and ?/, = p^. 


( 52 ) 
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Hence, by (IV.) and (49) or (49 a), 

= m.p.e. of X and r, 

= h'o) \ + (n) Xi + {>'2) X 2 + . . . + (r,) X, (53) 

— ('^’ 0 ) Xo+ (^’i) Xj +(?*2) X 2 + ... +(^j)X^ (53 a) 


Thus the jo’s are related to the X’s in the same way that the v’s are related to the e’s, 
or the w’s to the 3’s. 

(iv.) Similarly, if 

X = qoU^+giUt+q^u-j-i- ... 

the q’a are related to the X’s in the same way that the za are related to the e’s, or the 
y a to the S' a. 

11. Special Case of Differe7ices. — The imjwrtant practical case is that in which the 
^’s are successive differences of the u'a, in the general sense explained in §5 (iv.). If 
the differences of order exceeding j are negligible, we can use them as auxiliaries for 
improving the ua or the Sa or any l.c. of the ua or the ^’s. 

(i.) Since the ^’s are successive differences of the m’s, (r<) is (§5 (iv.)) a polynomial 
in r of degree t. 

(ii.) By § 10 (i.) the e’s are. the differences of the va according to the same system ; 
and Vf is a polynomial of degree j in r, the differences of the va of order exceeding j 
being zero. 

(iii.) With the notation of §10 (iii.), the X’s are the differences of the jo’s according 
to the same system ; and jo, is a polynomial of degree j in r, the differences of the 
p’s of order exceeding j being zero. 

(iv.) If we form the differences of the ■j/.’s in the usual way, there will be I differences 
of order 1, Z— 1 of order 2, and so on. The l—j+i of order j, namely A%o> 
will differ from one another by l.cc. of the differences of higher order ; and therefore, 
by (XI.), they will have th(5 same improved value. If we denote this by E, then, 
if w = pA%o+^iZi%,+7’A%a+ improved value of w is (p + g + r+ ...) E. 

Relation of “Reduction of Erkor” to “Fitting” (of a Polynomial). 

12. Standard System. — In the case of a standard system, the process of reduction 
of error and the process of fitting a polynomial (by least squares or by moments) give 
the same result. The following is a proof of this, not involving the properties of 
conjugate sets. The observed values are taken to be u^, Rj, . . . Ui ; and denotes 

summation for t = 0, 1, 2, ... Z. 

(i.) If the polynomial which we are fitting to the m’s is 

■w, = ao+«iQ' + aa?*+ ••• : (54) 

2 ii 


vol. ccxx;i. — A. 
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the values of the as when we fit by least squares are given (“ Fitting,” §§1, 2) by the 
equations {/= 0, 1, 2, ...j) 

... = 2g^w, = My. (55) 

Q u n 

These are the same equations that are given by the method of moments. 

(ii.) The above equation (55) is a statement that the moment of the y/s is equal 
to that of the w’s. In order to prove that the process of reduction of error, using 
differences of order exceeding j as auxiliaries, gives the same result, it is sufficient to 
show (a) that the improved value of Ug as given by this process is of the form of Vg 
in (54), and { 0 ) that the moment of the improved values of the w’s is equal to 
that of the original values iox f — 0, 1, 2, ...j. 

(iii.) We have shown, in §11 (ii.), that the improved value of m, is a polynomial of 
degree,; in q. This establishes (a). 

(iv.) By (XIII.), they^*' moment of the improved values of the m’s is equal to the 
improved value of their ,/“■ moment. In order to show that this is equal to the 
original v.alue of the /“* moment, it is sufficient, by (IX. ), to show that the m.p.e. of 
the original moment and every difference of order exceeding j is zero. 

(v.) Let the difference of be 


Then the,/*** moment is 

... +r%,+{r— 1 )%,_! + (r—2)%,_2+ ... , 

* 

and the m.p.e. of this and is 

koV^—ki {r—iy+k^ii — 2 )^— .... 

But this is the k*'^ difference of {r—ky, and is = 0 k'>f. 

This proves the proposition. 

13. Fitting by Tjeast Sqvm’es . — Next suppose that the set is not self-conjugate. 
If the <5’s were the differences of a set of w’s, we should fit a polynomial of degree 
(say) j to the w’s. This suggests that, in the more general case, the w’s being 
connected with the ^’s, as in § 10, by the relation (y = 0, 1, 2, ... Z) 


= (^o) ^0 + (^’i) ^1 + (^a) ^3+ • • • + (^i) ( 56) 

we should try to fit an expression of the form 

'<V = (n) ^0 + (^i) + (/-a) fa + • • • + (» j) (57) 


to the w’s by an appropriate method of least squares ; the (r)’s being the same as in 
(56), and the e’s being the quantities to be determined. 
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(i.) If the y’s are conjugate to the w’s, and if 

V^,,,=m.p.e. of 2 /, and y, = (58) 


then (see Appendix II.) the direct (or a prioi'i) probability of the occurrence of the 
given set of w’s, if *the v’b as given by (57) were the true //’s, is proportional to 

exp { (w,- V.)}, 


where 2 denotes summation for t = 0,l,2,...L The principle of the method of least 
squares therefore leads us* to choose the e’s so as to make 

SSl/r,,. (w,-tv) (W.-V,) 

r ft 

a minimum. Differentiating with regard to each of the e’s, this gives {f= 0, 1,2, ...j) 

^ KP/) ’Ao,»+(i/) ••• ■t‘(^^) ('*’«"'**«) ~ ^ (^^) 

ft 

But, by (58) and (IG), 

(O/) V"o.. + (V)V"i..+ ---+(^/)V";.. = m.p.e. of y. and (Oy) 2/* + (l/) 2/i + ••• + ((/-) 2// 

= ra.p.e. of y, and oy. (60) 

Denoting this, as in § 4 (iv.), by [iy], the equations (59) become (./ = 0, 1, 2, ...j) 

2[.v](o.->'.) = 0 (61) 

(ii.) Instead of fitting an expression of the form given by (57) to the ub we might 
fit a corresponding expression to the ys. Since 

Vm — [^o] + [^j] <^1 + + • • • + [^/] (62) 

the expression to be fitted would be of the form 

Zg = [^o] €o 4 - [5,] €, + [82] 63 4 - ... + €j ( 63 ) 

* Strictly, we ought to choose the c's so as to make B . (7 exp - JP a maximum ; where 

P — '*^r) ““ } 

B is the direct probability of occurrence of the particular c^s denoted by co, ci, C2> ••• is therefore 

some function of these latter ; and C exp - \P is the direct probability of occurrence of the particular 
values of 14 - ■ v on the assumption that these values of the c's are the correct ones, C being some function 
of these c’s. But I have assumed, as is commonly done, that the range of practically possible values of the 
€'s is so small that B and C may be treated as constants, so that we have only to consider the maximum 
value of exp - ^P. 


2 H 2 
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We should have to choose the eB so as to make 


a minimum, where 
This would give 


r 

ir,^, = m.p.e. of Uf and u, (64) 

^ 0 (65) 

r 


(iii.) The ea given by (65) are the same as are given by (61). For we have seen in 
§ i that 

(ry) = m.p.e. of w, and oy, (66) 

[s/] = m.p.e. of y, and oy (67) 

If we express the u’a in terms of the ^'s, and write 

2 [Syt] U, = 

8 t 


then, by the condition of conjugacy of the era and the <^8, and by (66), 

At = m.p.e. of (T, and 2 [sy.] u, 

= 2W(«.)- 

8 

This is symmetrical, and we should get the same expression for the coefficient of ^t 
in 2 (ry) so that 

2[s,]M, = 2(r,)2/, (68) 

8 r 


Similarly, if we substitute the values of t), from (57) and of 2 , from (63) in 2[5y.]v, 

8 

and in 2 (ry) z„ the coefficients of in the resulting expressions are equal. Hence 

r 

(61) and (65) are identical equations in the e’s. 

(iv.) The values of the e’s as given by these equations are in fact independent of 
the u’b or the j/a. For the value of At as found in (iii.) above is 

2 [sy] (sf) = m.p.e. of 2 [sy] u, and 2 («,) y, 

8 8 8 

= m.p.e. of oy and (69) 

by (24) and (16). Hence, denoting the m.p.e. of oy and <r„ as in §3, by »;y.„ the e’s 
given by (61) or (65) are the same as would be given by (/= 0, 1, 2, ...j) 

t=J tml 

2 = 2 
(»0 £-0 


( 70 ) 
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(v.) The ordinary method of least squares would consist of making 2 (v,— a 
minimum, and would lead to equations 


= 0 , 

which would not give the most probable values of the es. 

14. Fitting hy Moments. — (i.) The ordinary method of moments, adapted to the 
case in which the ^ s are not necessarily the successive differences of the uh, would 
consist in equating the values of 2 (ay) v, and 2 {s^ u,. This, as will be seen from 

§13 (v.), would not give the most probable values of the t’s. 

(ii.) In order to obtain the most probable values of the e’s by equating moments of 
the v’s and of the tt’s, we must write (say) 


Mf^^is^n,, (71) 

8 

and define the moment of the w’s as being or a definite l.c. of Mf, Mf_^, 

. . . Mq. But the coefficient of u, in would then not be given definitely by 
the relations between the u’a and the d’s, but would depend also on the law of 
correlation of errors of the w’s. We see, however, from § 13 (iii.), that we have also 

3f/=2(«V)sf„ (72) 

r 

and that we get the same result by equating moments, defined in this way, of the ys 
and the zb. In the ordinary case in which the ^s are successive differences of the 
w’s, the coefficients of the ya in (72) are binomial coefficients, and the ordinary 
moments fall within the definition given above. It follows that in fitting a. 
polynomial to a set of quantities (not being a self-conjugate set) hy the method of 
moments, the moments which ought to he equated are not those of the quantities 
themselves and their assumed values, hut those of the conjugate set of the former and 
the coi'responding l.cc. of the latter. 

15. Reduction of Error . — If we improve the ^s or the u’b by means of the ^’s 
after the improved values of these latter are zero, and those of the <l’s up to are 
obtainable from (XXI.) of § 8, which states that the improved values of the a-’s from 
(To to oj are equal to the original values. Using (6), this gives (f= 0, I, 2, ...j) 

(73) 

Comparing this with (70), we see that the es given by this process are the same as 
those given by the process of fitting the expression in (57). 

16. Difference of the Two Processes . — Although the two processes lead to the 


t-j 

2 »//, ( («t)^ = 2 >7^, 

t=o t=o 
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same result, they are essentially different. This is explained in § 22 of “ Reduction.” 
The main difference may be expressed as follows : — 

(i.) In “fitting” we deal directly with the particular case. We assume that the 
true values follow a specified law, involving unknown constants, and we deduce 
values for these constants from the data by the principle of inverse probability. 

(ii.) In “reduction of error” we do not use inverse prol)ability, and we only deal 
incidentally with the particular case. We regard the aggregate of the data as one of 
an indefinitely great number of possible aggregates from the same true values, and 
we use a method which will reduce as much as possible the rn.8.(\ of these possible 
aggregates. 

Some Steps in the General Solution. 

17. Preliminai'y. — (i.) Our object is to find the improved value of any l.c. of the 
fl’s or the us, and the m.s.e. of this improved value or the m.p.e. of two improved 
values. Ordinarily, as already stated in § 8 (iv.), the quantity to be improved would 
be expressible in terms of the S’s, so that we need consider only the improved values 
of the ^’s, i.e., the e’s. There are then four problems before us, viz. : (l) expression 
of the c’s in terms of the ^’s ; (2) expression in terms of the o-’s ; (3) expression in 
terms of the ya ; (4) determination of the X’s. For practical purposes (2) is more 
important than (l) or ('3), since there will be fewer coefficients involved. 

(ii.) Although it does not seem possible to obtain a general solution, otherwise 
than by determinants, therc^ ai’e; somt; general propositions that indicate stages in the 
solution. If, without necessarily finding the complete expi’essions of the e’s in terms 
of the ^’s, we can find for each e the coefficient of the first of the auxiliaries, then it 
will be seen from § 18 that we can find all the e’s if we know the E’s, and from 
.§19 (i.) that we can find all the X’s if we know the A’s. It follows from (40) that in 
this latter case we can at once obtain the e’s in terms of the o-’s. 

(iii.) We use the notation of § 7, and we also write 

= coefficient of Sj (as auxiliary) in (e/)^_i, 


so that 

<>/.) = <• 'f/>y (?■*) 

( 75 ) 


It should be observed that is not equal to d^y. The 0’s may be known directly, 
or, as is shown in (83), we may be able to obtain them from certain of the X’s. 

18. Formula of ProyreHsion . — The quantities which we want to find are the 
improved values 

of using ^ 1 , ^ 2 , ^3 

of <5, and (So, using 8^, Sg, 

of 4 (S„ and 4 using Sg, 4 ••• . 
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and so on. There is a formula connecting these, which makes it unnecessary to deal 
with more than the first quantity in each row ; or, if we deal with them all, the 
formula can be used for checking the results. (An example is given at the end of 
§ 15 of “ Reduction.”) 

We have 

By (XV.), this is the improved value of using S’s after Sj; and therefore, 

by (XIII.), 

I = (76) 

Re-arranging, and replacing j by j—l, i— 2, .../+!, and remembering that, by (75), 
Bf,f= 1, we have 

( 7 ); ~ ^/-j 

(*/);- i~(^/)j-3 


(‘y)/ = ^/./ ^V 

Hence, by addition, 

{f/)i = ^/./+i^/+i + ^/.y+aEz+a -H . . . + (77) 

19. Mean Products of Error {Alternative Formula). — (i.) By (77) and (38), 

(V.?); = ^ (7); 

= m.p.e. of Sy and 
“ 6z,z(X^,z)z-t6/./+i(Xy,/+i)/+i+ ... 

The summation has to be made from t =f iot = j. But, if fir>/, we see from (37) 
that it is sufficient to make the summation from t = g. Hence, using t =^f g” to 
denote summation from t =f or from t = g^ according as jf or gr is the greater, 
we have 

~ ^ (78) 


But, by putting g =j in (78) (or taking the m.p.e. of Sj and each member of (76)) 
and then replacing/ and^ by g and t, 


Hence, substituting in (78), 




t=J,g 


(79) 

(80) 
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If we can obtain the 0*8 and the A’s in a simple form, we thus have a workable 
formula for calculating the X’s, and thence, by (40), for determining the e’s in terms 
of the (t’s. 

(ii.) From (80), using (II.) of §6, we get the m.88.e. and m.pp.e. of the improved 
values of any l.cc. of the s. Let 

W — ••• "t ••• "I" C/^j, 

and let the improved values of tv and w/, using S’h after Sj, be x and a/. Then 

t -j 

m.p.e. of and oj' = 2 (Mo.« + Mi t+ •••) (<^o^o » + ...) A, 

t = 0 

< =,/ 

= Z (&uOo,< + 6,0, {+ ...+6j0j () (c„0o j + c,0|,j+ ... +Cj0| ,) A,, (8l) 

i ■■■ 0 


t -j 

m.B.e. of cc = Z (M...t+Mi.t+ ... +6<0t,«)*Aj (82) 

t = 0 

(iii.) We have assumed that the d’s are known. If they are not known directly^ 
but the values of (Xy.,), are known, then, by (79), 

«/., = (V..WA, (83) 

Sul)stituting in (80), 

(V.y); “ ^ (84) 

Also (77 ) is roplaoed by 

(.,), = ‘2 (V.).E7A, (85) 

, t — / 


Application to Self-Conjugate Set. 

20. Freiiminary. — (i.) We have now to apply the preceding I'esults to tlie case in 
which the u’a are a self-conjugate set, so that {u ^ ; u,) = 0 {r^s), {u ^ ; = 1, = u^. 

We take the ^’s to be successive differences of the w’s, commencing with a difference 
of order 0. The <5’8 to be used as auxiliaries will be those following ; the ( )^ 

will usually be omitted. We shall take the number of us or of ^’s to be w, so that 
m = /-l-l. 

(ii.) Tliere will be three cases to be considered ; advancing differences, and central 
differences for m odd and for m even. For advancing differences the w’s will be 
taken to be w#, For central differences we shall write m = 2n+l or 

m = 2ri ; and the u’s will be ... w, and w_,+„ w_„+ 2 , ... m, respectively. We 
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shall require the following m.pp.e., which can be obtained from ordinary difference 
formulae. 


m.p.e. 

of AA*„ 

and 

99 


99 

99 


99 

99 


99 

99 


99 

99 


99 

99 


99 


if +g,f I (86) 

=(-K''(2/+25r,/+flr), (87) 

= 0 , ( 88 ) 

;*^-X = (-)/-^(2/+ 2.9-2, /+fir-l)/(2/+2^), . (89) 

=(-P'( 2/+25 r- 2,/+gr-l) (90) 

= 0 , ( 91 ) 

= (_)/'<^(2/+2sr-4,/+sf-2)/(2/+2flr-2). (92) 


(iii.) For advancing diffeixmces we shall have 


= A^Uo, €f = AA’„. 

The formulae will be marked (A). 

(iv.) For central differences the two cases of m odd and m even must be considered 
separately ; but it will be found that, when the formuhe relating to . . . 

(m odd) and to ... {m even) are properly expressed, they are practically 

identical in form, as also are tho.se relating to ••• (w odd) and to 

... {m (wen) ; and the latter correspond to the former with certain inter- 
changes of ( ] and [ ). We therefore, for ... and fi^t% ... , replace 

6, E, A, X, by <!>, I, M, n, with the appropriate suffixes. 

(v.) For m = 2 m+1 it will be seen from (88), taken with (XIV.) of §6, that the 
differences of even and <jf odd order can be treate.d independently. The ^’s will be 
...^“Wo in the one case and ... in the other. We shall 

denote these by ^o, ^2, ... ^an ^^id ^i, 4 , ... ^2 „_i re.spectively, and shall take j to be 
'ik or 2A:-fl for the former and 2A:— 1 or 2k for the latter. The subscripts of the ffs 
and the ^’s will be modified accordingly ; i.c., will mean the coefficient of —4* in 
(f3^)a*_3, and similarly for 02/-i.2*-i- formxilpe for the two cases will be marked 

(B) and (C) respectively. 

(vi.) Similarly for m = 2n we see from (91) that differences of odd and of even 
order can be treated separately. The <5’s are tig, ...^2„_, in the one case, and 

82, ... 5a»-3 io the other, where clg/-! = ^/-a = ; and^ is taken to be 

2yfc— 1 or 2k for the former and 2^—2 or 2^—1 for the latter. Also 62/_i,2t_i means 
the coefficient of —^2k-i in (^az-Oat-s ; and similarly for ^2/-a,a*-3- The formulae will be 
marked (D) and (E). 

VnOL. OOXXI. — A. 2 I 
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(vii.) Writing 
F{ct, 8, 


= i+i-A- 
• • • 


p (p+ 1) . + 1) ... 


+ 


> 


where a is a negative integer, it should be noted that 


and that, if 
then* 


a = — n, V^“*"X ~ — tH-jS+y + 1| 


( 98 ) 


^{-n, A V M. Xl == fe 


(viii.) For the central-difFeren(5e formulse it will be convenient to write, if r and s 
are both even or both odd and s^r. 


=<j).(£±r.ilfe_k±lr} (95) 

** = (r+lHh+h.r) 

so that, if k'^f, 

foLri Ojr. I ) _ l./+^» ^1(^i/) _ [/+i> k-\- l](^ + l,/+l) 

t 2 A + l , 2 /+ 1 I - 2/+2 ~ 2/+1 ’ ■ 

s^k 2f \ — ik,f) _ [ Z+f > A zlI.3 

2/+1 - 2 / 


and, if ^ 


\ih+\ 2s+ 1} - ^3 = j;s+i_t+il 

<J*+I,2S+1, -(2i.+ 2) («,/!;) (2s+l)(s,A)’ 


(97) 

(98) 

(99) 





(ix.) The successive steps are as follows. The formulae for the e’s (the improved 
values of the differences) in terms of the differences have already been found in 
“ Reduction ” and “ Fitting ” ; they depend on certain theorems as to the coefficients 
when l.cc. of moments or sums are expressed in terms of differences. From these 
formulae we get the Os, and also the E’s ; and thence we get, in each case, the 
progression formula supplied by (77). Tins formula is not really necessary, but it is 
useful for checking. The A’s, i.e. the m.ss.e. of the E’s, are found from (86)-(92), 
using (IV.) of § 6 ; this results in certain hypergeometric series, to which we apply 
(93) and (94). We then get expressions for the X’s, by (80). From these, by (40), we 

* ‘Proceedings of the London Mathematical Society,’ 2nd series, x., 474. 
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have the values of the e’s in terms of the o-’b ; and also, by § 10 (iii.), the values in 
terms of the u’a (which are identical with the y'a). This completes the^ investigation 
of the improved values ; but we also want to see the extent of the improvement. A 
further section therefore gives the ratio of the m.8.e. of the improved value to the 
m.s.e. of the original value, in a form convenient for calculation. 

(x.) The m.p.e. of A^w,. and is ( — )' {2f,f+t). Hence, in finding the general 

solution of our problem for the case of a self-conjugate set, we are also finding it for 
the case of a set in which the m.p.e. of u, and u, is of the form ( — )*'' {2f,f+s—r), f 
being some positive integer ; for we can treat these u’b as the differences of 
members of a self-conjugate set. 

21. Improved Values . — (i.) Adapting § 11 (iii.) to the case in which the y'a are 
identical with the w's, we see that, if to is any l.c. of the it’s, its improved value, 
using differences of order exceeding j, is of the form "^PrUr, where is a polynomial 
of degree j in r. The improved values of the u’b and their differences are obtained 
from this by means of certain formulae, given in §§ 6 and 7 (iv.) of “ Factorial 
Moments,” for the expression of in terms of differences. The results are given 

in (12), (18), (19), (26), and (25) of “ Fitting.” From the first of these, replacing 
m 4-1 by w, we have (/=0, 1 , 2 ,. ..j) 




. . . ( 101 ) 


and from the other four, altering A; to 1 in the last, we have {J" =0, 1, 2, ... it in 
(102) and 1, 2, ... k in (103)-(105)) 

. . . (103) 

= . .( 103 .) 

. . . (104) 

• <‘ 04 .) 

2 r 2 
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(E) 2 (A:+s-2, ^+/-2)(A— s, /b-/) 

« « 1 


(2fc+2/-3, 2^-2) (n, 23-11 
(2ifc+2« -3, 2ifc-2) (n, 2/-1] ^ * 

. . . (105) 




*i" 3-^2/ {2^-1, 2/-1} ihn, 2^-11 
,^k*i 's-f2k {2k-l, 2s -1} (im, 2/-1] 




(ii.) From (i.) we obtain 


. . . (105a) 


(A) 





(./+/, ■/-i)(w,y+i) 

(2;,y-l) (m./+l)’ 


(106) 


(B) 

’ {2i,2i}[ir«, 2/+1)’ ■ ■ • 

, . . (107) 

(C) 

. _/ \*-f {2^-1, 2/-1} (^, 2Zr] 

*/-«-.-( ) {2H,2i-l}(im,2/|- • • 

. . . (108) 

(D) 

/ u_,{2^-l, 2/-l}rim, 2A;) 

- V ; {2A;-1, 2 ^-l}[irn, 27 )’ ' ' 

. . . (109) 

(E) 

, _ / u-/ {2^-2, 2/-2} (hn, 2k-l'] 

02/-2.«-2-V ) {2k-2,2k-2}{hn,2f-l]' ' 

. . . (no) 

(iii.) Ako, by putting / = j’ in (lOl) and/= k in (102)-(105), 


(A) 

E^= AX = '~^~\s,y) AX. 

^ ’•^^(^+S+I,^)(m,j + 1) 

. . . (Ill) 

(B) 

u _ sa*,„ _ {2^+1, 2^+1} 2s+l) fta, 

. . . (112) 

(C) 

^ ^ ,7, {2k,2s}{im,2k]^ ^o, • • • 

. . . (113) 

(D) 

E«_,= Ill 

. . . (114) 

(E) 

V. = HfElfEfl 

. . . (115) 

(iv.) It has been pointed out in § 11 (iv.) that the differences of order j all have 
the same improved value. It follows that (112)-(115) are particular cases of 
(ill), expressed in terms of central differences; the proper values being taken for 
m and fory, and being altered to u_^ for (112) and (113) and to w_h+i for (114) and 
(115). We can verify this by expressing the E’s in terms of the differences of 
order y. For (A) we have 


AX = {(1 + A)-1}*"^AX = 1) + . 
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Substituting in (ill), and rearranging the terms, it will be found that the coefficient 
of A%, is 

a +’•■ }) jay tr / ^ ^ : l,?»'+r+2} 

= (y +^.y) (w-r-l, y)/(m. 2j + 1] ; 

so that 


(A) 

Similarly from (112)-(115) 


r - 0 ^ J 


(116) 


(B) E..= ”s‘ (117) 


r = -n + * 


(m, 4^+ 1] 


(0) ia*-i = ■ *" . (ii8) 


f = 0 


(D) K.„ = '~i'\ (119) 


r =: -» + * 


(E) Ia*_, = ’’“i *C^ ±l±r- l i (^-“M_r + <^"V+i). • (120) 


r = 0 


The identity of (117)-(120) with (116), the w’s being altered as explained above, is 
easily verified. 

(v.) The formula of progression (77) takes simple forms if we attach the factors 
involving m to the Sb ; for m then disappears from the formula. 

(A) Writing 

^ t = (m, « + 1) E, = (m, t + 1) ( A‘'Wo)«, 
so that, in effect, we take to be (m,/+l) A%u, (77) gives 

(A) (m,/+l)A'„.= 2'(-)‘-/((,/)i^i£^.4,. . . (121) 


Fory = 3, for instance, we should have 

(m, l)vo = Ao— Aj +iAi-jsA.,i 
(m, 2)Avo= Ai—^Ag+^As 

{m, 3) A\ = Aj—2Af 

(m, 4) A\ = Aa 


where Ao is the value of (m, l) Vo for j = 0, Aj is the value of (m, 2) Av^ for j = 1, 
and so on. This may be verified by § 5 (i.)-(iii.) of “ Fitting.” 

(B) (C) Writing 

Put = [iw, 2« + 1 ) Ejtt, Qat-I = 2«] lat-n 
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we have 

(B) 

(C) 


2 /+ 1 ) 

(^. 2/] 


p, 

^ { 2 «, 2 «} ’ 


< = / 


2 (_)-/ 


{2t-l,2/-l} 
{2t-\, 2t-l) 


Q.-. 


( 122 ) 

(123) 


The first of these has been given, for /= 0, in “ Keduction,” § 15 (v.), p. 362 ; the 
notation of Pj, differing, however, in a factor 
(D) (E) Writing 


Pat-i — C'i^**'* 2^) Ea(_|, ^2«-2 = 


we have 

(D) 

[im, 2/) S-f-'oy = s' ( 

i^S 

w ,{2«-1.2/-1} 

' {2(-l,2(-l} 

P 

^ at-} 9 

■ (124) 

(E) 

11 

1 

J 

1 

,,_,{2(-2,2/-2} 
' {2«-2, 2^-2} 

Q‘Jt-2* 

. . (125) 


(vi.) The A’s are obtained from the E’s by means of (IV.) of § 6 ;/e.g., for advancing 
differences, m.s.e. of Ej = m.p.e. of E^ and A%o- We can use either the values of 
the E’s given by (lll)-(ll5) or those given by (116)-(120); for the former we 
require the m.pp.e. given in (86), (87), (89), (90), (92), and for the latter the value 
of the m.p.e. of two differences of order f as given in § 20 (x.). Using the former 
method, we get the following results : — 


(A) 


(B) 


( 0 ) 


(D) 


A (^> 1) (s 1 -/ ;) 


8 


= (2y,y)P{-m+y+l,2y+l; l,2j+2} 
= (2i,i) {m-j-l ) ! {2j+l) \l{m+j ) ! 

= (2i,i)/(w, 2j|'+l]; 


(126) 


A — ( V-* 2A:+ l} Ihn, 26^+1) 

^ {2k+l, 2s+l} [K 2k+ 1) 

= (4^, 2k) F{—n + k, w + ^+l, 2k+j^ ; 1, 2^+1, 2yfe+J} 

= (4^, 2k)l{m, 4^+l] ; 


(127) 


= V-* i2(S;, 2ifc| ihn, 2^1 (2g+2yfc-2, 

**“’ * = * {2^, 2^} (^m, 2A:] 2s-\-2k 

— (4^—2, 2k—l)l{^k) . F {—n-^ky n-\-k-\- \y2k —\ ; 1, 2A:+ 1, 2k+\) 

= {Ak—2y2k—\)l{m, ^k—\\\ (128) 


A — *v” { p-* 2g) /q o7 o o 4.;5 ._i\ 


« = Jt 


= (4^—2, 2k— \) F {—n-^k, n+ky 2k— ^'y 1, 2ky 2k-\-^) 
= {ik-2,2k-l)l(m,A.k-^~)\ 


( 129 ) 
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(E) 


M / V-* {2A;-1, 2A;-1} (jm, 2^-1] (2s + 2k-4, 8+k-2) 

28 + 2k-2 ■ 

= (4^—4, 2k—2)l{Ak—2) . F {—n + k, n+k, 2k— ^ ; 1, 2k, 2k— 
= (4^-4, 2k-2)l{m, 4A:-3] 


(130) 


It would, of course, in view of the identity of the E’s as stated in (iv.) above, have 
been sufficient to obtain (126) and deduce (127)-(130) from it. 

(vii.) The A’s having been found, the X’s, ^.c., the m,pp.e. of the improved values of 
and A^Uq, etc., are obtained by (80). The O’s and ^’s l)eing as in (ii.) above, 


(A) 

X/., = 's 0/.,6,.,(2t, t)/{m, 2t + ll 

. . (131) 

(B) 

^2/.2^ “ ^ ^2/.2< 2^)/(m, 4^/+l], 

. . (132) 





t=k 


(C) 

M2/-1,2^~1 ~ 2 02/- 1. 2<- 1 02^-1. 2«-l (4^ 2, ‘l)/(?n, 4i— 'l], 

t =/. u 

■ ■ (133) 

W. 

^2/-l,2y-l ~ ^2^-1.2t-l (4^ ““2, 2//— l)/(wi, 4^— l], , 

t =/, ff 

. . (134) 

(E) 

^2/-2,2g 2 ^ ^ 02/-2,2«-2 02^-2, 2e-2 (4^ — 4, 2t’-2)l{m^ 4< — 3]. 

<=/. 0 

. . (135) 


To find the m.8.e. of the improved value oi‘ any l.c. of th(5 differences, or the m.p.e. of 
two such l.cc., we apply (II.) of § 6, as in § 19 (ii.). Thus, for m = 2n+ 1, 

m.p.e, oi‘ b,)i\, + h,juSv^ + h.j^i\,+ ... +b 2 ^^v„ and + + ... +Ca*fl**i)o 

— ^ <^2j;^2y,2«| (4^^) 4t + I ] 

+ ^2^ I & 2 /- i02/-i.2«-i|| ♦•2y-i^^2y-i,2(--i|(4^ “2, 2t — l)J{rh, 4t— l]. 

(viii.) The X’s having been found, the e’s are then given in terms of the <r’s by (40). 
Using the expressions for the o-’s given in (26) and (3l)-(35), we get the following : — 

(A) AA;., = ‘''2 (136) 

f/ = 0 

. = 27/,,|P”; (136a) 

' (B) = rx{"i* ; (137) 

L ' = u ) At - -im 

(C) — s ; o'wJl ; . . . . (138) 

L I f/ = 1 ) At == -hn 
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(D) '■Wj — r^i 2 Xay_i, 3 j,_i/i(r^wj ; » ... (139) 

LL(7=1 JJ<= ~t»» 

(E) = j^Zfj 2^ iU3/_2,3,_a(r^-*Wj; (TWt+jjJ^ .... (140) 

The expression in (136) differs slightly from that given for in “ Fitting,” (15) and 
§ 5 ; see Appendix III. 

(ix.) Finally, we want to express the e’s in terms of the ?/’s. This is done by means of 
the general theorem in § 10 (iii.), that the coefficients of the y’s in any e are related 
to the m.pp.e. of this e and the e’s in the same way that the vs are related to the e’s. 
’Thus we find that — 


(A) 

If 

r =im 

AAjo = 2 

r =^0 

then 

ff i 

Pr= t {r,g)\f„; 

<7 -- 0 

• (i«) 

(B) 

If 

r 3 = n 

= 2 p,u„ 

r ' n 

then 

ff = k 

p, = 2 [r, 2g)x^y,,j‘, .... 

■ (U2) 

(C) 

If 

r s=: -n 

then 

0 = 

fif- 1 

• (U3) 

(D) 

If 

= 2 Pr'^lf, 

r - -/ 1 .+ I 

then 

ff - h 

p, = 2 [r-i 2gr-l)Xa,_,,,^_, ; 

g _ I 

, (144) 

(E) 

If 

= 2 PrU,, 

then 

ff '~ Ic 

Pr ^ ^ 2.9“” 2 ] M 2 /- 2, 2(7 -2* • 

• (145) 


r --- —n i l fif = 1 


For a comparison of these formulse with those given in “ Fitting,” see 
Appendix IV. 

22. Extent of Improvement [Ventral Differences ). — A question of practical 
importance is the extent to which the use of these forruiiUe actually reduces the 
m.8.e. of some selected quantity, such as, for the cases marked (B), or The 

m.ss.e. of the various improved values are found from (l 3l)-(l35), by putting g —f. 
Comparing these with the m.88.e. of the original values, for the central-difference 
formulae (which are the important ones for practical use), we obtain the following : — 


m.s.e. of _ 
m.s.e. of 


1_ f { 2^, 2/ ) 2t + l) Y Ut, 2t) 

(4/, 2/)e=/l{2«, 2t}[im,2/+l)J (m,4t+l] 

1 ‘y* 4m I {2t, 2f} y 

[m, 4/-I- 1] t =/ 4/+ 1 1{2/, 2/} J 


m^-[2I+in iw--(2y-^3n ... im--(2t-in . . v 
{w»-(2/-H2)='}K-(2/4 4)»}...{m»-(2i)*} ’ 
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(0) of _ 4/ %“ 2/— 1} ijm, 2t] y {U—2, 2t— l) 

m.8.e. of (4/— 2, 2/— l)t=/l{2f — 1, 2«— 1} (^,2/]J (w, 4i— l] 

= v*i^ r {2t-l, 

{m, 4/- 1] t =/ 4/- 1 1{2/- 1, 2/- 1 } I 

{m«-(2/+l)n {m»-(2/ H-3) n ... {m»-(2t-l)n . /i.yx 

(D) of _ 1 f {2<-l, 2/-1} [hn, 2^) 1’* {U-2, 2t-l) 

in.s.e. of (4/— 2, 2/— l)e=/l{2^ — 1, 2(5—1} [|^i, 2/) J (m, 4/“ — l] 


1 ‘v‘ 4^ r {2t-l, 2/-1} ]* 

K 4/- 1] t «./ 4/- 1 V{2/- 1, 2/- 1 } J 

{m»-(2/)n {m^-(2/+2r} ... {m»-(2t-2)n . 

{^»_(2/+i)>} {„^^_(2/+3)»} ... {m»-(2«-l)“}’ 


(148) 


(E) ™-s.e. of _ 4/-2 / {2(5-2, 2 /-2} (I m, 2<-l] l^ (4<-4, 2^-2 ) 

^ m.8.e. of (4/-4, 2/-2)tt/r{2(5-2, 2«-2} (|m, 2/-l]J ' (w, 4/— 3] 

= 4./- 2 ' = * 4^-3 j { 2 ^- 2 , 2 /- 2 } l ^ 

(m, 4/-3]t=/4/-3 l{2/-2, 2/-2}J 


|m^-(2/)»} {m^-(2/+2)n . 

{nv‘-{2f-\r\ {m*-(2/+l)*} 


t04 Q\ai 


{m*— ( 21 - 3) 


23. Smoothing. — When .we have a table containing a very large mimlx^r of u's, a 
common method of procedure is to use a formula involving a limited nximl)er of terms 
and to apply it to successive sets of the ua for the purpose of obtaining a table to be 
substituted for the original table. Thus we might use a formula involving 2w+l 
terms, and apply it to n,„ u,, w,, ... Ug„ for finding a new value then to Wi,Wa, ttj, ... 
■“an+i for finding a new value and so on. These values having been obtained, a 

differenced table would be formed ; but, as by hypothesis the true differences of order 
exceeding j are negligible, the table would only go up to differences of order j. There 
are two cases to be considered. 

(i.) If our object is to obtain as accurate values as possible for the wa, consistently 
with our using only the specified number of tt’s for each, the most accurate values 
would be the v'a given by the formulse considered in this and the preceding papers. 
It should, however, be observed that the differences of the w'a are not the same as the 
AA^oj etc., occurring in those formulae. Suppose, for instance, that we replace 
by its improved value Vq obtained by means of the (B) formula involving ?t_„, 

and replace w, by the improved value (>, obtained in a similar way. The 
resulting value of u,— % will involve the 2n+2 ua from w_„ to ; but it will not be 
the same thing as the improved value obtained by the (D) formula involving these 
m’s, and its m.s.e. will therefore be greater than that of the latter. 

(ii.) If our object is to obtain a- smooth table of the w'a as a whole, we could do this 
by obtaining as accurate values as possible for the differences of the w'a of order y. 

VOL. (30XXI. — A. 2 K 
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The formula which would have to be applied to the w’s in order to obtain this result 
can be constructed without difficulty. The important thing to notice is that, if we 
alter the differences of the w’s and then obtain the ivb from the altered differences by 
summation, the resulting values must be such as can be legitimately substituted for 
the w’s. Suppose, for instance, that / = 2^+1, and that we use 2n+ 1 w’s for each w. 
The formula for w will have to be of the form 

and this will give 

The problem of determining the c’s so that the m.s.e. of shall be a minimum 

is the same as that of determining the coefficients in the improved value of ^^*Wj for 
j — ^h+1 ov Ah + ’i, m being 2w + 2^ + 2 ; and the solution of tins problem is given in 
§ 21. Thus, in terms of sums, (139) gives 

L I J Jt=i - (»+*+!) 

The X’s having been found, we shall then have, by summation, 

[ r gfssajfc+i ^ He a M-fAiH'i 

I j J< = - (n+Ap+D 

The ratio of the m.8.e. of to that of is given by (148). 


Appendix I. — The Coerelation-Detekminant. 


1. The m.p.e. of A and B being denoted by {A ; B), let 


e = 


{A 

(B 

(O 


A) {A -.B) (A -.C) . . . 
A) (B ; B) (B i O) . . . 
A) (C-,B) (C; C) . . . 


We call this the cw'relation-determinant of A, B, O, ... . 

2. The elements of this determinant may be regarded as obtained as follows. We 
first take a representative collection of values of the error of A ; being usually 
indefinitely great. Tlien, for each of these values, we take a representative collection 
of Nb values of the error of B ; the resulting collections will all be alike if the 
errors of A and of B are independent, but not if they are correlated. This gives 
NjiNb combinations of an error of A and an error of B. For each of these we take 
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a representative collection of Nc values of the error of C ; and so on. Thus finally 
we shall have N = combinations of an error of A, an error of B, &c. 

Numbering these 1, 2, ... iV, and denoting the errors of A, of B, of ( 7 , ... by 
a,h, c, , the combinations will be Oj, c„ ... , b.j, Cj, .... ... a^, fey. Cjy, ...“ and 
we shall have 

{A ; A) = (<»i*+a/+a3*+...+ajv*)/iV, 

{A ] B') — (Gfj6j +64262+^363+ ... +ctjv 6 jv)/iN 7 , 

&c. 

3 . Substituting these values in 0, we find that, if there are m of the quantities 

A, B,a..., 

JV“0 = a,*+a3*+a3*+ . . . a, 6, +64263+6*368+ . . . 6 *iCi +aaC3+ce3C3+ . . . &c. 

6^)6] +6*362+6*363+ . . , 6j*+ 62*+63*+ ... 6101+63(72+6363+... Ac. 

C*,Ci + C*2<72 + 6*303 + . . . 6iCi + 62O2 + 63C3 + . . . Cl* + C3* + 03*+... Ac. 

I . . ' . . 

= ((*16303.. .)* + (ai62C4. ..)* + (6*16304. ..)* + (a363C4. ..)* + ... , 

where ((*16303...) denotes 6*i6*/*3... I . Hence 0 is not = 0 unless each of the 

6,6363... 

Cj Cji C3 • • • 

determinants {abc...) is = 0. This would be the case, for instance, if A were a 
constant, so that every a would be 0, or if there were a linear relation connecting 
the errors of A, B, C, — 

4 . Let be the correlation-determinant of A, B, ... P, Q, ... , and Sk that of 
A, B,...P. 

(а) Suppose that = 0. Then, by § 3 of this Appendix, each of the determinants 
{ab ... p), where a, b, ... p are the errors of A, By ... P. is 0. But these are the 
minors of the qb in the determinants {ah . . . pq ) ; and therefore these latter 
determinants are 0. Proceeding in this way, we see that the determinants 
{ab...pq...) are all 0 ; and therefore «I> = 0. 

(б) Hence, if is not = .0, Sk is not = 0. 

Appenuix TI. — Frequency op Correlated Errors. 

]. Let Uq, 7*1, 7 * 3 , ... Uf and Po, Pi, ^3, ... j/j be two conjugate sets. Denote the errors 
of the w’s by 0o> ^i> ^a> **iid let the resulting errors of the y’s be ^o» 

2 K 2 
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Then, on the assumption of normal correlation of errors, the frequency of joint 
occurrence of these 0’s is proportional to 

exp-JP, 

where P is a homogeneous quadratic function of the ffa. We want to prove that 

(i.) the ^’s are the partial differential coefficients of ^-P with regard to the 0’s, 
and conversely ; 

(ii. ) P = 0000 + 0101 + 0j0a + ... + 0/0/ ; 

•(iii.) P = 0^0. 000* 10001 + \tr,, 101* +... + 0^/./0/“, where 0y., is the m.p.e. of j/yand 
; and similarly 

(iv.) P = iro.o0o*+2xo.i0o0i + iri,i0i*+ ...+iTi,,0i*, where is the m.p.e of Uy and m,. 

2. Suppose that 

P = «0. 000* + 2«o. 10001 + «1. 101* + . . . + «/. /0/* ; 

and let us, without making any assumption of conjugacy, write (/ = 0, 1, 2, ...1) 

Vf = oWo + «y, !«! + oy, 3^2 + ... + 

0y= error of yf 

— Ohf^ 000 "t ®/, 101 Wy, 202 + . . . + 

— ^dPfdBy. 

Then, writing the subscripts in the order/, 0, 1, 2, ... ^, 

P — 2oy^ 00/00 ^0, 000* "!■•••+ /0/* 

where Q does not contain dy. 

3. The mean value of 0y0, is Xg/D, where 

iVy = II j . . . |0/0ff exp —^P . dOf cZ0o c?0 i . . . c 20 „ 
i/.fff.. . |exp — I^P . ddf ddo c?0 i . . . c20„ 
bhe integration being in each case from — oo to oo . If we write 

0- = 0//v/«/,/, 

bhen 

iV, = [|| • • • 1^0/1 exp— . exp— . drf/^ d9o ddi... ddi. 

(a) First, suppose that g is not = /. Then, integrating with regard to 0r, 

iV, = 0. 
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(h) Next, suppose that g =f. Then 


iVy 1^1 " • • • "^/i • • • dtOf 

= ijftf.f • III • • • exp— . dBf dBo c?0,. . .dBi^ 
by (a). Hence 

Nf = l/v/ «/,/. Ill . . . exp— . exp— . d\j/ dB^ dBi ... dBj 

= y (27r/a/./) . 11- . jexp- . dBf, dBi ... dBi. 

Also 


D = l/^/c*/,/. jjj.. . jexp- . exp— . dy^ dBa dBi . . 


dBi 


= y/ (2x/a/.y) . jjexp- . dSadBi ... dBi. 

Hence 

NffD = 1. 


4. Hence the y’s are related to the in such a way that 


m.p.e. of yf and w, = 0 {gj^f) or 1 (gr =/) ; 

and therefore the it’s and the y& are conjugate sets ; which proves (i.). It follows 
that 

= m.p.e. of yf and y^. 


This proves (lii.) ; and (iv.) is the similar result which we should have obtained by 
expressing P in terms of the ^’s. Also 


which proves (ii.). 


P — ^^0,0^0 4" 20^0, 4" J0J . '{'Ul^lBl 

— ^0 (®0. 0^0 + ^0, 1^1 + <*0, 2^2 + • • • + ®0, a) 

+ 01 (<*i,o0o4-<*i,i0i +«i,a02+ ••• +<*i,j0<) 

+ ... 

+ B/ {o>(, 000 “t 101 "t" ^ 1 , 303 + • • . + f*!, 10j) 

= 0000 4' 0101 + 0302 + • • • + 0J01 I 


Appendix TIT. — Improved Advan(5ing Differences in terms of Sums. 

The expression for AA;o given by (136) difters from that given in (15) and §5 of 
“ Fitting,” in that it involves 2"Uo» 2 "®M 2 , ... , instead of 2"*Wo, 2 "*Mo» ••• • 
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The new expressions are more convenient for calculation and for tabulation, since the 
coefficients are rather smaller and are symmetrically placed about a diagonal; For 
j = 2, =13, for instance, the formulm given by “ Fitting,” § 5 (ii.), are 

1001 Vo = +6935i-198-Si,+22-S;,, 

1001 Avo = -231^, + 88/S2-11<S3, 
lOOlA’vo = +35-Sf,-155a+2-S3, 

where -J?. = = 2" V = 2"*Wo. If we write 2, = 2X, 2^ = 2"»w,, 

2^ = 2 "''’m 2. these become (by (136), or by writing aSj = 2„ 63 = 2, + 22, 

;S3 = 2. + 222 + 23) 

lOOlVo = +5172,-15423+2223, 
lOOlAVo = -1542, + 6623-112:,, 

1001A=*v„ = +222,-1123+223. 

The symmetry of the coefficients is due to the fact that 

CO. in AA;o = X/., = \f = co. in A%. 

For any particular value of m there will be only i(i+l) (i+2) coefficients to be 
tabulated, instead of {j + 1)*. 


Appendix IV. — Formul.® in terms of m’s. 


(i.) Formulae for AA’,,, &c.. In terms of the w's have already been given in (l5a), 
(21), (22), (29), and (28) of “ Fitting ” ; and the results In (I4l)--(l45) of the present 
paper can he checked by comparing the different expressions for the coefficients of the 
w’s. We should require to use the following identities : — 

(f +A, h) = (r, 0) {h, 0) + (r, 1) (/i, l) + (v, 2) {h, 2)+ ... , 

(r, 2A] = (0, 2A] + [r, 2) (0, 2/i-2]+[r, 4) (O, 2/<.-4]+ ... , 

[r, 2h-l) = (r, 1] [±l 2h-2) + {r, 3] [±i, 2h-i) + {r, 5] [±l 2h-6)+ ... , 
{r-l 2A-1] = [r-l 1) (0, 2/^-2] + [r-i 3) (0, 2/i-4]+[r-i 5) (0, 2/i-6]+ ... , 
[r-l 2h-2) = [±i 2/i-2)+(r-i 2] [±i, 2^-4) + (r-i, 4] [±i, 2h-(i)+ ... . 


(ii.) Taking, for instance, the formula for when m = 2ri+l, (21) of “ Fitting” 
gives (replacing t by f) 


{pr)2k = i-Vbfi' 


{2^+1, 2/+U 


h^.k 

2 


A a 0 


/ 1 ) {2/1;+ 1, 2A + !}(/*, 2/< 

2/1+ ij 
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Hence we find that 




r® ) — (-)fhn *2* (21+^) *2* ( -V • 


«=/ 


and therefore 


\ _ / _ y+»W *2* {2/ + {2<, 2/ } {2t, 2^ } 0 


< = t 


where 


e = /?’{_<+gr, flf+«+i, i-; 1, -Jw+gf+ 1 , \m+g-vl) 


- (^. 2flr+l1 r^. 2<+l) 

{^m, 2«+l] [^, 2ef + l)' 

This expression for will be found to be equal to given by (132) of the 

present paper, so that the formula in “ Fitting ’’ agrees with (142). 
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The astronomical importance of the dissipation of energy that goes on in shallow seas 
has been shown by G. I. Taylor’s recent estimate* of the amount in the Irish Sea, 
which is enough to account for about one- fiftieth of the secular acceleration of the 
moon. It also produces a considerable efiect on the tides themselves, and there are 
probably many places where it must be taken into account before any satisfactory 
theory of the local tides, or even their empirical prediction, can be achieved. It is 
indeed very well known that there are bays and straits where the height of the 
tides, or the speed of the currents, or both, are greater than in the Irish Sea, and a 
careful examination of such places, with a view to finding the dissipation in them, is 
needed. There, are other places where the dissipation for an equal area is less than in 
the Irish Sea, but which may actually contribute much more altogether on account of 
their greater size. The object of this paper is to discuss what regions are capajile of 
producing notable parts of the secular acceleration ; to estimate as accurately as 
possible from the data available the dissipation in these ; and to compare this with 
that calculated from the secular acceleration, so as to find out whether it is necessary 
to assume the existence of any other important cause to account for the latter. 

The horizontal force of the skin friction of water over the sea bottom is 0’002/>V* 
dynes per square centimetre, where p is measured in grammes per cubic centimetre 
and V in centimetres per second. The dlfiiculty of the problem is in the estimation 
of V. The available observations of the velocities of tidal currents are given in the 
Admiralty Sailing Directions ; but they are never uniformly distributed, and are 
usually confined to the neighbourhood of the coasts, and they must be supplemented 
by theory before the velocities remote from the coast can be found. A few 
theoretical considerations that have been found useful in this process will now be 
mentioned. 

Take first the case of a bay or strait long in comparison with its width, and 
consider a wave entering it whose period is much longer than the time needed for a 


♦ ‘ Phil. Tran8.,’ A, vol. 220, pp. 1-33, 1919. 
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wave of tidal type to cross. This time is known to be independent of the period of 
the disturbance, depending only on the width and depth. Such a wave is reflected 
from one side to the other again and again before it reaches the other end. It is also 
known that the transverse velocity at the sides is zero, since water cannot cross a 
rigid boundary. Thus if we compare two points on opposite sides of the channel, we 
know that the times of arrival of the wave at them differ by a small fraction of a 
period ; and since the transverse velocity at both is zero, it cannot be great at any 
intermediate point, for that would contradict the hypothesis that the wave-length is 
much greater than the width of the channel. The transverse velocity may accord- 
ingly be neglected in problems of this class. 

If the period of the entering wave is of the same order of magnitude as the time 
needed to cross the channel, we can no longer infer that the transverse velocity is 
much less than the longitudinal one. This case seldom or never arises. The velocity 
of a tidal wave is (grD)* where g is the intensity of gravity and D is the depth ; and if 
the water was only 20 fathoms deep a tidal wave would in 12 hours travel 700 km., 
which is far greater than the width of almost any channel whose length is much 
greater than its width. Where the width is greater, the depth also is always greater, 
so that the above argument always holds in long channels of whatever size. 

If now X be the distance of a point from the entrance to the channel, y the distance 
from the side, w the longitudinal velocity of a particle there, and tj the height of 
the free surface above its undisturbed position, the equations of motion of the particle 
are 

~ = — a term due to friction 
at dx 

2mu = 


where w is the component of the earth’s angular velocity of rotation about the vertical 
at the point. The equation of continuity is 


dx 


(Dk)=- 


dt' 


From this and the second equation of motion we deduce at once 


dj! _ 0^0 , 2to> j’J_ (d*i 
dx dx g 


Jd Va< 


•f u 


0D' 

dx 


dy 


where »/o is the value of tj at the side. In this we see from the conditions that the 
channel is narrow and the depth slowly varying along it that the first term is much 


greater than the others. Accordingly ^ is the same for all particles in the same 

dx 

cross-section of the channel, and the first equation of motion then shows that the 
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same is true of u if the friction is small. Thus in such cases the velocity is the same 
at all points in the same cross-section, so that observations made at the side wiU be 
correct for points in the middle. If friction is great this result must be modified, 
since for the same velocity the frictional force is independent of the depth of the 
water, whereas the ma.ss affected is proportional to the depth. Thus friction has 
more influence in reducitig the velocities in shallow water than in deep water. Hence 
when the channel is shallow at the sides and deep in the middle the velocity will be 
least at the sides. The ratio of the frictional term to the first term is 0’002 m/ 2D'Q, 
where D' is the depth at the shallow part. When this is 10 fathoms and the 
velocity 1 knot the fraction is 0 25, so that this effect is then appreciable ; and when 
the depths ai’e less and the velocities greater, the influence of friction may increase to 
such an extent as to dominate the whole character of the motion. When this occurs, 
the velocity will always be in the direction of decreasing pressure, and inertia may 
be' neglected. 

The last result may appear to contradict the general principle that “ still waters 
run deep.” There is no real contradiction, however, for the problems referred to are 
different. The above argument deals with the differences between the velocities at 
places in the same cross-section of the channel, whei'eas the proverb concerns rivers 
whose depth varies along them, and in such cases the motion is naturally slowest 
where the depth is greatest, since the amount of water crossing any section in a given 
time must be the same. It also has an important aiul well-known application ip bays 
of varying depth and width, such as the Bay of Fuudy. If, for instance, the bay is 
very long, and these quantities change only by small fractions of themselves per wave- 
length, it can be shown* that the height of the wave at any point is proportional 
to and the velocity of the water to where h is the width at the 

surface. The rate of dissipation of energy across any section is proportional 
to b^l^ or to D“*. It therefore increases slowly as the channel becomes narrower 
and much more quickly as it becomes shallower. When the depth and width vary 
much within a wave-length these resxilts cease to be useful approximations, bxit the 
tendency for the height of the tide and the velocity of the tidal current to increase as 
the channel becomes narrower and shallower remains. Thus in such places we often 
find very high tides and strong tidal currents. Apparently, however, their limited 
area prevents the dissipation in them from being as great as that in larger places with 
less violent currents (at least, if the Bay of Fundy may be regarded as typical 
of them). 

The widths of most actual bays are, however, comparable with their lengths, and 
in these it is generally a matter of some difficulty to settle whether we can treat the 
recorded currents as a fair sample of the whole. The amplitude of the tide in mid- 
ocean is only about a foot, but in the shallow water around the coasts it is magnified 
to several feet, and the tidal currents are increased correspondingly. Where the 

* Lamb, ‘ Hydrodynamics,’ p. 268 . 

2 L 2 
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shore is fairly open and regular in outline, like most of the coast of Africa, it is not 
possible to find the dissipation along it, for there are no data to show how far out 
the currents extend. In partly enclosed regions, however, it is frequently possible to 
interpolate lietween the records made on opposite sides. A serious difiiculty may 
arise if the depth of the sea is very different at different points within it, for this 
may destroy the possibility of interpolation, and therefore we must always examine 
the soundings for any great variation. Ordinarily we should not expect much 
variation in the velocities, for such places are intermediate in character between 
narrow channels and the open shore, and therefore the currents in them may be 
expected to show some increase in shallow water, but not so much as would be caused 
by a proportional decrease in depth along a narrow bay or in approaching the open 
shore. In shallow water also friction may, and often does, neutralize the magnifica- 
tion that would occur in its absence. 

One other fact may be noted. In shallow bays the difficulties of navigation 
may be gieat, and navigators avoid them if possible by choosing a harbour 
near the entrance. Thus ol)servations of cun-ents are most numerous about the 
entrances, and often at the very places where the currents, and consequently the 
dissipation, are greatest there are insufficient observations to give a satisfactory 
estimate. 

Great care must be taken in dealing with observations among islands, straits, and 
shoals. When the passage of a tidal current is obstructed by a shallow of small 
horizontal extent, part of it goes round the shoal and part over the top. The 
influence of this on the main current is of course small, but on the top of the shoal and 
in its immediate neighbourhood the velocities may be much increased, for much the 
same reason as accounts for the greater speed of a river where it is shallow. On the 
other hand the increase in the influence of friction may greatly reduce the currents, 
and shoals often afford in this way an important shelter from tidal currents to the 
deeper water behind them. This is particularly noticeable at some points on the Korean 
side of the Yellow Sea. Thus observations of currents taken at lightships and buoys 
over shoals whose dimensions are all much smaller than those of the main bay or channel 
must be regarded as giving no reliable estimate of the main current. Small islands 
also require examination before the records obtained are accepted. If one is surrounded 
by a shoal they are of course untrustworthy; but if deep soundings are found 
within a few miles of it, they will probably give a very good idea of the main current, 
which will, especially in a wide channel, be fully as useful in our investigation as the 
results of observations at the sides. Straits are in a different position. When the 
tides in two seas or even oceans are in widely different phases, a large head may be 
produced between the two ends of a strait connecting them, so that a swift tidal 
current will flow along the strait. In no circumstances, however, can this give any 
indication of the currents in the seas, for it is produced by the tide heights, and not 
directly by the currents. Such currents may attain very great velocities, as in the 
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Magellan Strait and Smith Sound, and when the area of the strait is not insignificant 
the dissipation may be an important part of that in the seas as a whole. 


European Seas. 

1. The Irish Sea. 

This sea has been discussed in detail by Taylor. The rate of dissipation is found 
to be 1040 ergs per square centimetre per second, or 4*1 x 10" ergs per second in 
all, on an average at spring tides. This result is based on the law that the rate is 
proportional to the cube of the velocity. The Irish Sea is remarkable in that the 
maximum current occurs nearly at high water, whereas in ordinary places the water 
is nearly slack then ; though other examples will be given later in this paper. This 
afibrds the most favourable conditions for an accurate estimate of the rate at which 
energy enters the sea ; to this Taylor added the rate at which the moon’s attraction 
does work on the sea, and from the fact that all this energy must he dissipated in 
the course of a period (for if it were not, there would be a continual increase of energy 
in the Irish Sea) he found that the mean rate of dissipation at spring tides was 
6*0 X 10" ergs per second. This estimate is probably more accurate than the other, 
as the data involved are obtained from observations in St. George’s Channel, supple- 
mented by an accurate theory ; but the former is based on an average of the velocities 
in the Irish Sea itself, which are more difficult to determine. 

2. The English Channel. 

On an average the tidal currents in the English Channel at springs reach about 
2*5 knots. The speed is greatest towards the Straits of Dover and least at the 
entmnce to the Channel, and enough data are available in the Admiralty publication, 

‘ The Tides and Tidal Streams of the British Isles ’ to give a very accurate estimate 
of the total dissipation if this were required in the present problem ; but as the errors 
introduced by using only a rough approximation in this case are far less than those 
involved in the best data referring to regions with far larger dissipations, accuracy is 
not here required. 

The rate of dissipation is 0 *002/9 V'* ergs per square centimetre per second. Here p 
is practically 1 ; and one knot is 51*5 cm. per second. Thus the dissipatioii per square 
centimetre for a velocity of one knot is 274 ergs per second, and that per square 
kilometre is 2*74 x 10" ergs per second. The area of the English Channel is about 
60,000 sq. km., so that the dissipation when the currents are flowing fastest is 
2*74 X 10“ X 6 X 10* X 2*5*, or 2*5 x 10" ergs per second. This is of course a maximum, 
while the value obtained for the Irish Sea is the meaix over a period ; the average 
rates of dissipation in the two places are perhaps not very different. 
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3. 77te North Sea. 

A satisfactory estimate of the dissipation in the North Sea is practically impossible. 
Velocities up to over 3 knots are recorded here and there, but all the observations are 
in the coastal region, which is very much complicated by shoals. The maximum in 
the outermost part of the Moray Firth is about 1*1 knot, and this is probably fairly 
typical of the whole of the North Sea. Taking the area to be 5x10* sq. km. and 
adopting the above value of the velocity, we see that the maximum dissipation is of 
the order of 1*8 x I O'* ergs per second. 

4. Other European Waters. 

In the Mediterranean there is probably little or no dissipation of tidal energy, for 
the Atlantic tidal wave can only enter through the very narrow Straits of Gibraltar, 
and partly for this reason and partly on account of the great length and considerable 
depth of the sea there is very little tidal movement in it. The same argument applies 
to the Baltic, for the entrance through the Kattegat is largely blocked up by the 
Danish islands, so that little water can enter to produce a tide. The Bay of Biscay 
is mostly too deep to have any important current, while the White Sea is too small 
and landlocked to give as much dissipation as the Irish Sea. 

The average dissipation in a period is 4/3^ of the maximum. If we find the 
maximum for the Irish Sea on this basis, we obtain for the total dissipation in 
European waters when the spring tide currents are flowing strongest about 6*0 x 10'* 
ergs per second ; the average at spring tides is 2*4 x 10'® ergs per second. 

Asiatic Seas. 

* 

It has already been pointed out that the tidal currents in mid-ocean are insufficient 
to give any important dissipation.* Accordingly we need consider only those places 
where the currents are very much magnified by great decreases in depth. On 
referring to a physical map of Asia it is at once seen that the places around the coast 
where the depth is less than 100 fathoms are the Straits of Malacca, the South China 
Sea (with the Java Sea), the Gulfs of Siam and Tongking, the Yellow Sea, the 
Persian Gulf, and parts of the Seas of Japan and Okhotsk and the Bering Sea. 
'fhese regions will be dealt with separately. The Persian Gulf may be omitted at 
once, as its narrow entrance prevents the tide from being great. 

1. The South China Sea. 

This sea is in the form of a letter T. The middle stroke points north-east and lies 
between Annam and Southern China on the one side, and Borneo and the Philippines 
* 'Philosophical Magazine,’ May, 1920, vol. 39, pp. 578-586. 
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on the other. The two side-pieces are the Gulf of Siam and the Java Sea. The data 
for it are obtained from the ‘ China Sea Pilot,’ volumes 3 and 4, except the depths, 
which are taken from the Admiralty Charts. The tides are affected by a large diurnal 
inequality due to the inclination of the Equator to the ecliptic. When the moon is 
north of the Equator it tends to raise two tidal protuberances in the ocean, one 
exactly below it and the other exactly opposite to it. Owing to the earth’s rotation 
each of these moves round the earth once a day, keeping the same distance north or 
south of tlie Equator. Thus if a place is not on the Equator, they pass at different 
distances from it, so that the two tides in the lunar day are unequal in height. 
The variation in the level of the water thus caused can be described as a semi-diurnal 
change, on which a diurnal change is superposed. 

Now the rate of travel of a tidal wave is practically independent of its period, but 
if the depth and the form of the coast are such that the waves starting from the north 
and south sides of the Equator take different times to reach the place of observation, 
their combined effect may be remarkable. In particular, if the wave from the south 
arrives a quarter of a lunar day after or before the other, the semi-diurnal part of the 
one wave will correspond to high water while that of the other corresponds to low 
water, and if the amplitudes are equal the two will neutralize each other. In other 
words, there will he a node of the semi-diurnal tide. The diurnal parts, however, will 
not neutralize each other, their phases being only a quarter of a period apart. Thus 
at such a place there will be a diurnal tide and no semi-diurnal tide. Several places 
are known where there is only one high water in each lunar day ; among them are 
parts of the South China Sea, the Gulf of Carpentaria, and Bering Sea. The tides in 
these require special discussion before they can be considered in the present problem, 
because the diurnal tide depends essentially on the inclination of the Equator to the 
plane of the moon’s orbit and would not exist if this were zero. The dissipation of 
energy in it must therefore arise from the motion of the moon in declination and not 
in right ascension, and will affect mainly the inclinations of the Equator atid the 
moon’s orbit to the ecliptic, while producing little effect on the earth’s rotation and 
the motion of the moon in longitude. In discussing the secular acceleration of 
the moon it can therefore be ignored. If observations of the diurnal tide in the 
places where there are two high waters in the day were more numerous it might be 
possible to determine the dissipation in it, and from it the secxilar changes in the 
inclinations, but at present this is impossible. 

In the Java Sea, between Borneo and Java, the tide is mainly diurnal ; in fact 
according to the ‘ Eastern Archipelago Pilot,’ part 3, the semi-diurnal tide is not 
appreciable on tlie north coast of Java till east of Surabaya, which is itself almost at 
the eastern end. On the south coast of Borneo the observations are not so numerous, 
but it seems clear that there also the tide is mainly or entirely diurnal. The tidal 
currents are described as weak. We can accordingly neglect the dissipation in the 
Java Sea. At its western end this sea is connected to the South China Sea by two 
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rather wide straits, Carimata Strait and Gaspar Strait. In both of these the tide is 
mainly diurnal ; in the latter, in fact, it is entirely so. At Pontianak, near the north- 
westerly point of Borneo, the tide is still diurnal; thus the part of the China 
Sea south of Pontianak and Singapore probably contributes little to the secular 
acceleration of the moon. 

Apparently the main tidal stream from the China Sea strikes the Malay Peninsula 
somewhere near Cape Patani and spreads out from there ; for on the coast north of 
this point the flood stream sets to the north, while south of it it sets to the south. 
The tide in this region is definitely semi-diurnal, though the heights of the two daily 
high waters may be unequal. The depths in the western part of the sea and in the 
Gulf of Siam are mostly about 30 fathoms, but there are many shoals around the 
coast where the depth is only a few fathoms, and it is therefore necessary to be very 
critical of the sites of ohservations of currents. The best results seem to be given at 
small islands with rapidly shelving sides, for the currents there are modified little by 
the form of the bottom and can be regarded as fairly typical of the general currents 
in the neighbourhood. 

At the Anamba Islands (see map, fig. l) the semi-diurnal tide appears to be 
usually much less than the diurnal one. The ‘ China Sea Pilot,' vol. 3, states that for 
a few days in each month, when the moon is near the Equator, there are two high 
tides in the day. It is easily seen that ffthe Yfv. tides to occur in the day the 
amplitude of the semi-diurnal term must be 4/3T- xsf a* quarter of that of the diurnal 
term. It would not, however, vary much with the moon’s declination, whereas that 
of the diurnal term vanishes when the moon is on the Equator ; and the above fact 
shows that the semi-diurnal tide only attains this fraction of the diurnal tide when 
the latter is at its least. The true semi-diurnal tide at the Anamba Islands must 
therefore be insignificant. The same is evidently true of the currents, for the tidal 
streams take a day to run backwards and forwards. 

In the Gulf of Siam also the tides are mainly diurnal. The oscillation in this is a 
forced one due to that in the South China Sea, and as the latter is diurnal so is that 
in the Gulf of Siam. Actually the only place where the semi-diurnal tide is 
considerable is Bangkok Harbour, at the head of the gulf. This tide seems to 
increase in relative importance towards Bangkok, for at Kamput on the eastern side 
and places in about the same latitude on the western side the tides are said to be 
very irregular, indicating the presence of some complicating influence. On the whole, 
therefore, it seems that the dissipation in the Gulf of Siam will not be underestimated 
if we assume that the semi-diurnal current reaches a maximum of one knot, this being 
one-third of the diurnal tidal current observed off Cape Patani, at all places north of 
the parallel of 11° N. The area of this region is about 70,000 sq. km., giving a 
maximum dissipation of 2 x 10” ergs per second. 

An estimate may be made of the dissipation of tbe energy of the diurnal tide in 
the same regions. At Pontianak there is a diurnal current of two knots when 
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running strongest ; and a similar velocity is recorded at the Burong Islands some 
distance to the north. As the depth of the passage between Borneo and Sumatra is 
fairly uniform, from 10 to 20 fathoms, these measures are probably typical of the 
whole. Quantitative estimates of the currents in the Gulf of Siam are few, and a 
reasonable guess at them would be difficult. The depth is mostly about 30 fathoms, 
but there are a deeper area in the middle and many shoals about the margins, ^s the 
current at the mouth of the gulf is across it, the tide in the gulf can arise only from 



the reflection of this by the Malay coast, so that the general set of the current is 
across the gulf, and considerable magnification in the gulf is unlikely. Our estimate 
of the dissipation will probably be of the correct ordei* of magnitude, if we suppose 
that everywhere west of a line joining Cape Datu to Cambodia Point the maximum 
current is two knots. The area of this region is 8 x 10^ sq. km. ; thus the maximum 
dissipation is 17 x 10** ergs per second. The velocity is proportional to the sine of 
the hour angle of the moon increased by a constant ; and as the dissipation is 
proportional to the cube of the velocity, the average dissipation is obtained by 
VOL. OOXXI. — A. 2 M 
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multiplying the maximum by the average arithmetical value of sin* B taken over a 
period, which is i/dv. It is not clear what declination of the moon the recorded 
currents refer to : if they refer to the maximum, the average for the month will be 
found by multiplying again by ^/Sir. Thus the average dissipation of energy in the 
diurnal tide in the western part of the China Sea is of the order of 3 x 10“ ergs per 
second. 

We next proceed to examine the dissipation in the main part of the South China 
Sea, between the north-west coast of Borneo and the mainland. The currents are now 
semi-diurnal. Near Cape Sirik the flood runs for four hours and the ebb for eight 
hours, so that a considerable diurnal component exists, but not sufficient to prepon- 
derate over the semi-diurnal motion. The velocities here are from two to three knots. 
At Bruni the observations are very much interfered with by shoals and narrows, but 
in the offing the currents seem to be about two to three knots. About Tega, however, 
among shoals the velocities recorded are only I’S and 0‘8 knots. The contours of the 
sea floor run roughly parallel to the coast, so that these currents may persist for some 
distance out to sea. Off the north end of Borneo the sea rapidly deepens, and in 
accordance with this there is scarcely any tidal current at Ulugan Bay, in Palawan. 
On the Asiatic side the tide is diurnal at Camran and Tourane, but the currents are 
weak. 

A few shoals and islands in the middle of the sea have been made the localities of 
observations. At Rifleman Bank and Spratly Island there is only one tide in the day, 
and at the neighbouring island of Amboy na it is said that near neaps the stream 
reaches 1*4 knots. It is therefore clear that the semi-diurnal current of the Borneo 
coast does not extend half way across the sea, and its true extent is very doubtful. 
In the Gulf of Tongking also the currents appear to be diurnal. Thus in the whole 
of the So\ith China Sea and its extensions there seems to be little semi-diurnal tide 
and little contribution to the secular acceleration of the moon, though there is a 
dissipation of the energy of the diurnal tide that may have a notable secular effect on 
the obliquity of the ecjiptic. 

2. The Yellow Sea. 

This is a gulf about the size of Ireland, lying between Korea and the coast of 
China, and extending about as far south as the mouth of the Yang-tse-Bliang. It 
becomes very narrow where the Shan-tung peninsula projects into it, and north of 
this it forms the Gulfs of Pe-Chili and Liau-tung. Most of it is shallow, the depths 
in the main part of it being mostly about 30 fathoms, and those in the northern part 
about 15 fathoms. Around the shore the water is shallower, and in many places 
there are crowds of shoala The data are obtained from the ‘ China Sea Pilot,' voL 5. 

The tidal phenomena are extremely complex. At the south end of the peninsula 
of Korea high water (full and change) is at about llh., Greenwich time. Ab we 
advance up the Korean coast it occiub later and later, being practically 12 hours 



DR. HAROLD JBFPRErS ON TIDAL FRICTION IN SHALLOW SEAS. 


249 


later at Port Arthur. On the opposite side of the Strait of Pe-Chili it is slightly earlier 
than at Port Arthur ; then on the way round the Shan-tung peninsula and out of 
the sea again the tide again becomes steadily later. It therefore looks as if the tide 
enters up the coast of Korea, gradually passes up the sea, losing energy all the way, 
and a reflected wave from the Pe-Chili strait emerges down the CHinese coast. The 
tides and the currents on the Korean side are noticeably stronger than those on the 
Chinese side, and it does not seem likely that this is due wholly, or even largely, to 
the shoals on the former coast, for at islands in deep water, such as the Mackau, 
Myangoru, and Bate groups, velocities of 3 to 5 knots are recorded, while in 


118* UO* 122* U-t* 126* 128* 130* 



shallower water the velocities are not usually greater than these, though local strong 
streams exist. Apparently the efiects of friction are great enough to counterbalance 
those of the diminution in depth. They are also seen in another respect. Among 
the islands of the Korean archipelago the tidal stream sets west from four hours 
before till two hours after, high water, whereas in most places elsewhere there is little 
or no current at high water. Thus work is continually being done on the sea, and 
the energy entering is dissipated in it. An effect of the approximate agreement in 
phase between tbe tide and the velocity may be utilized to give an estimate of the 
currents and tide height in the entrance to the sea, far from the nearest land, and 
hence of the amount of energy entering. In any motion in a channel where, on 

2 M 2 
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account of its narrowness or for some other reason, there is little transverse motion, 
the velocity along the channel is related to the pressure gradient across it according 
to the equation 

2u>pu = —Bp/Sy, 

where p is the density of the water, 

u> is the component of the earth's angular velocity of rotation about the 
vertical at the point considered, 
p is the pressure, and 

y is the distance measured across the channel. 

In the Yellow Sea the entrance is not narrow, but there seems reason to believe 
that the velocity across it is small, which is all that is required for the truth of the 
above equation. If now g denote the intensity of gravity, and r) the elevation of the 
surface of the water above its mean position, then at any fixed point, at whatever 
depth, the variation of p is equal to that of gpti. Again, if Q be the earth’s angular 
velocity, and X the latitude of the place, 

(0 = i2 sin X, 

and we have on putting X = 35“ ; Q = 7’3xl0~7l sec.; gf = 981 cm./sec.* ; 

u = -ri7x 10’ ^ 
oy 

where C.G.S. units must now be used. 

On the coast of Korea the tide has an amplitude of about 10 feet, or 300 cm. 
The velocity of the inward current is about 4 knots, or 200 cm./sec. Now suppose if 
possible that the current remained constant right into the middle of the entrance ; 
then the above formula shows that at a distance of 176 km. from the side there 
would be little vertical movement of the surface, and further away still a huge tide 
with an amplitude of some 30 feet would exist. It is not reasonable that the tide in 
the middle should be greater than that at the side, though it may easily be smaller. 
The alternative hypothesis is therefore that the current decreases as we approach 
the middle, and is very small over most of the sea. This will be adopted in the 
forthcoming discussion. We shall suppose that the current at distance y from the 
coast is in the same phase as that at the coast, and is a linear function of y. Then put 

u = {200— ky) cosyJ. 

At the shore is equal to 300 cos {yt—a), where a is the diflFerence in phase 
between the tide height and the current strength. For the semi-dumal tide it is 
twice the angle moved through by the moon relatively to the earth in one hour, 
or 29 degrees. In general 

rj = 300 cos {yt—a)—%'0 X 10“* cos yi {200y—^kj^). 
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The amplitude of t) reaches a minimum where the coeflBcient of cos yt vanishes. We 
shall have the least possible tide in the middle, thus satisfying our earlier assumptions, 
if we assume that this minimum is reached at the point where the velocity vanishes. 
In this way we shall underestimate the dissipation, but not by any great amount. 
The value of k that makes this coincidence possible is 6*6 x 10"®/l > so 

current becomes zero 300 km. from the shore, practically in the middle of the 
entrance. 

Taylor shows {loc. cit., equation 15) that the average amount of energy 
crossing any line is the average over a period of gplDtiu dy in my notation, where D is 
the depth of the water, in this case about 30 fathoms over most of the region in 
which the velocity is greatest, with a range in all of from 20 to 45 fathoms. We 
find easily 

»; = 147 sin yt—i'Z X 10"® 200/A;)* cos yt. 


and the average flux of energy across a parallel of latitude is found to be 
1 *06 X 1 0“ ergs/sec. 

The northward flux on the Chinese side is more difficult to determine, as the 
direction of the currents is variable. Two phenomena are intermingled here. The 
issuing tide from the Yellow Sea comes down this coast, but there is also a definite 
tidal wave that travels into and out of the large bend in the coast whose extremities 
are Shan-tung promontory and Shanghai. This is shown by the fact that along the 
northern part of this bend, on which Tsing-tao stands, the current flows northwards 
while the tide is ebbing both along this coast and in the northern part of the 
Yellow Sea. Thus in this bay the main tide is the local tide of the bay itself and 
not the general tide of the Yellow Sea. The currents produced by these tides are 
rotary, probably an eflect of the earth’s rotation ; and it seems that the northward 
component of the velocity is small. Further, it is probably nearly in a phase at 
right angles to the tide, as great divergences from this relation can be produced only 
by great dissipations and accordingly by great velocities in the vicinity. Hence for 
both reasons we infer that the northward flux of energy along the Chinese coast is 
small in comparison with that on the Korean side. 

We also need to know the work done on the water by the moon. If rl is the 
height of the equilibrium tide, the work done by the moon in a period is 


n 


Qfl -r- dt dS, where dS is the element of horizontal surface and the integrals are to 
dt 


be taken, in the one case over a period, and in the other over the area considered. 
If the phase of i/ is in advance of that of t/, and the amplitudes be h and h\ the 
average rate of doing work is — sin/8dS. In the present case h! naturally 
varies little ; h decreases fairly steadily as we travel from the entrance to Port Arthur, 
where it has about half of its value at the entrance. On the other hand ^ varies a 
great deal. The longitude being about 120” E., the moon crosses the meridian at 
full and change at 3h. 43m. It is high water in Shoan harbour, at the southern 
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end of Korea, at lOh. 83in., so that is here —199“, or more conveniently +161*. 
The tide lags more and more on the way up the sea, and at Port Arthur it has lost 
practically a whole period, the high water at full and change occurring there 
at llh. 7m., making —216*. Positive elements will be added to the integral 
by the places where ^ is from 161° to 0°, negative elements where is from 0* to —180°, 
and positive again where it is from —180° to —216°. These values are however 
weighted according to the values of h and according to the extent of the areas for 
which they are correct. Now is zero near the Conference Islands, only about 0*4 of 
the way to the narrowest part, so that on this account the area for which it is 
positive would appear to be less than that for which it is negative. The sea becomes 
much narrower farther north, however, which must reduce the ratio of the weights 
somewhat, and the tides are only about two-thirds of the height. Thus it seems that 
the weights to be attached to the positive and negative values of sin are nearly 
equal, and its average over the sea is unlikely to be more than 0‘2. The area of the 
sea as far as Port Arthur is about 300,000 sq. km. ; taking the average of ^ as 240 cm., 
and that of h' as 20 cm., we find the energy imparted by the moon to be not greater 
in absolute magnitude than 2x10*^ ergs per second on an average. That entering up 
the Korean coast is far greater. 

In the discussion of the work done by the moon the Gulfs of Pe-Chili and Liau-tung 
have been ignored. There are two reasons for this : their united area is about a 
third of that of the main part of the sea, and the tides recorded at the sides are also 
about a third of those on the Korean coast. It seems to me, however, that these two 
gulfs aflFord an example of a special type of tidal problem different from any previously 
discussed. For, let us suppose if possible that the recorded amplitudes, of the order 
of 90 cm., were typical of the whole area. The average depth is about 2000 cm., and 
a tidal wave in water of such a depth would give rise to a current of maximum 
velocity about h (gf/D)*, which in this case is 65 cm./sec. The corresponding 
dissipation would be 550 ergs per square centimetre per second. On the other hand 
the average energy present is al)out ^ph^, or 4 x 10* ergs per square centimetre. Thus 
if the above assumption were correct the whole energy of the tide would be dissipated 
in about 7000 seconds, or two hours. This is absurd, and we must suppose, in order 
to avoid the result that energy is dissipated faster than it enters the region, that 
the tides in the greater part of the gulfs are much less than the recorded ones. 
Their height may be only a few inches ; while the recorded heights are the result of 
great magnification in the very shallow water around the edge. Accordingly the 
work done by the moon on this region may be neglected. The whole work done on 
the Yellow Sea by the moon is therefore small in comparison with the energy entering 
with the tide, and even its sign is uncertain. Thus the average dissipation in the 
whole of the sea is not very different from I’l x 10“ ergs per second. 

An alternative estimate may be deduced directly from the formula for the 
dissipation, with a suitable hypothesis on the distribution of velocity. At the 
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entrance, when the current is flowing strongest, the dissipation in a strip a centimetre 
wide across it is 0’002pfu’'di^, and if the above distribution of velocity is correct this 
is 1*2x10” ergs per second. Farther north the velocity is not so great; in fact, 
around the Shan-tung promontory it does not exceed one knot, and at the islands in 
Korea Bay opposite it is usually about two knots. Further, the width is here less 
than 300 km., so that on this account also the dissipation for a given velocity must be 
less; the amount in a strip a centimetre wide running east and west is therefore 
probably not more than one-sixteenth of that in a similar strip near the entrance. 
Even south of the narrow part off Shan-tung the currents appear to be slower than 
near the entrance ; for about half the distance the velocity is about two knots, rising 
again to 3f knots at the Sir James Hall group, in the narrow region. If a proportional 
reduction takes place at all other distances from land, we must suppose that the above 
estimate of the dissipation per unit length is correct for the first 200 km., that the 
amount for the next 230 km. is an eighth of this, and that for the remaining 220 km., 
corresponding to Korea Bay, is a sixteenth. The Gulfs of Pe-Chili and Liau-tung may 
be ignored. The total dissipation, if the maximum velocity at every place occurred 
at the same time, would therefore be (2x 10’ + ^x2*3x 10^4-i^e><2*2x 10’) 1*2x10“ 
ergs per second, or 2*8x10’® ergs per second. The average for each place is 
4/37r of the maximum there, so that the average for the whole sea is 4/3ir of this 
maximum, or 1*2x10’® ergs per second, which agrees with the previous estimate 
much more closely than the data would have led us to expect. 

3. 'I'he Sea of Japan. 

The Sea of Japan is an oval basin bounded on the eastern side by Japan and 
Sakhalin. It seems clear that the dissipation is small, for both the tide height and 
the current are small. Even in the comparatively narrow and shallow Korea Strait, 
through which the tide enters at the south end, the current only attains a speed of 
1 or 2 knots ; and when this opens into the sea the width suddenly increases to 
900 km. and the depth to 400 fathoms. The currents in most of the sea must there- 
fore be insignificant. They are appreciable at the gaps between the Japanese islands 
and in part of the narrow Gulf of Tartary, but the area affected is small and the 
currents only moderate (l to 3 knots at most) so that the dissipation is small. 

4. The Sea of Okhotsk. 

In its essential features this resembles the Sea of Japan. The only shallow parts 
of it are narrow strips around the coast, while the tide enters through the shallow 
water of the straits between the Kurile Islands. As the tide in the sea depends on 
the supply of water to maintain it, the restriction on it imposed by the shallowness of 
the entrances causes the currents to be smalL In the Gulfs of Ghijinsk and Penjinsk, 
in the north-east corner, the depth diminishes considerably, and the currents increase 
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to l|- to 2 knots. Data are very scanty, but the area affected appears to be about 
70,000 sq. km., leading to a dissipation when the currents are strongest of from 
6 X 10” to 1‘4 X 10** ergs per second. If we adopt the mean of these as giving roughly 
the actual dissipation, and apply the factor 4/3'jr, we find the average dissipation in 
these gulfs to be about 4 x 10** ergs per second. There is probably no important 
dissipation elsewhere in the Sea of Okhotsk. 


5. The Bering Sea. 


In the extreme north of the Pacific, between Siberia and Alaska, a chain of small 
islands, the Aleutian Islands, extends all the way across. The region north of these 



Fig. 3. 


has the shape of a quadrant and forms the Bering Sea. Between the islands the 
depth is great, and the tide of the Pacific seems to enter almost unhindered. Since 
the depth of more than half of the sea, mostly on the Alaskan side, is less than 
40 fathoms, large currents are produced, especially in the three chief bays — the Gulf 
of Anadir, Norton Sound, and Bristol Bay. The dissipation must therefore be very 
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great, but a reasonably accurate estimate of it is difficult to make on account of the 
form of the shallow portion, which has no narrow place that can be called an entrance. 
It is best to treat the main part of the sea and the bays separately. 

In the south of the sea it is stated that the maximum rate of the water, when clear 
of the passes between the Aleutian Islands, is usually about 2^ knots when the depth 
is less than 100 fathoms. In the region satisfying these conditions the depth is in 
most places about 80 fathoms, so that the current farther north, where the depth is 
often only 20 or 30 fathoms, may exceed this. On the other hand there seems to be 
little semi-diurnal tide in the extreme north. In Norton Sound the tide is diurnal, 
presumably because the waves from the south and from Bering Strait neutralize each 
other. At St. Lawrence Islands, near the entrance to the strait, the tide is only 
about a foot in height, confirming this suggestion. Farther south, however, the 
tidal wave from the Arctic must spread out and become inappreciable. ‘ At Pribilof 
Islands; 500 km. from the nearest land and surrounded by water 50 fathoms deep, 
the current reaches 2^ knots. At St. Matthew Island, about midway between these 
and St. Lawrence Islands, in water 30 to 40 fathoms deep, and nearly as far from 
land, the current still reaches knots. There are no other data given for islands 
far from shore, and it seems that we shall not be overestimating the dissipation if we 
take the maximum current to be knots all over the shallow region bounded on the 
south by the Fox Islands and extending north till half-way between St. Matthew and 
St. Lawrence Islands. The size of this is 1,000 by 700 km., or 7 x 10® sq. km. The 
maximum dissipation is therefore 2’74x 10**x 7x 10®x (2‘5)\ or 3x10'® ergs per 
second, and the mean dissipation l'2x 10'® ergs per second. 

In Bristol Bay the average velocity seems to be about 3 knots, though the observa- 
tions are few. The corresponding dissipation is about 1'5 x 10'* ergs per second. In 
Norton Sound the dissipation is probably small, for it is mostly north of St. Lawrence 
Island, and the tide is diurnal. The Gulf of Anadir probably contributes about as 
much as Bristol Bay ; for though its area is twice as great, its more northerly 
situation must reduce the current somewhat. In all, then, the average rate of 
dissipation in Bering Sea is about I’SxlO''* ergs per second. This estimate is of 
course subject to considerable error, for it depends wholly on a few observations, 
which may not give quite a fair sample of the whole of the sea. The depths around 
the localities considered are fairly typical of the sea as a whole, so that great error on 
this ground is not to be anticipated ; but errors in observing the velocities may be 
greater, and both kinds of error are magnified in importance by the fact that the 
velocity must be cubed when the dissipation is calculated, so that if the true mean 
velocity were only 2 knots instead of 2^ knots the dissipation would be almost halved. 
It does not appear that the velocity increases much towards the coast ; in fact the 
velocities near the Alaskan coast seem to be rather smaller than those near the 
islands. Thus an underestimate on this ground is not probable. 

2 N 
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6. Malacca Strait. 

This is a narrow triangular area, about 800 km. in length, separating Sumatra from 
the Malay Peninsula. The tide of the Bay of Bengal enters at the north-west end, 
and gradually increases in height as it advances along the strait towards Singapore. 
At the south end, however, the part of the tide that has not been reflected or 
dissipated on the way through the strait is overwhelmed by the diurnal tide of the 
South China Sea, Ample observations of the tides and tidal currents on both sides 
are available. The currents as far south as Cape Medang (nearly due west of 
Malacca) seem to reach maxima of l|- to 3 knots, the average amplitude at springs 
being practically 2 knots. The area of this region is 100,000 sq. km., and the 
dissipation is accordingly found to be about 9x10” ergs per second on an average. 

An alternative determination can be made by finding the rate of inflow of energy. 
At Kumpei, on the Sumatran side and near the north end of the strait, it is high 
water, full and change, at noon, and the amplitude at springs is 120 cm. The flood, 
tide outside the bar, in water about 20 fathoms deep, sets south-east from three hours 
before high water till three hours after it, so that it reaches its maximum speed of 
knots at high water. At Penang, near the opposite shore, it is high water at 
Oh. 21m, and the current reaches its maximum velocity of 2|- knots an hour before 
high water. As the strait is everywhere narrow in comparison to its length, and as 
these observations do not seem to have been taken on shoals, they are probably 
representative of that part of the strait. The amplitude of the tide at Penang is 
100 cm. We can therefore take the average height of the tide along the section from 
Kumpei to Penang to be 110 cm., and the average current when flowing strongest to 
be 2 knots, reaching its maximum half an hour before high water. The average 
depth is about 30 fathoms. A modification must Ixj made in the previous procedure 
to allow for the fact that the current flows along the strait, which is not quite at 
right angles to the line of the section ; therefore, in li tiding the energy crossing the 
section, we must take for the length of the section, not the distance from Kumpei to 
Penang, but the projection of this on a line perpendicular to the strait, which is 
230 km. The flux of energy is hence found to be, on an average, 7x10” ergs per 
second. We also require the amount of this energy that emerges through the nari ow 
part of the strait. Off Cape Medang, which marks the narrowest point of the strait 
away from the immediate neighbourhood of Singapore, the amplitude of the tide is 
120 cm., high water occurring at 6h. 30m. The tidal current flows at an average 
speed of about 2 ^ knots. There is no record of the tidal phenomena just opposite, 
but in Malacca Hoad it is high water at 7h. 30m., with an amplitude of 165 cm. ; the 
current there reaches its maximum of 2 knots an hour before high water. At the 
eastern end of South Sands, which lies near the Malay side, north-west of Cape 
Medang, it is high water about 6h. Om., and the tidal stream has a maximum speed 
of ij^ knots an hour before high water. The width of the channel at Cape Medang is 
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86 km., and the depth 20 fathoms. The average flux of energy eastward past it is 
found to be I'OxlO” ergs per second. Thus the average excess of the inflowing 
energy over the issuing energy is 6x10” ergs per second. The work done by the 
moon is insignificant, for it crosses the meridian at full and change at 2h. 30m., which 
is nearly the average time of high water. Thus all the excess of energy just found is 
dissipated in the strait. 

The area of the strait between the Kumpei- Penang section and the Medang section 
is 56,000 sq. km. If the average current in this had an amplitude of 2 knots the 
dissipation would be 5x10” ergs per second on an average, in striking agreement 
with the estimate from the flux of energy, though the latter is more reliable. If in 
the final estimate the region north of the Kumpei-Penang section is to be included, 
we must add a fraction to the total to allow for it, making probably between 8x10” 
and 12x10” ergs per second in all. 

In the part of the strait east of Medang there are few records of the currents, but 
the dissipation is probably small. In any case it could not exceed the 10” ergs per 
second that pass Medang, and is prol)ably less than this. The total dissipation in the 
Strait of Malacca is therefore I'l x 10‘® ergs per second, subject to an uncertainty of a 
fifth of its amount. 


Australian Waters. 

Australia is surrounded by a belt of water less than 100 fathoms in depth ; the 
width of this ranges from 10 to 200 miles, except at the Gulf of Carpentaria, where it 
extends right across to New Guinea. The tide in this neighbourhood is diurnal, like 
that in the South China Sea to the north of it. The contribution to the secular 
acceleiution of the moon is accordingly very small. The tidal streams do not exceed 
1 knot, and as the area is "much less than that of the South C/hina Sea the dissipation 
in the diurnal tide cannot be comparable with that already found for the larger sea. 


African Waters. 

The Mozambique Channel. 

The channel between Madagascar and the mainland is mostly about 500 fathoms 
deep or more. There are few records of tidal currents in it ; in fiict the only record 
given in the ‘ African Pilot,’ part 3, appears to be based on the statenuuit of a single 
observer, that the tidal streams in the channel are comparable with the permanent 
current driven by the trade winds, which flows at about 2 knots. This cannot 
however be uniform all over the channel, for the following reason. The height of the 
tide along the African coast is about 12 feet, which is as usual measured relative to 
low water at ordinary springs, so that the vertical amplitude of the tide is 180 cm. 
Now the ordinary theory of tides in channels shows that the maximum velocity is of 

9 ! V 9 . 
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order h : in a simple wave in a uniform channel it is exactly this. Taking the 
depth to be 90,000 cm., this makes the maximum velocity 19 cm./sec., or rather more 
than a third of a knot. Accordingly the currents with velocities of a knot or more 
must be confined to narrow coastal strips, and the dissipation is therefore small. 

The only other partially enclosed regions around Africa are the Gulf of Aden and 
the Red Sea. The former is deep in the middle with narrow strips of shallow water 
on the margins, like the Mozambique Channel, and therefore the dissipation is small 
The Red Sea is shallower, but can have no important currents, since the inlet at Aden 
is so narrow. The Mediterranean has already been dealt with. Thus the dissipation 
around the coasts of Africa is negligible. 


North American Waters. 

There are many partially enclosed bodies of water around North America, the chief 
of which are the Gulfs of Mexico and California, the Bay of Fundy, the Gulf of 
St. Lawrence, and the numei’ous straits and hays of the North-west Passage. Of 
these the Gulf of Mexico may l)e ruled out at once, for it is very deep and a large 
fraction of its entrance is blocked by Cuba. The Gulf of California is still deeper ; and 
therefore the currents in these cannot be notable except in restricted localities. 

1. Hie Bay of Fundy. 

This bay requires to be considered separately in spite of its small size, for it is 
famous for possessing the largest tides in the world. It is fairly shallow, and the 
tides are much magnified in height by the diminution in both depth and width 
towards the head of the Bay. The currents are apparently not so great as would be 
expected from the height of the tides. The entrance is through the Grand Manan 
Channel, named after an island in it. The average current in the channel reaches 
about 1*8 knots, and that near St. John, half-way up the bay, reaches 17 knots. The 
area of the bay is 12,000 sq. km., so that the average dissipation for a maximum 
velocity of 1*8 knots all over would be 7*7 x 10‘® ergs per second. It is likely that the 
currents farther \ip the bay are stronger, so that this must be regarded as a lower 
limit. 

An alternative estimate may be obtained from the inflow of energy. The rise of 
the tide in Grand Manan Channel is at most places about 20 or 22 feet at springs, 
above low water ordinary springs. The amplitude is therefore about 320 cm. The 
current has an amplitude of 1 *8 knots, and the depth of the channel is about 9000 cm. 
The average time of the turn of the current at three places near the south side 
of the channel (those numbered 14, 16 and 17, in the ‘ Nova Scotia and Bay of Fundy 
Pilot,’ page 22) is 35 minutes after high water at St. John. This high water at full 
and change occurs at llh. 21m., while at I’Etang, on the north side of the channel, 
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it is at llh. ISm., and the mean of the times at Westport, Petit Passage, and Digby 
Gut, which are* nearly opposite, is lOh. 48m. Thus the mean time of high water in 
the channel must be about llh. 3m., so that the current turns 53 minutes after the 
tide. The phase difference is therefore 25 degrees. The width of the channel is 
83 km. Applying equation 15 of Taylor’s paper, we find that the average rate at 
which energy enters is 47 x 10” ergs per second. 

The average rate at which the moon does work on the bay is — | hh*y sin /8dS, 

as was found for the Yellow Sea. In this case the latitude is 45° north, so that A' is 
18 cm. In the lower half of the bay the amplitude of the tide is not greater than 
12 feet, but in the upper half it rapidly increases, till in Minas Basin it reaches 25 feet 
and in Chignecto Bay 23 feet. The time of high water in the bay ranges from 
llh. 3m. to llh. 50m. The later value corresponds to the upper part, where the 
amplitude is greatest ; but as this part is also the narrowest, the two times must 
receive about equal weights in finding the average. We therefore take the average 
time of high water to be llh. 30m. The average amplitude of the tide is about 
18 feet, or 540 cm. The longitude of the bay is 66° west, so that the moon crosses 
the meridian at full and change at 4h. 33m. The time of high water is more than 
6h. 12m. later than this, so that the tide is falling when the moon is exerting its 
greatest upward pull, and the work done by the moon is therefore negative. The 
interval between transit and low water is 45 minutes, so that = 22°. The area of 
the bay is r2x 10'* sq. cm. The work done by the moon is therefore — 3x 10** ergs 
per second. The total dissipation in the bay is 4*4 x 40'^ ergs per second. 

This estimate is six times as great as the earlier one based on the currents alone. 
It is much the more reliable, for the first depended on the assumption that the 
currents were equally great all the way up the bay, whereas actually they increase 
very much towards the head. Velocities up to 9 knots are recorded in Minas Basin, 
though the area in which these occur must be very restricted. The most serious 
source of error in the second estimate is the phase difference, for this is only an hour 
and would be affected to a considerable extent by an error in the determination of 
the time when the current turns. The observed time of turn does not vary much 
from place to place, however, and it does not seem likely that the estimate is wrong 
by more than a quarter of its amount. The second estimate will therefore be 
adopted. It will be noticed that it is rather less than the dissipation in the Irish 
Sea. 

The Gulf of St. Lawrence gives very little dissipation. The narrow entrance 
through Cabot Strait prevents the tides from being considerable except in the 
estuary of the river itself and in Belle Island Strait, which separates Newfoundland 
from Ijabrador. 
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2. The North-west Passage. 

The channel from the Atlantic to the Arctic between Canada and Greenland is 
blocked by a large number of islands of varying sizes, between which are narrow and 
shallow straits. The dissipation in several of these can be estimated from data in the 
‘ Arctic Pilot,’ vol. 3. 

The chief of these channels is Davis Strait, with Baffin Bay to the north of it, 
which lies between Baffin Land and Greenland. It is about 1600 km. in length. 
The only tidal velocities recorded in it, except in fjords, are near Holstenborg, in 
Greenland, where the currents in the offing are said to reach a speed of two knots. 
This cannot, however, be general, for there is a shallow region off Holstenborg, some 
150 km. long and 60 km. wide, with a depth of about 23 fathoms. Most of the 
strait is about 100 fathoms deep. This region is therefore a place where the main 
current of the strait is magnified by the form of the bottom, and there is no reason to 
believe that the current in the deep water is greater than half a knot, which is the 
observed velocity off the coast of Labrador. The dissipation in Davis Strait is 
therefore not great. 

At the northern extremity of the strait there are several narrow passages into the 
Arctic. The dissipation in these must be important. In Smith Sound and Kennedy 
Channel, for instance, which separate the north-west coast of Greenland from 
Ellesmere Land, the current is said to be “nearer two figures than one. ” These 
straits are small in area, but if such currents exist over much of their extent we must 
take them into account. The data available at present are unfortunately too meagre. 

The south end of Davis Strait is connected to Hudson Bay by Hudson Strait. 
The currents in this are described as “ great enough to be dangerous,” especially at 
the east end; but the recorded currents, even in the middle of the strait, are only 
about three-quarters of a knot. This makes the average dissipation about 
5x10“ ergs per second. The danger arises mostly from drifting ice. 

In the entrance to Hudson Bay the velocity increases to one and a half knots. 
The area over which this is true is about 3’8 x 10“ sq. cm., making the average 
dissipation 1*5 x 10'^ ergs per second. 

In Hudson Bay itself the currents are probably very small. Considerable 
velocities are recorded at Port Churchill, but there are no records in the middle of 
the bay. The depth in the middle is about 50 fathoms, which is about the same as 
at the entrance. The entering current must therefore spread out in the bay and 
undergo great diminution in strength. Near Port Churchill the depth is only 19 
fathoms or less, so that the current there must be a local current magnified. The 
dissipation in Hudson Bay must therefore be small. 

In Fox Strait, which runs northwards from the entrance to Hudson Bay, the 
depth is less, about 20 fathoms, and the current reaches one and a half knots. The 
area of this channel is 2 x 10“ sq. cm., and the appropriate average dissipation is 
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about 1*4 X 10** ergs per second. The remaining straits of the North-west Passage 
probably do not contribute nearly so much to the dissipation, for the energy of the 
entering wave must be mostly dissipated in the channels already dealt with, and 
partly through this and partly on account of the obstructive effect of the islands 
it is not likely that the straits farther north-west are very important, though this 
cannot be regarded as certain. The dissipation in the whole of the North-west 
Passage is thus about 1*6 x 10*® ergs per second on an average. Adding this to the 
amount found for the Bay of Fundy, we have for the whole of North America a 
total of 2 X 10** ergs per second on an average. 


Summary. 


The mean rates of dissipation in the lunar semi-diurnal tide found in the foregoing 
investigation are as follows : — 


Ergs per Second. 


European waters 2*4x10'* 

Asiatic waters : 

South China Sea Small. 

Yellow Sea 1*1x10*® 

Sea of Okhotsk 0*4 x 10*® 

Bering Sea 15*0x10*® 

Malacca Strait 1*1x10*® 

North American Waters : 

Bay of Fundy 0*4x10'® 

North-west Passage 1*6x10'® 


The total thus accounted for is 2*2 x 10*’ ergs per second. I have shown in a previous 
paper that the dissipation required to accoxmt for the secular acceleration of the moon 
(which amounts to 9" per century per century) is about 1*4 x 10'* ergs per second, so 
that it seems as if there is more dissipation than is required. If this was so it would 
be necessary to seek for a cause that could produce an appreciable secular retardation 
of the moon, and none such is known. A scrutiny of the results so far obtained is 
therefore desirable, with a view to finding out whether any of them have been over- 
estimated. One cause of such an over-estimate is easily seen. The data used for the 
Irish iSea, the English Channel, Malacca Strait and the Bay of Fundy refer definitely 
to spring tides alone when the currents are at a maximum. The height of the tide 
adopted in the calculation for the Yellow Sea was also that of the spring tide. In 
the other cases it is not stated whether the currents have average or spring values, 
but if they were determined at springs the requisite reduction is at once obtained. 
The theoretical ratio of the heights of the lunar and solar _tides is 2*3 when inertial 
and frictional effects are neglected. This ratio is probably nearly correct in mid-ocean, 
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for the periods of the two tides are not very different, so that inertia will affect their 
amplitudes in the same ratio. In shallow areas, however, the frictional force is not 
proportional to the velocity but to its square, and accordingly friction has more 
relative effect in reducing the tides when they are great than when they are smaller. 
The ratio of the solar to the lunar tide, as found from observations, is accordingly less 
than the theoretical value, since the ratio of the ranges at springs and neaps is 
reduced. This ratio is stated in the ‘Admiralty Tide Tables for 1920 ’ to be 1 : 273 on 
an average. If now $ be the phase of the lunar tide, let (l — 0 be the phase of the 
solar tide, so that r is l/29. Let A be the amplitude of the lunar tidal current and 
Av that of the solar tidal current. The total current is 

A{cos $+vco8 (l— r)0} = A (l +2»' cos r 0+i'®V cos (0— tan~* ■■ ) 

which is now expressed as a simple harmonic motion with a slowly varying amplitude 
and period. The amplitude at springs is A(l + v). The dissipation is proportional to 
the cube of the current, and therefore to the cube of the amplitude. The ratio of 
the mean dissipation to the dissipation at springs is therefore the average of 
(1 + 21 / cos +!'*)*/( 1 + !<)•’. If t/* be neglected, the numerator of this is 1 +|- 

Assuming that the ratio of the velocities is the same as that of the vertical ranges, 
we find that this fraction is equal to 0'51. Applying this correction to the spring 
tide dissipation, we find that the average dissipation is I'l x 10** ergs per second, 80 
per cent, of what is required. It would give a secular acceleration of the moon 
of 7" per century per century. 

The agreement between the dissipation in shallow seas and that necessary to 
account for the lunar secular acceleration is much closer than the data would entitle 
us to expect. Two- thirds of that found takes place in the Bering Sea, the estimate 
for which may be incorrect by half its amount. What we are entitled to assert, how- 
ever, is that this dissipation is certainly enough to account for a large fraction of the 
secular acceleration, and that there is nothing to prove that it is incapable of 
accounting for the whole of it. 

It is uncertain whether the dissipation in any other coastal regions is notable in 
comparison with those already considered. The only partly enclosed areas not treated 
here that are of considerable size are some of those in the North-west Passage. There 
is an extensive shallow region off the coast of Patagonia, but it is in no way enclosed, 
being perfectly open to the Atlantic. Thus it is difficult to make any reliable inference 
about the currents in it. Many records of tidal currents along the coast are given, 
some reaching several knots, but all of them seem to refer to currents up rivers or near 
their mouths, where the general currents must be magnified, or to currents over bars 
and shoals ; there seem to be no data about the currents more than a few miles out to 
sea. 

The dissipation over local shallows like shoals and bars and in narrow bays and 
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straits has been systematically ignored in this paper, except where it has been auto- 
matically taken into account in the determination of the excess of the entering over 
the issuing energy. The chief reason for this is the utter impossibility of finding 
it. The Qords on the west coasts of Norway, Greenland, and North and South 
America are innumerable, and in many of them, perhaps in all, there is a strong tidal 
current, so that the dissipation per unit area in these places must very much exceed 
tl»at in any of the areas here treated. On the other hand, the total area must be less, 
and it is uncertain whether the increase in velocity is enough to covinterbalance the 
decrease in area and make the total dissipation in these places comparable with that 
here found for the larger shallow seas. Tlus same is true of shoals ; though the 
agreement between the results given by the two methods of finding the dissipation 
in shoaly waters, as in the Yellow Sea and the Strait of Malacca, indicates that the 
sliouls at any rate do not contribute to the dissipation an amount overwhelmingly 
greater than the normal places, for one method necessarily includes the effect of the 
shoals and the other systematically omits it. Along the open shore again there 
must be some dissipation ; the currents there do not usually extend many miles out to 
se.i,. but they exist along a very long stretch of coast, and the aggregate dissipation 
in them may be appreciable. 

The hypothesis that the secular acceleration of the moon is due to dissipation of 
energy in the tides in shallow coastal regions therefore seems capable of satisfying all 
the quantitative demands on.it, and it is also free from objections that have been 
urged against other attempted explanations.* It therefore occupies a strong position. 


Appendix. 

The Secular Change in the Obliquity of the Ecliptic. 

In consequence of the dissipation of enex’gy in the diurnal tides there must be a 
couple always acting on the earth so as to tend to resist its angular motion about an 
axis ill the plane of the orbit of the moon or the sun, as the case may be. If J be the 
declination of the moon, the angular velocity of the earth about the diameter that 
p lints to the moon is ft sin J, and the angular momentum about it is Cft sin where C 
is tlie earth’s moment of inertia. Let L be the couple about this diameter. Then the 
rate of dissipation of energy in the diurnal tide is Lft sin S. Also the rate of change 
in the inclination is given by 

~ (Cft sin J) = L. 

at 

Now^ L must contain ft sin d as a factor, since it depends for its existence on the 
existence of the diurnal tide, whose coefficient is proportional to sin J, and whose speed 

* Cf. ‘ Monthly Notices of R.A.S.,' vol. Ixxx., 1920, pp. 309-317. 
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is equal to il—n, which is sufficiently near to O for our present purpose. Hence the 
fHction of the tide will have a damping effect on this component of the earth’s 
rotation, which is not altered by the other couples acting, since none of these have a 
notable effect in diminishing the amplittide of the motion. If the average value of 
the dissipation is taken to be 5 x 10** ergs per second, this being rather more than was 
found in the South China Sea, and we remember that the average of sin® 5 is ^ sin® i, 
where i is the obliquity of the ecliptic, we find that the amplitude of O sin S would be 
reduced to l/e of its value in 2x10* years. This is of the same order as the probable 
age of th(^ earth. If D remained constant this would show that the inclination ot 
the Equator to the ecliptic would be reduced by 1'' in about 2x10* years. Actually 
ft is decreasing, so that if the I'ate were maintained it would be reduced to l/e of its 
value in about 10*® years, a longer time than was found, on the assumption stated, to 
be enough for a similar reduction in the obliquity. Thus we can infer that the 
obliquity is at present diminishing, though there is no reason to believe that there 
has been any observable change in it in historic times. Even if there were as much 
dissipation in the diurnal tides as in the semi-diurnal ones this would hardly be 
possible. 


[Note added September 16. — Mr. Taylor asks me to point out certain errata in 

his paper “ Tidal Friction in the Irish Sea.” On p. 2, 1 — is twice written for 

•s/r 

1-f--^; the correct form is used in equations (4) and (5). On p. 9, line 9, Tj is 

Greenwich mean time ol‘ high water at full and change of the moon at the place 
considered, whereas the “establishment” is the local mean time of this event. In 
equation (16), should be Tj, and in equation (18), i-f-To should be Tq. On 

pp. li) and 20, sin®^,, is consistently written for sin 2^^; equation (33) is correct. 

In this paper, as in Taylor’s, integrals over a period are always determined as if 
the current velocity and the tide height varied harmonically. This could be strictly 
correct only if the frictional force was proportional to the velocity, which is not the 
case. It appears, however, that the departure from the harmonic variation is not 
enougli to produce any gi-eat alteration in these integrals. 


I wish to express my thanks to Mr. H. W. Braby for drawing the maps in this 
paper.] 
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§ 1. Introduction. 

Thk problem of the equilibrium of an elastic solid under given applied forces is one 
of great difficulty and one which has attracted the attention of most of the great 
applied Mathematicians since the time of Eui.kb. Unlike the kindred problems of 
hydrodynamics and electrostatics, it seems to he a branch of mathematical physics in 
which knowledge comes by the patient accumulation of special solutions rather than 
by the establishment of great general propositions. Nevertheless, the many and 
varied applications of this subject to practical affairs make it very desirable that these 
special solutions should be investigated, not only because of their intrinsic importance 
but also for the light which they often throw on the general problem. One of the 
most powerful methods of the mathematical physicist in the face of recalcitrant 
differential equations is to simplify his problem by reducing it to two dimensions. 
This simplification can only imperfectly be reproduced in the Nature of our three- 
dimensional world, but, in default of more general methods, it provides an invaluable 
weapon. 

It was shown by Airy* that in the two-dimensional case the stresses may be 
derived by partial differentiations from a single stress function, and it was shown 
latert that, in the absence of body forces, this stress function satisfies the linear 
partial differential equation of the fourth order V*;^ = 0, where V* = V* . V^, and V“ 
is the two-dimensional Laplaciau d^fd^+d^fdy^. 

It might have been expected that these results would have opened the way for 
a theory of two-dimensional elasticity of the same generality as the two-dimensional 
potential theory. This has not, however, been the case. This is due in part to the 
greater analytical difficulties which attend the discussion of the two-dimensional 

* ‘ Brit. Abboc. Rep.,’ 1862, p. 82. 

t W. J. Ibbbtson, ‘ Proc. Load. Math. Soc.,’ toI. xvii., 1886, p. 296. For a history of this part of the 
subject see Love’s ‘ Elasticity,’ 2nd edition, p. 17. 
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solutions of = 0 as compared with V*x == 0, The analogues of many of the 
importa,nt properties of the simpler equation have yet to be discovered if they exist at 
all. Some progress has been made, and in this connection we may mention the work 
of J. H. MifJHKLii* who established a general theory of inversion which, with some 
important differences, follows the potential theory fairly closely. 

No doubt the analytical difficulties have been the chief oljstacle to progress, but 
perhaps the theory has not in recent years received attention which it would have 
received but for a certain physical difficulty. A truly two-dimensional elastic system 
is not so easy of realisation as might seem to be the case at first sight. If the stresses 
are everywhere parallel to the .ry plane and independent of z there will in general be 
a varying displacement parallel to z. If the displacements are everywhere parallel to 
the xy plane and independent of z this can only be secured by the application of 

a stress zz which varies from point to point and is perpendicular to the xy plane. This 
difficulty was in a large measure removed by a theorem established by Filon, which 
has been called the theorem of generalised plane stress, t It states that if the average 

value of the stress zz be taken throughout the thickness of a plate parallel to the xy 
plane, then the ordinary two-dimensional theory will give accurately the average stresses 
through the thickness of the plate if the elastic constants of the material are modified. 
If X, /X denote the true elastic constants, X must be replaced by = 2Xfjt.l{\ -I- 2m) while 
M remains the same as before. This theorem attains an even greater importance when 
considered in the light of Michkll’s theorem,! that if a plate bounded by any 
number of bounding curves is in equilibrium under forces in its plane applied over the 
boundaries, then, provided the forces applied over each boundary taken separately 
are in equilibrium, the stresses ai*e everywhere independent of the elastic constants. 

The hypothesis that the average value of zz vanishes throughout the plate, 
while certainly not accurately true in the majority of cases, will probably give 
a very close approximation in the case of a thin plate where parallel faces are 
unstressed. 

In the light of this generalisation it is of considerable importance that the two- 
dimensional problem should be worked out more thoroughly. The two-dimensional 
solutions of V*x = ^ have been investigated in several systems of curvilinear co- 
ordinates. Owing to the special importance of the problem of the rectangular beam 
the solutions in Cartesian co-ordinates have naturally received a considerable amount 
of attention. Michkli, gave the general form of the stress-function in polar co- 
ordinates, thus opening the way for the solution of the problem of a plate bounded by 

* “ The Inversion of Plane Stress,” ‘ Proc. Lond. Math. Soc.,’ 1901, vol. xxdv., p, 134. Many of the 
results of the present paper can be obtained by an application of Michelles methods, but it has proved 
more convenient to proceed on different lines. 

t * Roy. Soc. Phil. Trans.,’ A, 1903, vol. 201, pp. 63-166. 

t ‘ Proc. Lond. Math. Soc.,’ vol. xxi., 1900, p. 100. 
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two coucentric circles, or an infinite plate containing a circular hole under any 
given tractions applied over its boundaries. In his lectures at University 
College, London, in 1912, Prof. Filon gave the complete solution of this problem 
determining the stresses and displacements when the stresses on the boundaries 
are expanded in Fourier series, and I am not aware that this solution has ever 
been published. An outline of the solution in elliptic co-ordinates is given in Love’s 
‘ Elasticity.’* 

In this paper the complete solution is given for bipolar co-ordinates, for which the 
co-ordinate curves are co-axial circles. This solution enables us to treat the problems 
of an infinite plate containing two circxdar holes, a semi-infinite plate Ixmnded by a 
straight edge and containing one circidar hole, and a circular disc with an eccentric 
circular hole. 

In the second Section the equations are expressed in bipolar co-ordinates and 
formulee are established for the displacements in terms of the stress-function. 

In the third Section the stress-function is obtained in a convenient form and the 
terms giving rise to many valued displacements are separated out. 

The fourth Section is devoted to the determination of the coefticiejits in the stress- 
function when the tractions over the boundaries are given in Fourier series, and to an 
examination of the convergence of the resulting series. From the results established 
in this section it appears that the solution is complete, for the stress-function can 
always be uniquely determined when the tractions are given, provided that the 
applied forces taken as a whole are in e(juilibrium. 

The remaining sections are occupied with the examination of some of the simpler 
applications of the theory. Section 5 gives the solution for a circular disc with an 
eccentric hole (or a cylinder with eccentric bore) when the two boundaries are under 
different hydrostatic pressures. It is found that the solution of this problem can be 
expressed in finite terms. An important particular case of this problem is discussed 
in Section 6, namely, a semi-infinite plate with a straight, unstressed boundary and a 
circular hole under a uniform normal pressure. This will give the stresses near 
a rivet hole while the hot plastic rivet is being forced home under pressure. 
This solution is intei-esting from another point of view, for if the ratio of the 
radius of the hole to its distance from the edge is suitably adjusted, the point of 
greatest tension will be on the straight edge while the point of greatest stress 
difference is on the circular boundary. It thus suggests a crucial test for the 
rival theories of rupture, — the greatest tension theory and the greatest stress- 
difference theory. 

Section 7 deals with a semi-infinite plate with an unstressed circular hole 
under tension parallel to its straight edge. The solutions are in the form of infinite 
series, but the more important aspects of the problem are illustrated by numerical 
tables. 

* 2nd edition, p. 259. 
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§ 2. Thk Co-obdinatj-m. 

Let U8 take curvilinear co-ordinates defined by the conjugate functions 

.^.;^ = log£±*i£±«) (,) 

where y are Cartesian co-ordinates and a is a positive real length. Solving for 
.X, y, we have 

_ gsin j8 __ a sinh a 


cosh a— cos /?’ 


cosh a— cos 


Elements of arc measured along the normals to the curves a, /S = conutant are 

respectively Sa/h, H^/h, where 


/ // \ from which we have 

( / / I ^ ~ (cosh a— cos $)/a. ... (3) 

\ . *"* / ' y general scheme of co-ordinates is shown 

in fig. 1. IfO,.0, are the points 0 —a and 

4.'- « o ® respectively and P any point in the plane, 

/ and if the radii from Oj, 0^ to P are of lengths 

/ /’i, r.j and are inclined at angles 02 to the 

I of X, then a = \ogrJra and ^ 

^ The curves a = constant are a set of co-axial 

circles having Oj, Oj for limiting points. The 
circles corresponding to positive values of a lie 
above the .r-axis and those corresponding to negative values below, while the x-axis 
itself, which is the common radical axis, is given by a = 0. The curves jQ = constant 
are circles, or rather arcs of circles passing through Oj, Oj and cutting the first set of 
circles orthogonally. On the right-hand side of the jr/-axis j3 is positive and on the 
left-hand side negative, while on the j/'Bxis 5 = 0, except on the segment 0,02, 
where J3 = ±ir. At infinity a = 0, j3 = 0, and at O,, O2 we have a = — 00 and -l- <x> 
respectively. 

We have thus a set of co-ordinates adapted for the consideration of two-dimensional 
problems in which the region considered is — 

(1) A finite region bounded internally by a ciide and externally by a larger and 

non-concentric circle. 

(2) A semi-infinite region bounded externally by a straight line and containing a 

circular hole. 

(3) An infinite region containing two circular holes of any radii and centre 

distance. 



Mans: strain In bIpoLaH co-oBdInaTes. 




If the displacements in the directions normal to the ctirves a and j3 constant are 
w, V respectively, the strains are given by* 


I r)u vn I t;<’ dh 

r^= S- {*”) + ^(Ax). 

VOL rp 


vA , i)r oh 


and the corresponding components of stress by 

aa -X 

88 -X + +2fie„, 

(•■ft = 


(4) 


These stresses may be derived from a stress-function, so that in rectangular 
co-ordinates 


^ ^ ^ av 


2/y 


= §!a. 

ajr® 


Transforming these equations to curvilinear co-ordinates we obtain 

^ / 1 I ^hd\ ^ 

T8 = h~{h^\-h'^^ I 

aa aa/ a^ a^ ’ r 

^ ?adft ^?a?ft 

We will usually find it convenient to deal with hx instead of x itself, and in our 
particular co-ordinates these equations become 

acta = j(cosh a— cos ft) — sinh a -^ — sin ft ^ + cosh a|(/ix)* 

I rft va ?p ) 

aftft = j (cosh a - cos ft) ^ - sinh a sin ft~ + cosh ft } (hx), . . (G) 

I ra ca cp J ' ' 


aaft = —’(cosh a — cos ft) - ^4 ' ^ - . 

ra eft 


We may note!»tl)at 

a (aa-ftft) = (cosh a - cos ft) ~ ^ (7 ) 


* Love, * Theory of Elasticity,* p. 54. 
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so that if hx and its second differential coefficients are finite at infinity (a = 0, /8 *= O) 


we have there acta = afifi = hx and aP = 0. 

In the absence of body forces the stress-function satisfies V*x = 0. 
co-ordinates we have 





> 


In curvilinear 


and, taking hx as the dependent variable, we have in our co-ordinates 
aV®x = |(co8h a- cos P) (~ + -2 sinh « ^ -2 sin P‘^+ cosi' a 4- cos jsj (Ax). 


Repeating the operator, a little reduction leads us to the following transformation 
for V*x ~ 0 : 


4. 2 

\da* !^a^dp‘ 


dp^ 0a* 



0 , 


( 8 ) 


Thus by considering hx instead of x we have a linear equation with constant 
coefficients. 

Before proceeding to the discussion of its solutions, we must investigate the method 
of determining the displacements corresponding to a given stress-function, in order 
that we may ascertain whether and under what conditions these are single-valued. 
This is particularly necessary in our case, as one of the co-ordinates, p, is Itself many- 
valued. 

Adding and subtracting the first two equations (4), and leaving the third as it 
stands, substituting for the stresses in terms of the stress-function, and for the strains 
in terms of the displacements, we obtain the following three equations : — 


2(x+m)|J-o, ..... (9) 

= 0 ( 1 «) 

|;{A‘| + 2M«} + |{A’|f + 2^A»} = 0. (11) 


From the last two of these it appears that we may define a new function P such that 

£ = *'|» + 2 ^.. ( 12 ) 

op oa 
V»P* 0, 


( 13 ) 
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and we have still to satisfy (9). Substituting for u, v in terms of P we have 






which may be re-arranged thus — 


a f \-h2M 8x 1 gP] 3 f X+2M ax 1 

aalx+M aa A*a/8j a/slx-t-^ A*aaj 

It follows that a function Q exists such that 


^ ^ X-f 2/1 p ^ 
ca r>a X-f/t BjS ’ 


(14) 


la ®Q _ I X + 2/* 1 3 Ox 

* p’ “ ~ sis ^ 


(a 


(15) 


Eliminating P by differentiating with regard to /3 and a respectively, and adding, 
we have 

W) _ n = \+2m 

aa 3/3 aa0/3 2 (X + /i) 1 a aa f)a/ h dfi\ 3/8/]’ 

which becomes in our co-ordinates 


a^AQ) ^ X + 2/1 ^ , 1 

0a 0/8 2{X+/i)l 0a* 0/8* 


(16) 


There is, however, a further condition to be satisfied by Q corresponding to the 
condition V*P = 0. Differentiating (14) and (15) with regard to a, ^ respectively, 
and subtracting we have 


nn \ 


oa \ 0a 
or in our co-ordinates 



V^Q) = 

X + 2/bi 

[-1 


+ -( 


/ 0/8' 


X 

Ua' 

V 0/8/ 

3|8' 

K Sa/r 


0a* 


rss 


(AQ)-|^(AQ)-AQ 


X-f /u 0a 0/8 


(17) 


These two equations connecting Q and x consistent, for, if we eliminate Q by 
appropriate differential operators, we have 


a* 

aa* 



-4 


^*(^x) 

0a* 0/8*’ 


which is readily seen to be identical with the condition V*x = 0, as given in (8). It 
is obvious that AQ satisfies the same differential equation, and hence it also is a 
solution of V*Q = 0. 
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We have therefore from (16) 


^ 2 (X+m) 

and from (12), (13) and (14), (15) 







—hx \ dtid^y . 


'IfXH 




. . ( 18 ) 


(19) 


'IfJiV 


\-|-/u ca 


( 20 ) 


It is readily seen that these equations determine u and <’ apart possibly from rigid 
body displacements, for, although owing to the double integration an arbitrary 
function of a and an arbitrary function of fi will appear in AQ, these will be 
determined by (17), except for functions of a or /3, which make its left-hand side 
vanish identically. The only possible arbitrary terms in //Q are therefore given by 

hQ = a A (cosh a+cos /8) + B(cosh a— cos 0 ) + (Ja sinh a+I)a sin / 3 , or 

• ^ 

Q = Ar^4-«B+Cy4-Da; 


where r is the distance from the origin. These give rise to terms in n, v corresponding 
to motions of pure translation and rigid body rotation abo\Jt the origin. 


§3. The Stress- Function. 

Turning now to the consideration of the possible forms for the stress-function in 
these co-ordinates, we note that the differential equation (8) can readily be solved by 
the ordinary method, and that its general solution is 

hx — (a-l-#/8)-J-c'“y»a(a + t/8) + e“03(a — */8) + e~“^4 (a — </3). 

If we seek a solution of the type Ax = /{«) cos or f{a.) sin nfi, (8) shows that 
the differential equation for /(a) is 

the solution of which is 

/(a) = A« cosh (« + 1) a + B„ cosh (n — l) a-|-C„ sinh {n+ l) a + L)„ sinh (n— l) a, 
unless n = 0 or 1. In the latter case we have 

/{ot) = Ai cosh 2a + Bi-f-C, sinh 2a-f Dja, 

and when n = 0 

/(a) = Au cosh a + Boa cosh a -H Co sinh a + Doa sinh a. 
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If we now seek solutions for which hx is a multiple of sinh na or cosh na, we find 
the following solutions which are not included above — 

hx = (E cos j8+F sin ^+G cosh a+ H sinh a) 

Since any constant multiples of a?, y and any constant may be added to x without 
affecting the stresses, it follows from (2) that any multiples of 

sinh a, sin ^ or cosh a— cos 

may be added to hx- This allows us to take the coefiicients of cosh a, sinh a and sin 
as zero. We have then the following general expression for hx : — 

hx — (E cos /8+F sin /8+G cosh a + H sinh a) /8 
+ (Bo cosh a+Do sinh a) a 
+ (Ai cosh 2a+B, + C, sinh 2a+D,a) cos /S 
+ (A'i cosh 2a +C', sinh 2ei+D\a) sin 

[A^cosh (n+ 1) a + B, cosh (n— l) a + C„ sinh (n+ 1) a 

+ D, sinh (n — 1 ) a] cos nfi 

+ [A'cosh (n4-l)a + B', cosh(»— l)a + C'„sinh (w + l)a 

+ D'„ sinh (n— l) a] sin n^. 

. . . ( 21 ) 

We have now to determine whether the displacements corresponding to this stress- 
function are single valued or not. The function (AQ) is easily obtained by simple 
integration from (16), and the arbitrary functions thus appearing can be determined 
by the aid of (17). We have 



- (^Q) = (E cos /8+F sin /3+G cosh a-i-H sinh a) a 
a + 2/x 

—(Bo cosh a -I- Do sinh a) /3 

—(A, sinh 2a -I- Cl cosh 2a-l-D'i/S) sin 

-f(A'i sinh 2a-f-C'i cosh 2a— D,/8) cos /H 

[A'„ sinh (n + 1 ) a + B'„ sinh (n — 1 ) a -f- G, cosh (w + 1 ) a 
* -I- D'„ cosh (w — 1 ) a] cos nfi 

“f" 

n = a —[A, sinh (w-l-l)a-f-B„sinh (n— l) a-fC„ cosh (w+l) a 

+ D, cosh (n — 1 ) a] sin n^. 


It is clear, from the general expressions for hx and AQ, that the only terms which 
can possibly give rise to many- valued displacements are 

hx = (E cos j8-l-F sin /S-fG cosh a-t-H sinh a) )8 

-|-(Bo cosh a-hDo sinh a+Dj cos )8+D', sin 0) a, 

2 Q 
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and the corresponding terms in hQ 


- ^ - ---AQ =s (E cos j8+F sin /8+G cosh a+H sinh a) a 

\+2n 

—(Bo cosh a+Do sinh a+D, cos /S+D'i sin 0 ) 0 . 

From (19) and (20) we may now find the corresponding displacements u, v. Each 
of these is found to contain a multiple of the many -valued co-ordinate 0. Equating 
the coefiBcients of these terms to zero we have the following relations : — 

E+G = 0, ~ 

/<F— (X-i-2/*)Do = 0, /uH -I- (\ + 2/i) D^i = 0. 

We shall now show that these early terms correspond to the resultant of the forces 
and couple applied over the boundaries. For this purpose we shall require the following 
elementary forms of the stress-function : — 

(1) For an isolated force X applied at the origin in the direction of the a;-axi8 

X = -{2Tr)-^X{ye-vx log r) 

where r, 6 as usual denote polar co-ordinates and p = /u/(x -i- 2 /m). 

(2) For an isolated force Y applied at the origin in the direction of the y-axis 

X =(2t)~^Y {xd+pylogr). 

(3) For a point couple of moment L applied at the origin in a positive sense 

X = -(27r)-^La . 

(4) For a centre of pressure radiating uniformly from the origin 

X = logr, 

Inserting the relations (23) necessary to ensure single- valued displacements our 
early terms become 



or 


hx = G (cosh a— cos 0 ) 0+00 (cosh a— cos 0 ) a 

■f F (/8 sin 0 + voL sinh a) 4- H (/8 sinh a.—va sin 0) 

X = <*Gr|3+aBoa-l-F(a;/84-j'ya) + H(y/8— KTJa) (24) 


Now aQ0 — aG (0,-08) and hence this term represents a couple of moment 2TraG 
applied at a = w and an equal and opposite couple applied at a = — oo , The term 
a0oa represents two equal and opposite centres of radial pressure at these same points, 
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We also have 


’S.iy^—vXfi) = H vailogr,}— a)da— KKlogfa} 

— aH (d| + 0a)- 

This corresponds to a force 2 tH applied at a = + oo parallel to the x-axis and an 
equal and opposite force applied at a = — oo 
(thus forming a couple of moment 4iraH) and 
point couples each of moment ^vaSi applied 
at these same points (see fig. 2). 

Finally 







Ct n O 


F £c^ + vya) = 1^ {xBi + v{y + a) log rj 

-F {xei+v{y-a) log ra} 
—avE log 



2nuH 


This corresponds to forces each equal to 2irF, 
acting at the ]}oints a -= ± oo and each directed 
towards the origin, together with two equal like centres of uniform pressure at the 
same points. This brings to light a new solution corresponding to the last term. 

Expressed in our co-ordinates we have 


log = 2 log (2a)— 2 log (cosh a— cos /8), 


and the corresponding form of hx is, apart from constants, 

hx — (cosh a— cos 0) log (cosh «— cos 0). 


It is easily seen that this can be expanded in a Fourier series which is included in 
our general expression for Ax, but that the expansion is different on opposite sides of 
the line a = 0. For this reason we shall find it convenient to include a term of this 
form whenever the region under consideration includes parts above and below the 
axis of X, i.e., when it is bounded by two circles neither of which encloses the other. 

It will be noted that, taken together, the early terms allow for the most general 
resultant forces acting over the two circular boundaries enclosing the two points 
a = + 00 , a = — 00 , subject to the condition that the forces acting over the two 
boundaries considered together form a system in equilibrium. If it is desired to 
investigate problems for which this condition is not satisfied we can readily obtain the 
necessary additional solutions. They will be 


X = (y+a)ei-i<Klogn 

X = a;0x+i'(y+a)logri 
X = ^i 


(25) 


2 Q 2 
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corresponding to forces and couple applied at a = — oo , and similar terms in log r, 
corresponding to forces and couple applied at a = + ». The corresponding forms of 
hx can be expanded in series which are included in our general form, but here again 
the expansions are different on opposite sides of a = 0 and diverge for a = 0, = 0 

together, i.c., at infinity. This divergence corresponds to the obvious fact that forces 
or couples must be applied at infinity to maintain equilibrium. 

Owing to difficulties of this kind we shall find it convenient to insert the 
appropriate terms corresponding to the resultant force and couple over a boundary 
and to investigate the stress-function corresponding to the remaining applied forces 
which will be in statical equilibrium for each boundary. 

Let us write for brevity 

(a) = A, cosh (n -I- 1 ) a + cosh (n — 1 ) a -+ C, sinh (n + 1 ) a -I- D, sinh (w— 1 ) a 

(a) = A'„ cosh (w + 1 ) a + cosh (w — 1 ) a + C'„ sinh (/i 1 ) a + sinh {n—\)a, 

if n = 2 and 

(a) = Aj cosh 2a 4- Bi -I- Cl sinh 2a 
^1 (a) = A'l cosh 2a+C'i sinh 2a. 

Setting aside the terms corresponding to the resultant forces and couples over the 
separate boundaries we have 

hx = {B„a-f-K log (cosh a— cos /8)} (cosh a— cos 0) 

00 

-f- 2 {^„(a) cos n./8+V^„(a) siiin^} (28) 

n= 1 

where the term in K may be omitted when the region considered lies entirely on one 
side of the line 




§4. Boundary Conditions. 

Let us consider a plate bounded by two curves a = ai, aj. We may suppose 
ai > aj and aj > 0. Then, if aj > 0 we have a finite plate bounded internally and 
externally by circles which are not concentric, if a 2<0 we have an infinite plate 
containing two circular holes, and by suitably choosing the values of a, aj, aa we can 
make the circular boundaries in either case of any desired radius and centre distance. 
In particular if aa = 0, we have a semi-infinite plate bounded by a straight edge 
and containing a circular hole. Suppose that such a plate is in equilibrium under 
given normal and tangential fcMCces applied over the boundaries a = aj, Ojj, so that we 
are given over a = a,, 
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while over « = a, we have similar expansions in which a^, a„, b^, Co, c^, are replaced 
by a'o, a'n, c'o, 4, d\. 

If the traotions applied over the circle a = eti are statically equivalent to forces 
X, Y at its centre, and a couple of moment L, then 

sinh a, Jo cosh a— cos 


The coefficients of aa, can readily be expanded in Fourier series. We have, in 
fact, since aj > 0, 


dx 

do. 


—a 


sinh « sin ^ 
(cosh a— cos 


— 2a2 we""*' sin n^, 


and 


dy _ ^ (cosh a. cos jS— l) 
3a (cosh a— cos /8)® 


= — 2a 2 ne""*' cos nfi, 
1 


sinh Ui (cosh aj— cos 0)~^ =1 + 22 e“"*' cos n^. 

1 


Substituting these and the expansions for aa, in the expressions for X, Y, L, and 
integrating, we have 


X = 27r 2 n (a„—d„) 
1 


Y = -2xin(fe,+cJe-"*‘, 

1 

QD 

L = — 2'jra cosech*ai 2 a„e~’“'. 

I 


The corresponding components of the resultant of the forces applied over a = ag 
can be obtained in a similar way. We must, however, remember that in this case 
the forces act from that side of the boundary for which a < a^, whereas in the case 
of the first boundary they acted from the side for which a < aj. We obtain, if a 3 > 0, 

X' = — 2ir 2 n (a'„ — d'„) e""**, 

1 

Y' = 27r2n(6',+c',)c-"% 


L' = 27ra cosech^aa 2 
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If oa < 0 there are some differences of sign owing to the different Fourier expansions 
for the direction cosines. We have 

X' = -2x2n(a',+d'.)e'^, 

1 

1 

U — —2va cosech^aj 2 

1 

Hence, if the forces acting on each boundary are statically in equilibrium, we have 


2 n (a,-d,) e""*' = 0, 

1 

Oo 

2n(6„-f-c,)e-"“‘ = 0, 

1 

oo 

► . . . . (30) 

2 a,e— • = 0, 

1 

with, if > 0, 

2 a'.e*"^ = 0. 

1 


2»i(a'.-i'.)e— = 0, 

1 

2«(y.+<!',)e-’' = 0. 

1 

.... (31) 

iL 

or, if tta < 0, 

Xn{a\+d'^)€r^ = 0, 

I 

2n(fe'o-c',)e"^ = 0. , 

(32) 


We will now show that it is possible to determine a stress-function of the form (28) 
which gives the appropriate stresses over a = a,, aj, and which gives no stress at 
infinity if the region considered extends so far. 

By the aid of (6) we can calculate the stresses corresponding to the stress-function 
(28). We obtain 

2aaa = K ( 1 — 2 cosh® a) — 2Bo sinh a cosh a -h 2^i (a) 

-1- 2 (K cosh a + Bo sinh a) cos $—K. cos 2$ 

f [(»» + 1 ) (^ + 2) (a) - 2 cosh a (w*- 1 ) (a) 

+ (n— 1) (w— 2) (a)] cos n8 

+ [(n+ 1) (w-f 2) (a) —2 cosh a (w*— l) (a) 

+ {n- 1) (w-2) V^„_i (a)] sin n/8 
1—2 sinh a (a) cos n^+yj/^ (a) sin n0]. 


+ 2j 


and 


2aaP = yj/i (a) —2 (K sinh a-l-Bo cosh a) sin j8-|-Bo sin 2fi 

[(w+l)V^'«+i (a) —2 cosh an^', (a) -I- (n— l) yj/n-i (®)] co® 

— [(n+ 1) ^',+1 (a) —2 cosh an<f>\ (a) + {n— l) (a)] sin nfi. 


CB 

+ 2 ^ 

n = 1 
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Identifying these with (29), we have the following relations from which to obtain 
the coefficients : — 

01 (tti) = 2co + 2B|) sinh cos a, + 2K cosh* a, — K 

1.2.3.08 (a,) = 2ci— 2 (K cosh a, + Bu sinh ai) +2 sinh a, 0', (a,) 

2.3.4.08 (®i) “"2 cosh flti . 1.2.3.08 (®^i) “ 4c8“^2iC“t*4 sinh ot, 0^8 (^i) ^ (33) 

w(n+l)(n+ 2 ) 0 ,+i(ai)— 2 coshai(n— l)(w)(n+l) 0 „(a,) + («— 2 )(n— l)(n) 0 ,_i(a,) 

= 2wc,+ 2n sinh a, 0', (a,) (w = 3) . 


n(n+l) (w + 2)0'*+, (ai)— 2 cosh a,(n— l) (w) (n+l)0'«(ai) + (/i-2) (»i— l) (n) 

= 2nc?, + 2n sinh a, 0-'„ (a, ) (^^ = 1 ) 

• . . (34) 


'0'^ (*i) — 

(w+ 1) 0-'»+i (ai) —2 cosh a, (a,) + (n— l) (a,) = 2a, (fi = l) f 

■J 


(35) 


20^2 (ai) —2 cosh a, 0', (a,) = —26,— 2 (K sinh a, 4- cash a,) 
30^8 (a,) —4 cosh a, <f> ^ (a,) + 0 ^ (®i) — ““268 4" Bo 

(n + 1 ) 0 '„+, (a,) -2 cosh a, W 0 ', (a,) 4 - (n- 1 ) 0 '„_, (a,) = - 26 , 


> . (36) 


(n^.3)j 


Writing out equations (35), multiplying by e~*“' and adding, we have 

(n+l)0r',^i(a,)e— ■-H0r',(a.)e-<-^^»“' = 2 2 a^e"^' 

p = 0 

or 

(w4-l)0r',^i(a,)-wi^'»(ai)e'‘’ = 2e"*' i aye-*-'. . . . (37) 

;> = 0 

Now, in virtue of (30), we may write the right-hand side of this 


-26"“’ 2 aj,e-’^' = -2 2 a.^^e-^', 

p = n+l r=l 

and since 2a, cos is supposed convergent this tends to zero as n increases. Hence 
from (37) we see that the limit of (a,)/Vr', (a,) as n increases is c““', and hence 
the functions 0^'»(ai) are ffiiite for all values of n and tend to zero as n increases, if 
the resultant couple acting on a = a, vanishes. 

Multiplying (37) by e*“' and adding, we have 


n~l 


nrfr', (a,) = 2 2 * 2 a,e = 2 *2 “2 a^e 
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which, on effecting the summation with regard to g, leads at once to 

(a,) = 2 cosech aj Z otp sinh {n—p) aj (88) 

P =3 0 

for 1. 

Treating (34) in a similar way we have 

w (n + 1) (n+2) ^.+1 (ai)-(n- 1) (n) (n+ 1) (a,) 6““' 

= 26*** 2 p[c2p+sinh a,V^y(ai)]e“^'. . . (89) 

p=i 

We can readily show from (35) that 

sinh a, 2pe-^V'p(ai) = i»i(w+l) {>^'»+,(a,)-e"‘'<A'»(«i)} ipa,e"'“, 

p=i p=i 

and hence (39) may be written 

n (n + 1 ) (n + 2) (ai) - (n - 1 ) (n) (w + 1 ) (ai) 6““' = n (n + 1 ) j («,) + e"**' (a,)] 

+ 2e"“* 2 p(dp-ap)e-^'. 

p=^l 

. As in the case of (a,), we can show that the right-hand side tends to zero as n 
increases if conditions (30) are fulfilled. Hence yp-^ (a,) is finite for all values of n and 
tends to zero as n increases, and we have 

(w-r 1) (n) (n+ 1) yp, (a,) = 2 ”2 2 p (d^-aj 

qr^l p^l 

+ s' « (7+ 1) [V.',.! («.)]. 

which, on reduction, leads to 

n-l 

l)^^(ai) = 2 cosech a 1 2 {(n— p)apCOsh(n— 

p = 0 

+ {pdp—aj, coth ai) sinh {n—p) a,} . (40) 

for n = 2. Equations (34) do not determine yPi (a,). 

From (36) we have 

^i>'a (“i) («i) = </>\ (aj)— 2e““' (K sinh a, + Bo cosh a,) — 26ie"“', . (41) 

and if w ^ 2 

(w-Hl)^',^., (ai)e“*‘'— (a,)e~^"'*’‘>“> = (aj) — 2Ke"‘’ sinh aj— 

-2 2 6/-^', ...... (42) 

p = l 

and hence, if the sequence (a^) is to converge for large values of n, we must have 

(«i) = Bo+2Ke~‘' sinh a,4 2 2 bj/e~^’ (43) 

p = X 
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From (41) and (42) we have, if n = 2, 


n-1 


^»(ai) = ^'i(ai)-Bo+ 2 (0'i(a,)-2Ke-“* sinh 

7 = 1 


from which we obtain 


- 2 V 2 6,e 

g =3 1 p s 1 


n sinh a, <f>\ (ai) = (^'1 (aj)— B q) sinh naj— 2K sinh (n— l) «! sinh 

n-1 

—22 sinh (n— 2>) a, 


(44) 


for » ~ 2, while (ai) is given by (43). 

Finally we have from (33), omitting the first equation of the series, if n S 2, 

n (n+1) (n + 2) (a,)-(n-l) (n) (n+ 1) (a,) 

= — 2 (Bo+K) e~“' sinh a, 

n 

+ 2 Z p (Cp+sinh ai (aj)) e~^'. 

P= 1 

By the aid of (36) we can reduce the right-hand side to 

n(n-t-l)(^',^i(a,)-e-V»(ai))c"*‘' + 2 2 p (c,+6p) 

p= I 


from which it appears that (ai) is finite and tends to zero as n increases, provided 
that the resultant of the applied forces over a = a, is zero. We then obtain for 
n = 2, 

w(n*— 1) sinh ai <J>^{ai) = (0'i(ai)— Bo) {n cosh wai— coth sinh wai} 

— K{(n— 1) sinh naj— (n + l) sinh (n— 2)a,} 

n— I 

+ 2 2 {(pCp+6p coth a,) sinh [n -p) a, 

p = 1 

— (w— jo) cosh (n— p) ttj}, ... . (45) 

while 

2^1 (tti) = 2Cp-l-Bo sinh 2a,-l-K(2 co8h*a— l) (46) 

It appears that equations (38), (40), (43), (44), (45) and (46) give the values of 

(«i)> V'n (“i)> (“i)» i'n («i) for n ^ 1 in terms of B#, K and the given coeflScients 

&c., with the exception of V'i(«xi). 

Now we have only assumed a, > 0 in order to establish the convergence of these 
functions, and hence the corresponding functions of will be given by the same 
formulae with a'„, 6',, c'„ d\ substituted for 6,, c,, d,, provided that the conditions 
for convergence are satisfied. It may be sjiown that the new conditions of con- 
vergence are identical with (30) and (3l), or (30) and (32), according as a, > or < 0. 

VOL. CCXXI. — A, 2 » 
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The formula for (a,) given in (43), which Is itself a condition of convergence, will, 
however, be replaced by 

<l>\ (aj) = Bo+2Ke** sinh a 3+2 2 (47) 

if aa < 0. 

From (26) \fre see that the coefficients A,, B„, C„ D, for w ^ 2 are determined from 
V^n(ai)i ^n(«a). ^'»(ai). ^'«(aa). and similarly A'„, B'„ C'„ D'„ are determined from 

(tti), (ttj), (ai)i "P'n M, 

The values of ^i(ai), ^i(ay), ^^(«l), i>'\{oh) will give four equations to determine the 
three constants A,, Bj, C„ and the condition that they shall be consistent gives one 
relation between Bq and K. The values of yp\{a.i), \lr\{a.^ determine the two constants 
A',, C'„ and V'i(a,), ypi[a^ are not otherwise determined. 

We have thus just sufficient equations to determine the coefficients in (28) with 
the exception of Bq, K, between which we have found one relation. If so that 

the region considered lies entirely on one side of the axis a = 0, we may take K = 0. 
If on the other hand a 3<0 the condition that the stress shall vanish at infinity, which 
is hx ->0 when a, ^ ->0, gives one more relation between the coefficients, so that in 
either case B^, K are determined. 

We may therefore adopt the following method : — Insert terms of the type (24) or 
(25) corresponding to the resultant force and couple on each boundary, and calculate 
the residual stresses over the boundaries. These will now form systems in statical 
equilibrium over each boundary, and we have shown how to determine an appropriate 
function of the form (28). 

The problem of finding the appropriate stress-function for given tractions over the 
boundaries might have been approached by investigating the values of hx and its 
normal gradient on the boundaries, on the lines developed by Michell.* The direct 
method which we have adopted is, however, in most cases simpler in our particular 
co-ordinates. 

There is an exception to this rule, namely, when a boundary is free from stress. In 
this case the boundary conditions assume a very simple form. From (6) we have 


and 


da 


(Ax) = const = p, say (48) 


03 0 

(cosh a— cos 0) ^ (Ax)--sin )8^(Ax)+co8h a (Ax) = p sinh a 


the solution of which is readily found to give 

hx = p tanh a+o- (cosh a cos /8— 1)+t sin (49) 

on the boundary considered. 

* ‘Proc, London Mathematical Society,’ vol. xxi., 1900, p. 100, 
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The relations (48) and (49) are the necessary and sufficient conditions that a 
boundary as constant should be free from stress. The constants />, o-, r are 
Michell’s three constants of the boundary. 


§ 5. A Cylinder or Pipe with Eccentric Bore. 

In this section we mil consider the problem of a cylinder, whose cross-section is 
bounded by two non-concentric circles, which is subject to a uniform normal pressure 
over its internal surface and a different uniform normal pressure over its external 
surface. By Filon’s theorem of generalised plane stress precisely the same analysis 
will give the average stresses in a plate of the same section under the same applied 
forces. 

Let the boundaries of the cross-section be defined by a = a, for the internal 
boundary and a = a* for the external boundary. Then a„ uj are positive and a,>aa. 

Let the applied pressures be Pj, Pa respectively, so that aa = — P, on a = a,, aa = — P* 

on a = oa and ci/3 = 0 on both boundaries. 

Let us assume 


hx = Bfla (cosh a— cos j8) + (At cosh 2a-l-Bi-|-Ci sinh 2a) cos /3. 

Calculating aa, by means of (6) and applying the boundary conditions, we find 
the following values for the constants : — 


Bo = 2a M (Pj — Pa) cosh (a,— aa) 

A, = — aM (P,— Pj) sinh (aj-f aa) 

Cl = aM (Pi— Pa) cosh (ai+aj) 

Bi = aM {Pi cosh (aj— aa) sinh 2a2— Pa cosh (ai— a,) sinh 2ai -J- (Pi + Pj) sinh (a,— aj)} 


where, for brevity, we have written 

M = ^ cosech (a,— aa) {8inh*ai-l-sinh*aa}"* 

The most important aspect of the problem is the value of the stress jS/S in the boundaries, 
for it is upon this that the strength of the cylinder will depend. This is most readily 
determined by (7), and we find without difficulty 


aa = 4M (Pj— Pa) (cosh a— cos /8) {sinh (a, + aa— 2a) cos )9— sinh a cosh (a, - aa)} 
so that on a = ai 

= — P, + 4 (Pj— Pa) M (cosh a,— cos/8){sinh(ai— aj) cos )8-t- sinh a, cosh (ai— aj)} (50) 
and on a = aa 

/8j8=— Pa— 4 (Pi— Pa)M(co8ha8— C0S)8){sinh(ai— aa)cosfi— 8inhasC08h(ai— ai)} (51) 

2 R 2 
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In order to investigate these results further we will consider separateljr the cases 
when the cylinder is subject to ekh^ internal or external pressures. There is no 
greater difficulty in the consideration of the general case, should the necessity arise, 
except that the formulae are correspondingly longer. 


A Cylinder under Internal Pressure. 

If we put Pj = 0, we have on the external surface 

= — 4 PiM (cosh a,— cos /8){sinh (a,— aj) cos 8— sinh otj cosh («!— aj)}, 

if di, da denote the distances of the circles aj, oa from the origin, rj, r^ their radii and 
d the distance apart of their centres, so that d = dj— dj we may show from (2) that 

d, = a coth ai, da = a coth Oa 

ri = a cosech ai, rj = a cosech aj 

and 

= (ra*— rj“— d“)/2d, dj = (rj*— ri*+d*)/2d 

a> = {r,*-(r.-d)'}/ 4 d*. 

By means of these relations we can reduce the expression for to the form 

2Piri^{ra^(ra-2d cos ^)^-(n‘*-d^)^} 

( V {ra- (^i + df) 

From this and the obvious inequality d <^3— ri we easily see that — 

(1) The numerically greatest stress is when /8 = x, i.e., on the line of centres at the 

thinnest part of the cylinder. This is always a tension if Pj is positive and is 
given by 

2Piri" (ra’'+yi"+2rad-d^) , 

{r^+rD {ra—ri—2r^+d^) ' ' 

(2) If the centre distance is greater than half the external radius there is minimum 
stress at the points corresponding to cos )8 = ra/2d. This is always negative 
when P] is positive and we have maximum compressions equal to 

2Pin " (ri "-d^)* /ggv 

(n*+»’2®)W-(n+<^)®} ' ' 

This is always numerically less than the maximum tension. There is a 

secondary maximum at )8 = 0, i.e., on the line of centres at the thickest part of 
the cylinder, which is equal to 

2P, (rj^+r,*- 2r4-(P) ( ^ ^ 

•■••••• ( 54 ) 



PLANE STRAIN IN BIPOLAR CO-ORDINATES. 


285 


(3) If the centre distance is less than half the external radius, we have, in addition 
to the maximum tension (52), a minimum at /3 = 0 given by (54). There are 
no other maxima or minima and the stress decreases steadily from its value at 
the thinnest part of the cylinder to its value at the thickest part. 

On the internal surface we have 

i8j8 = — Pi + 4PiM (cosh «!— cos /8) {sinh (aj— aa) cos /3+sinh a, cosh (a,— aa)}, 
or, expressed in terms of the radii and centre distance. 


p , 2Pjr2^{(r/-d^y-ri^(r,-t-2d coBjSy} 

' (t-,='+r/) W-(r,-d)-} {ra*-(r. + d)*}- 


(55) 


Hence it may be shown that 

(l) If the centre distance is greater than one-half the internal radius the maximum 
stress in the internal surface occurs at the points corresponding to 
cos /8 = —rj2d and is 


-Pi + 


2Pi'ra“ {r.?—d^Y 

(ry+ry) {r2*-(r, -<i)“} {ry-{r^ + dY} 


(56) 


(2) If the centre distance is less than one-half the internal radius the maximum 

stress is at = x, t.e., on the line of centres at the thinnest part of the cylinder. 
It is 

_P + 2P,ry {ri^ ry-2r^d-d^) , 

(n^+ra^*) (ra^'-ri’’— 2r,d-d*) ' ' 

(3) The minimum stress is at d = 0, the point where the line of centres meets the 
internal boundary at the thickest part of the cylinder. It is 

_P a. 2P]7^2^ (^a^+^i^+ 2Vid d?) 

' {r{‘+r,^){ry-ry+~2r,d-d^)' ' • * • • • • 

This may be shown to be essentially positive if P is positive so that, as would be 
expected, the internal boundary is everywhere in a state of tension. 


A Cylinder under External Pressure. 

Putting Pj = 0 in (50) and (5l) we have on the internal surface 

|8)9 = — 4 P 2 M (cosh tti— cos j8) {sinh (aj— aa) cos /8+sinh a, cosh (a,— aj)} 

_ _ 2 P 3 ra^ {{r^-d^Y-rY {r^ + 2d cos /^v 

(^“+^2*) {ri-{r^-dY] {ra“-(r, -fd)*} 

and on the external surface 

jdjS = — P3-f4P3M (cosh tta— cos )8) {sinh (ai— aj) cos sinh aa cosh («!— Oj)} 

__P 2Pari^ {ra’’ {r^-2d cos 0Y-{rY-d? Y} 

" “ (n*+r/){ra»-(n-d)»}{r=>-(n+d?} 
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Hence if the centre distance is less than half the internal radius the compression in 
the inner surface decreases steadily from a maximum at the thinnest part of the 
cylinder to a minimiun at the thickest part ; otherwise there is a minimum at each of 
the points and maxima at the points corresponding to cos /8 = — r,/2d. Similarly if the 
centre distance is less than half the external radius the compression in the outer 
surface decreases steadily from a maximum at the thinnest part of the cylinder to a 
minimum at the thickest part ; if the centre distance exceeds this value the 
compression is a maximum at each of these points and minima at the points corre- 
sponding to cos /S = rj2d. 

If in these results we put d = 0, we have, for a concentric tube under internal 
pressure, tensibns at the inner and outer surfaces which are respectively 


'2 M 


P>. 


2ri“ 






while for a tube under external pressure the 
surfaces are respectively 


2r/ p 

rj —Ti 


compressions at the inner and outer 

rl±r^p 

2 2 

A* ^ • 


These are the well-known formulae for thick tubes. 


§6. A Semi-infinite Plate with a Ciboular Hole Subject to a Uniform 

Normal Pressure. 


If in the results of the last section we put a, = 0 and Pj = 0, we have the solution 
for a semi-infinite plate containing a circular hole, which is subject to a uniform 
normal pressure, and bounded by a straight edge which is free from stress. 

We have on the boundary of the hole 

j8/S = — Pi+2Pi cosech* aj (cosh* a, — cos* j3) 
and on the straight edge 

j3j8 = — 2Pi cosech* a, (1 — cos /3) cos /8. 

If r is the radius of the hole, d the perpendicular distance of its centre from the 
straight edge, and x the distance measured along the straight edge from the foot of 
the perpendicular, 

d — a coth a, r — a, cosech a„ d*— r* = a*, 

and 

X = a sin ^/(l — cos /3). 


We have therefore on the straight edge 


/ 8/9 = 


~4P. 


r*(a:»-(P+r*) 


(61) 
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This haa a maximum tension at the symmetrical point {x ~ 0) of magnitude 

4P,r*/(d*-r*) (62) 


At the points x = ±v/(c?*— r*) it vanishes, and then becomes a compression which 
reaches a maximum value at points at distances ± y/Z (d?— r*) on either side of the 
foot of the perpendicular from the centre of the 
hole, which is numerically equal to one-eighth of 
maximum tension. 

The stress round the circular hole may be 
represented by a simple geometrical construction. 

If in fig. 3 the centre of the circular hole is C, Q 
is any point on the circle, and CA the perpen- 
dicular drawn from C to the straight edge, and if 
Q denote the angle QAC, we easily see that 

tan ^ = sin /Q cosech aj, 
and the stress round the circular hole is 

/$= Pi(l + 2tan®^) (63) 

Hence the stress is the same at points Q, Q' which lie on the same ray through A. 
The stress is minimum at the points nearest to and most remote from the straight 
edge, where it is a tension P numerically equal to the applied pressure. Thus at 
these points the stress is the same as it would be in the absence of the straight 
boundary if the plate were infinite. The maximum stresses are at the points of 
contact of the tangents drawn from A the circular boundary. At these points its 
value is 

p 

The maximum tension in the circular boundary is equal to the maximum tension in 
the straight edge d = y/ 3r. In this case each is equal to 2Pi. If the distance of 
the hole from the straight edge is greater than this value the maximum tension is at . 
a point on the circular boundary ; and if it is less, the maximum stress tension is at 
the symmetrical point on the straight edge. On the other hand, the point of 
maximum difference of principal stresses is on the straight edge or the circular 
boundary, according as d, is greater or less than y/lr. This suggests a simple 
method of determining whether, for a particular material, rupture occurs at the point 
of greatest tension or at the point of greatest stress-difference. If a circular hole is 
bored near the straight edge of a uniform plate, so that the distance of its centre 
from the edge is greater than y/2 and less than v^3 of the radius, and a uniform 
radial pressure is exerts Qver the hole in any convenient way and incresuaed unt^ 




Fig. 3. 
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rupture occurs, the crack will begin on the straight edge according to the greatest 
tension theory, and on the edge of the hole if the grea^t stress-difference theory 
holds. 

It will be noted that the stresses produced will become large if the hole is near to 
the straight edge. The formulae are so simple that it is hardly worth tabulating 
their numerical values, but a single example will serve as an illustration. If the 
shortest distance from the hole to the straight edge is one-tenth of the radius of the 
hole, the maximum tension in the straight edge is 19 ‘5 times the pressiure in the 
hole. 


§7. A Semi-infinite Plate Containing an Unsteessed Circjulab Hole and 
Under a Uniform Tension Parallel to its Straight Edge. 

Let the circular boundary be defined by a = a„ so that if r is its radius and d the 
distance of its centre from the straight edge, 

r — a cosech ai, d — a coth a„ djr = cosh a,. 


At a distance from the hole the stress-function may be taken as x = i’T^ where 
T is the tension, so that, if a > 0, 


Axo = i<*T sinh*a/(co8h a— cos 0 ) 

= ^T sinh a ( 1 -f- 2 2 e~"“ cos Wj8 

\ n= 1 


(65) 


We have to add to this a stress- function which gives no stress at infinity and no 
stress over a = 0, and is such that the complete stress-function gives no stress over 

a = ttj. 

We may omit the term in K in (28), since in this case the region considered lies 
entirely on one side of a = 0, and clearly the required stress-function is even in 

It may readily be seen that the condition that aa and a/S shall vanish over a = 0 is 
satisfied by (28) if (O) = 0 and = 0 for w ^ 1, and hence from (26) and (27) 

A,-J-B, = 0 and (w + l) C„-l- (w-f l) D„ = 0. We may therefore take for our complete 
stress-function 


hx = gT sinh a |l -♦-2 2 e~"“ cos w/sj-l-Boa (cosh a— cos )S) + A, (cosh 2a— l) cos ^ 

A„ [cosh (n + 1 ) a — cosh (n. — 1)“] 1 T 

w/8 . . (66) 


+ 2 ^ 

n = 2 


-f-E„ [(n— l) sinh (w-l- 1) a— (n-l- 1) sinh (w— l) a] 


>• cos 


At infinity a = 0, /8 = 0 the first series diverges, but may of course be replaced by 
the alternative form in (65), If the second series converges it is clear that at infinity 
X = Xo- 
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We must now choose the coefficients in (66) so as to satisfy (48) and (49), and 
there is no difficulty in finding the following values for the coefficients : — 


Ai = |c~*“‘sech 2a, 


Bo = sech 2a, 


\ _ n’* sinh^a,--n sinh a, cosh a,+e~”*‘ sinh na, 

" 2 (sinh’nai— n* sinh “a,} 


(67) 

( 68 ) 


E„ = 


n sinh^g. 


+ 2 

7J = 2 


(69) 


2 {sinh^wa,— n* sinh^a,} 

Substituting in (66) we have for the complete stress-function, 

hy = aTP a sech 2aj (cosh a— cos 0)+j^ sinh a-(-sech 2aj cosh (2a,— a) sinh a cos $ 

fn sinh a, sinh (a— a,) sinh na "l 

—sinh g sinh n (a— a,) sinh yta,) cos 
sinh®?ia,— w* sinh^a. 

We may now calculate the stress in the boundaries by means of (6). We find, 
)n the circular boundary a = a,, 

/BjS, = 2T (cosh a,— cos /S)|sinh a, sech 2aj-f- 2 M„ cos W/sj . . . (70) 

M _ n(n— 1) sinh(n-^l) a,- n(n-t-l) sinh(n— l)a, 

" 2 {sinh^wa,— n® sinVa,} 


tvhere 


The stress in the straight boundary cannot be directly determined from (69), for it 
s found that the resulting series diverges for a = 0. We can, however, find without 
lifficulty from (66) that when a = 0, 

/?/5„ = T |l -1- (l —cos 0 ) 2 P„ cos 710 ^ (72) 

vhere P„ = 4nA„. 

The series in (70) converges only slowly, unless a, is large, and for convenience in 
omputation we may transform it by separating the more slowly converging part. 

Let 

M„ = 2w {n sinh a,- cosh a,) 6“"“' -f-N„ (73) 

md we readily obtain 

2 (cosh a,- cos /S) 2 n (w sinh a, — cosh a,) e~"^ cos n0 = I— 

n = 1 (cosh a,- cos p) 

lubstituting in (70) we have 


B, = 2t|] 


_ 2 sinV g, sin^ 0 
(cosh a,- cos /Sy 

+ 2T (cosh a, —cos 0) jsinh a, sech 2a] -I- 2e~**’ cos + 2 N„ cos n0 


}■ if*) 
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If 0 is the angle between the radius to the point and the perpendicular to the 
straight edge, then 

• ^ sinh «! sin 8 

sin B = — r — ^ o* 

cosh a,— cosjo 


and if aj is large (74) reduces to /3/8j = T(l + 2 cos 26), which agrees with the known 
result for a hole in an infinite plate and gives compression numerically equal to T at 
the extremities of the diameter parallel to the tension, and tensions equal to 3T at 
the extremities of the perpendicular diameter. 

The numerical values of the coefficients P„ N„ are given in Tables 1. and II. 
respectively. It will be noted from Table 1. (that, as aj increases, Pj tends to become 
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large compared to the other coefficients. Hence, when the hole is at a considerable 
distance from the straight edge, the stress in the straight edge approximates to 

T {1— C cos 2;S(l— C08/9)} 
where C is a small positive constant. 

This shows that the stress in the straight edge is a minimum at the mid-point, 
increases to a maximum as we move outwards, then diminishes to a second minimum, 
and finally increases steadily to the value T at infinity, where = 0, 

In fig. 4 we have plotted the graphs of the stresses in tlie boundaries for a case in . 



which the hole is fairly near to the straight edge, aj = 0‘8, for which the shortest dis- 
tance between the two boundaries is approximately one-third of the radius of the circle. 
It will be noted that the general character of the stre.sses is not affected by the proximity 
of the straight edge. It will be remembered that when the hole is at a great distance 
from the straight edge there are maximum stresses of 3T at the extremities of the 
diameter pei’pendicular to the straight edge, with points of maximum compression 
numerically equal to T lying between. For a, = 0'8 we find that the maxima occur 
at the same places but are increased, the increase being more marked at the point 
nearest to the straight edge, where the tension is 4‘366T, while its value at the point 
most remote from the .straight edge Is 3’2G6T. The stress in the straight edge also 
maintains the same general character as it exhibits when the hole is at a great distance 

2 s 2 
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from the straight edge. Here again, however, the maxima and minima are 
accentuated. The minimum at the central point has decreased and has become a 
compression numerically equal to 1 ’956T. 

It appears that for the range of values which we have investigated the maximum 
stress is on the circular boundary at the point of nearest approach to the straight edge. 
Its value for dilferent values of the ratio of the distance of the centre of the hole from 
the straight edge to the radius of the hole, together with the stresses at the centre of 
the straight edge and at the most remote point of the circular boundary, is shown in 
Table III. 
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It will be noted that when the hole is very near to the straight edge, so that the 
two boundaries are separated only by a narrow connecting piece, the stress in this 
piece consists of a very large tension on the inside and a numerically slightly less com- 
pression on the outside. Hence, as might be expected from general considerations, 
the stress in this narrow connecting piece is a bending moment accompanied by a 
certain amount of tension. 

These results may l)e compared with some experimental results recently obtained by 
Prof. (JoKEU and Messrs. K. (J. (Ihakko and Y. Satakk* by optical means. These 
deal with the stresses in a strip of finite width under tension with a circular hole 
centrally placed, whereas we have considered the case of a semi-infinite plate with a 
circular hole near its straight edge. The problems are therefore not quite comparable ; 
but as in each case the critical region will clearly be near the minimum section between 
the hole and a straight boundaiy, the two problems may be expected to exhibit the 
same general characteristics. For the strip of finite width it is found that there is 
maximum stress in the circular boundary at the points of nearest approach to the 

* ‘ Transactions of the Institution of Engineers and Shipbuilders in Scot' — ’ ' — ' ®art I., p. 33, 


1919. 
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straight edges and minimum stress at the points of the straight edge immediately 
opposite the centre of the hole. Moreover as the radius of the hole is increased in 
proportion to the distance of its centre from the edges of the strip these maxima and 
minima become more pronounced. In all the cases examined experimentally the 
minimum stress in the straight edge remains a tension, but Prof. Cokeb surmises that 
if the radius of the hole were still ftirther increased in proportion to the width of the 
strip this minimum stress would become a compression. All these results agree 
qualitatively with the theoretical results established in this paper for the semi-infinite 
plate, and allowing for the difference in the two problems they may be taken as a 
substantial experimental verification. 
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Introduction. 

This paper contains the results, theoretical and experimental, of work undertaken, at 
the request of the Ordnance Committee, by the authors as Technical Officers of the 
Munitions Inventions Department. Permission to publish such parts as appear to be 
of general scientific interest has now been granted by the Ordnance Committee and 
the Director of Artillery. The publication of this paper has received their sanction. 

The experiments in question were carried out at the firing ground of H.M.S. 
“ Excellent,” Portsmouth ; the Experimental Department, H.M.S. “ Excellent,” also 
provided the 3-inch guns used and the material for the construction of the range. 
The authors’ best thanks are due to the officers of this department, especially 
Lieut. -Commander R. F. P. Maton, O.B.E., R.N., without whose cordial co-operation 
these experiments could never have Ixjen carried out ; also to the other officers of the 
Munitions Inventions Department who assisted in the heavy work of making and 
analysing the observations. The aeronautical measurements at low velocities, 
required for comparison, were made in the wind channels of the National Physical 
Labm-atory, by arrangement with the Director and the Superintendent of the Aero- 
nautical Department, to whom also we wish to express our thanks. 

The subject of this paper is the motion of a spinning shell through air at velocities 
both greater and less than the velocity of sound. We first attempt to describe the 
motion of the spinning shell, considered as a rigid body, under the effects of gravity 
and the reaction of the air ; this latter is supposed to be known in terms of the 
position and velocity co-ordinates of the shell, and the state of the air through 
which it moves. We are thus concerned throughout with the “.aerodynamical” 
problem of the motion of the shell alone, and not with the general “ hydrodynamical ” 
problem of the motion of the complete system formed by the shell and air together. 
The motion of the shell thus described is tlieii compared with the results of 
experiments, and the more important components of the force system imposed by the 
air are determined numerically as functions of certain variables such as the velocity 
of the centre of gravity of the shell. The actual experiments consist of observations 
of the initial motion of the shell (more particularly the angular motion of its axis of 
symmetry), over a limited i-ange near the muzzle of the gun. The velocities 
experimented with range from 40 f.s.* to 2300 f.s., that is from about 0*04 to 2*1 
times the velocity of sound. Using the values of the components so determined, 
the actual motion of the shell can be calculated with equal certainty in the more 
general cases which ai-e inaccessible to direct and detailed observation. 

As stated above, we make no attempt to attsick the hydrodynamical problem. 
Such an attack is probably not yet feasible. By obtaining, however, an accurate 
descriptive knowledge of the force system imposed by the air, and the allied system 

* This velocity was obtained in a wind channel, using a current of air and stationary shell. The lowest 
velocity used in actual firing experiments was 880 f.8. 
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of pressure distribution over the surface of the shell, material is provided on which a 
successful attack on the hydrodynamical problem may some day he based. A first 
contribution to a knowledge of the force system is made by the present paper. It is 
hoped to make a similar contribution to a knowledge of the pressure distribution in 
another place.’* * * § ' 

The problem proposed for discussion is of course by no means novel, t In the 
earlier work which is summarised by Cbanz {cf. (4)) the treatment of the equations 
of motion is often open to criticism, in view of the lack of sufficient justification for 
the necessary simplifying approximations. The classical theoretical results, such as 
Mayevski’s equation for the drift\ (see § 4.2, equation (4.204)) have therefore hitherto 
justly commanded little confidence. The discussion, moreover, is of necessity based 
on a prim'i assumptions as to the nature of the complete force system. Unless the 
results of these assumptions are brought to the test of detailed experiment, the 
assumptions themselves must remain unjustified and unjustifiable. It should be stated 
hei’e that the theory and experiments described in this paper confirm the classical 
theoretical results. CiiANz’s own experiments {cf. (5)) were expressly designed to 
explode the fallacy that the axis of the shell, in steady motion, precesses right round 
the direction of motion of its centre of gravity. In this they are successful, but they 
were only carried out at low velocities, and give little in the way of quantitative 
results. The only real comparison of theory with experiment, which has hitherto 
l)een made, is the comparison of the observed and calculated§ values of the drift. 
But the observed drift is the integrated result of the disturbing forces over a 
considerable arc of the trajectory, and moreover, can only te disentangled with 
difficulty from the effect of any cross wind that may be blowing. The observed drift 
does not therefore serve to determine the force system with any success, though it 
may be used to check the values of the components otherwise determined (§ 4.21). 

It may, therefore, be stated in general terms that, up to the present, there is no 

* “The Pressure Distribution on the Head of a Shell Moving at High Velocities,” ‘Roy. Soc. Proc.,’ A, 
Vol. XCVII., p. 202. 

t See for example : — 

P. Charbonnier. (1) ‘ Trait<i do Balistique E.xterieure,’ ed. 2, Bk. V., Ch. IV. (2) ‘ Bsilistique 
Ext^rieure Bationnelle,’ vol. II., Ch. IX. 

C. Cranz. (3) ‘Lehrbuch der Ballistik; Aeussere Ballistik,’ 1917, Ch. X. (4) ‘ Encyklopadie der 
Mathomatischen Wissenschaften,’ vol. IV., Part II., p. 185, Art. 18, “ Ballistik.” (5) ‘ Zeitschrift 
fiir Mathematik und Physik,’ vol. XLIII., pp. 133, 169. 

J. Prescott. (6) ‘ Phil. Mag.,’ Sor. 6, vol. XXXIV., p. 332. 

Further references to previous authors will bo found in (4), and the best accotint of Cranz’s own work 
in (5). 

t The lateral departure of the projectile from the vertical plane containing the initial tangent to the 
path of the centre of gravity of the shell. 

§ Actually, also, the important term in the calculated drift depends only on the ratio of two components 
of the force system, and not on their absolute values. 

2 T 2 
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knowledge of the force system acting on any shell at high velocities, except when 
the shell is moving “ nose on, ” /.<?., when its axis of symmetry atid the direction of 
motion of its centre of gravity coincide.* 

Cbanz {cf. (5)) and Charbonnier {cf. (2)) make little progress in the treatment of 
the general equations of motion. Prescott {cf. (6) ) makes an appreciable advance 
in the reductions of the general equations of motion to a tractable form, which is not 
too restricted in application, and gives an exact solution of his reduced equations in 
the simple case in which all the components of the impressed force system vary as the 
square of the velocity of the shell. We understand, also, that the problem of the 
initial motion of the shell has been recently treated by M. ESCLANGON and M. GarNIER, 
of the French Artillerie de Marine, with results that are closely analogous to oiirs, 
but we have not seen their work. 

We therefore propose, in this paper, to give in Part III. a detailed account of 
the complete equations of motion of a spinning shell, moving through air, and to 
justify as far as possible the reduction of these equations to various useful approxi- 
mate forms, some of which are classical. To do this, it is of course necessary to start 
from certain a pi'iori assumptions as to the natui’e of the complete force system. 
These assumptions, which are far less restrictive than any that have hitherto been 
used, are carefully analysed when they aio introduced. We then, in Part IV,, submit 
the theoretical results so obtained to the test of the experiment descriljed in Part II. ; 
we are thus able to justify to some extent our a priori assumptions, and to obtain 
numerical results of some precision as to the more important components of the force 
system acting on the shell, in the general case. These numerical residts, with a 
general description of the actual motion of a shell, will be found in Part I. 

We have seen th.at the information to be obtained by comparison of the observed 
and calculated values of the drift is of very limited value. Two alternative methods 
are available, both of which are employed in this paper ; — 

(1) The complete force system on a model shell at rest in a uniform current of 

air may be determined by observations in a wind cliannel.t 

(2) Certain components of the force system on a shell moving at high velocity 
may l)e deduced from the measurements of its oscillations just after leaving 
the muzzle. 

The highest velocity obtainable at present by the first method is 80 f.s., but by 
means of the “ square law ” (see § 1.01) the results may be (extended to velocities as 

* In this case the force system has only one component of practical importance, namely, the resistance 
of the air, acting in the opposite direction to the relative motion of air and shell. This force component 
is here called the drag, in conformity with aerodynamical usage. The numerical values of the drag are 
known with fair acctirncy for certain external shapes of shell and ordinary atmospheric conditions. 

t For a full description of the construction of the wind channels at the National Physical Laboratory, 
and their use in measuring forces on model aircraft, see Cowley and Levy, “ Aeronautics in Theory and 
Experiment." 
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great as 700 f.s. For higher velocities it is necessary to fall Ijack on the second method 
which is the principal subject of this paper. 

For this purpose the shell is fired horizontally through a series of cards such as 
are used for measuring the jump* of the gun on firing. From the shape of the holes 
in the cards the actual motion of the axis of the shell can be reconstructed. Initial 
disturbances at the muzzle give rise to angular oscillations of the shell of sufficient 
amplitude for accurate measurement. These oscillations are very similar to those of 
the axis of a spinning top under gravity. If, as a firat approximation, we regard the 
centre of gravity of the shell as constrained to move uniformly in a straight line over 
the range containing the cards, and ignore frictional damping forces in both cases, 
then the angular motion of the axis of the top and the axis of the shell are identical, 
provided that (l) the top and shell have the same axial spin and axial moment of 
inertia ; (2) the transverse moment of inertia of the top about its point of support is 
equal to the transverse moment of inertia of the shell about its centre of gravity ; 
and (3) the moment of gravity about the point of the top is equal to the moment of 
the force system on the shell about its centre of gravity. 

In this approximate case the formal solution of the two problems is identical. As 
is explained in § 1.3, from the periods of the oscillations of the axis of the top or 
shell, we can deduce the moment of the disturbing couple and ince versa. In the 
same way the nature of the decay of the oscillations can be used to determine the 
damping forces. 

In conclusion, we feel that a word of apology may be needed for the length of the 
introductory part of this paper. We do not here emphasise the applications to 
practical gunnery of the results obtained, but these are of some importance. We 
have, therefore, thought it desirable that the results should be presented in such a 
form as to l)e available to those who are concerned with the practical results, but 
who are not prepared to follow in detail the arguments of Parts III. and TV, At 
the same time it lias been necessary to avoid statements which, without explanations, 
might convey little meaning to those who, have not been technically concerned with 
ballistics and aei’odynaraics. It does not appear possible to achieve these objects 
except at the expense of a somewhat lengthy Introduction and Part I. 

Part I. — A Gknkual Description of the Motion op a Spinning Shell and 

THE Principal Experimental Eesults, 

§ l.O. The Classical Them'y of the Plane Trajectory. 

According to ibhe classical theory, a shell is supposed to move in a resisting medium 
like a particle on which the only forces acting are gravity, and a resistance tangential 
to its path, depending only on the velocity of the particle and the state of the 

* The angle between the axis of the bore before firing and the initial tangent to the path of the centre 
of gravity of the shell. 
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undisturbed medium. In such circumstances the path of the particle lies in a vertical 
plane and is called the plane trajectory.* This theory would be exact for a shell if 
the axis of the shell always pointed along the tangent to the path of its centre of 
gravity. The total reaction between the air and the shell would then, as required, 
take the form of a single force, called the drag, acting by symmetry tangentially to the 
path of the centre of gravity, and depending only on the velocity and shape of the 
shell and the state of the medium. The equations of motion resulting in this simple 
case are insoluble in finite terms for the actual law of resistance of the air; in 
practice they are capable of rapid numerical solution to any desired degree of 
accuracy, by a variety of methods of step-by-step integration, when the drag has 
Ijeen specified with corresponding accuracy. 

In order to specify the drag completely it is necessary to consider with some care 
what are the variables on which the drag for a given shell can depend to an 
appreciable extent. This question is, as yet, by no means settled, and a few of the 
more important considerations are summarised in § 1,01. This fact does not concern 
us here to a very serious extent ; an incomplete specification of the variables on 
which the drag (or, in the general case, the complete force system) depends will only 
invalidate the results of observation when an attempt is made to apply them to 
widely different conditions of the state of the resisting medium, or of the motion of 
the shell. The validity is unaffected when the experimental conditions are 
approximately repeated. It may be assumed that, in this case of symmetry, a fairly 
adequate expression for the drag is given by the equation 

( 1 . 00 1 ) K = y,, (*’/«). 

where R is the total drag, p the density of the air (or other medium), r the radius of 
the shell, v the velocity of the shell, and a the velocity of sound in the undi8turl>ed 
medium ; all these quantities, of course, are to be measured in a consistent set of 
units. In the numerical work In this paper the foot, pound, second systehi will be 
used. 

Since has the dimensions of a force, the function is a numerical coefficient, 
independent of the system of units chosen, called the dra^j coefficient. Existing 
determinations of this coefficient as a function of vfa are very Inadequate from a 
scientific point of view ; satisfactory ones could now be made. We shall not be 
concerned here with the determination of this coefficient, whose value we shall only 
require roughly in the analysis of our experiments. We may therefore regard /« as 
known for all values of the argument from 0 to 3, for shells of the particular external 
shapes which we use, moving through dry (or not too nearly saturated) air, whose 
temperature is not too widely different from 0“ C. 

* From the point of view of this paper, we regard the whole theory of the plane trajectory at 
“ classical,” though its adequate treatment was only evolved during the last years of the war. 
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1.01. The Fuwiioml Form of the Drag Coefficient . — A careful consideration of the possible forms of the 
function from the points of view of the kinetic theory of gases and the theory of dimensions, suggests 
that y, Ijr, and (r/r should be possible arguments of /», besides vja. Here y is the ratio of the specific 
heats of the gas, I is the mean free path, and <r the effective diameter of its molecules. We may, if 
desired, replace Ijr by the more usual viscosity argument vrlv, where v is the kinematical coefiicient of 
viscosity. Wind channel work on aerofoil and airscrew models shows that the argument vrjv is of great 
importance at low velocities. Its effects, however, in the case of shell models seem almost to have 
disappeared by the time a velocity of 40 f.s. (or at any rate 76 Is.) is reached. Rayleigh* obtains 
formulffi for the pressure on a piston moving in a pipe, which show the kind of way in which y, as well as 
might enter into the expression for /«. Variations of y are, however, very small in practice. There 
is experimental evidence that some argument, other than vja or y, has an appreciable effect in practice, 
.and that this argument is probably not the viscosity term in the ordinary sense. It is nut possible to 
pursue the question further here, or to assemble in detail the evidence, which is to be found in various 
minutes of the Ordnance Committee. 

So long as the stream lines of the How remain unaltered by a change of velocity, the motion remains 
dynamically similar, the drag varies as and the coefficient f^ must be a constant. The drag is then 
said to obey the nqmre law. Experiments with air screws, of high peripheral speed, appear to show that, 
up to values of vja as groat as 0 ' 7, there is no serious departure from the square law' once a certain 
minimum velocity is excee<led, above which the ordinary viscosity effects become unimportant; this 
appears, from all the evidence, to be the case also for shells, the minimum velocity being of the order of 
.')0 f.s. As velocities of less than 100 f.s. may bo ignored in baUistics, it is therefore customary to assume 
that the drag obeys the square law exactly for all velocities less than about 0'7u. For all such velocities 
the stream lines of the flow will remain nearly unaltered and the motion will be dynamically similar. 

Above this velocity (0'7ff.) the effects of the compressibility of the air become rapidly of great 
importance, and the whole nature of the air-flow changes as «, the velocity of sound, is reached and 
exceeded. These effects are represented by the variation of A as a function of v/a. A good typical curve 
showing this variation is given by CRANZ.t Another example will be found in fig. 4. 

We have so far ignored the fact that the shell is actually spinning alx>ut its axis of symmetry. There 
is no evidence to show that the drag, in the case of symmetry, is appreciably affected by the s])in, and its 
neglect is probably justified. 

A more important question is the legitimacy of assuming, as we have tjicitly done in (1.001), that the 
drag does not «lepend appreciably on the acceleration of the shell. With regard to the acceleration at low 
velocities, it is known that the effect of the air is to increase the virtiml m.as8 of any body by an amount 
of the order of the mass of air displaced. This is an increase of the order of 1 part in 2000, and is 
entirely negligible. At higher velocities, and on the general question, direct experimental evidence is 
unfortunately lacking. It is, however, difficult to see, by theoretical reasoning, how the past history of 
the shell can have any large effect, and there is sufficient general experimental evidence that (1.001) is, on 
the average, an adequate representation of the drag in the case of symmetry to be certain that the past 
history is of little importance, except conceivably for a very limited range of velocities, for example, in the 
neighbourhood of a, the velocity of sound. 

§ 1.1. The Detailed Specification of the Complete Force System. 

Tlie theory discussed in this paper treats the shell as a rigid body which is a solid 
of revolution, so that its axis of symmetry coincides with a principal axis of inertia. 

* “Aerial Plane Waves of Finite Amplitude,” ‘Scientific Papers,’ vol. V., or ‘Roy. Soc. Proc.,’ 
A, vol. LXXXIV. See in particular the last section of the paper. 

t ‘ lincyklop. der Math. Wiss.,’ vol. IV., Part II., p. 197. 
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It aims at determining the exact angular motion, ae well as the motion of the centre 
of gravity. It confirms the classical theory of the plane trajectory (in accordance 
with the results of experiment), by showing that the divergences of the axis of the 
shell from the tangent to its path are generally small, but it aims, further, at 
determining the magnitude and effect of these divergences. 

In this general case the force system to be specified is more elaborate than in the 
case of the classical theory. In accordance with aerodynamical 
usage, we call the angle between the axis of symmetry of the 
shell and the direction of motion of its centre of gravity the 

yaw, and denote it by <5. When the shell, regarded for the 

moment as without axial spin, has a yaw and the axis of the 
shell OA and the direction of motion OP remain in the same 
relative positions, the force system can by symmetry be repre- 
sented, as shown in fig. 1, by the following components, specified 
according to aerodynamical usage. 

(l) The drag, li, acting through the centre of gravity O, in 
the direction of motion OP reversed. 

( 2 ) A component L, at right angles to li, called the cross wind force, which acts 

through O in the plane of yaw POA, and is positive when it tends to move O in the 

direction from P to A. 

( 3 ) A monient M about O, which acts in the plane of yaw, and is positive when 
it tends to increase the yaw. 

By analogy with § 1.0, we assume the following forms for II, L, and M : — 


(1.101) 

K = (r/a, «J), 

(1.102) 

L = sin (v/a, ^), 

(1.103) 

M = pi^r' sin 5 /m (y/a, 5). 


These equations are of the most natural forms to make fi, fu s-^^d of no physical 
dimensions. The arguments of § 1.01, by which the form of equation (l.OOl) was 
justified to some extent, probably apply with equal force in this more general case. 
The form chosen is suggested by the aerodynamical treatment of the force system on 
an aeroplane. Since L and M, by symmetry, vanish with the factor sin 5 is 
explicitly included in (1.102) and (l. 103), in order that the cross wind force and moment 
coefficients, ^-nd fyi, may have non-zero limits as 5->0. We shall use the symbols 
('’/<*), /l (<V«) (’’/«» '^). tt»id Lt/M (v/a, S) respectively, 

8->o 8->-0 

and shall omit the explicit mention of the argument vja when no confusion can arise 
by so doing. 

In view of the evidence mentioned in § 1.01, we may confidently expect that, for 
all values of S, all three coefficients will be nearly independent of vfa in the region 
0‘ 1 s vja S 0*7, and shall, when required, assume their absolute independence of vja 


p 



Fig. 1. 
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Fig. 2. Force components on tlio 3-inch shells A and B, measured in a wind channel at a wind speed 

of 40 f.s., plotted against angle of yaw. 

Shell of form A. — Moment measured about a point 4 • 85 inches from base. 

» * — Moment measured about a point 4 ’ 85 inches from l)ase. 

. (a) Measurements at angles of yaw up to 

_ 90 degrees. 

y Scales. — Forces 1 unit = 0*02 lb 

02 Moment I unit = 0*005 lb. feet. 

^ Yaw 1 unit — 5 degrees. 

^ Detail of forces at angles up to 20 degrees. 

/ ^ Scales. — Forces 1 unit = 0*005 lb. 

1 ^ 2 degrees. 

y— ^ moment at angles up to 

/ / / 20 degrees. 

/ y Scales. — Moment 1 unit =» 0*002 lb. feet. 


Yaw 1 unit = 2 degrees. 


fci 

01^ — w 



90 ’ 95 


Yaw Degrees 
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when vfa S 0*7. With regard to their dependence on 5 we are not here concerned 
experimentally with / r. We shall assume for the purpose of analysing our experiments, 
where only a rough value oif^ is required, that/n (v/a, 5) is independent of h for small 
values of S* For the usual position of the centre of gravity of the shell, at low 
velocities is remarkably nearly independent of 5 for all values less than 10 degrees, 
and then diminishes as J increases beyond this value. On the other hand, at low 
velocities, (v/a, S) behaves curiously for small values of S. The wind-channel value 
of /l (i)/a) is in consequence uncertain. Typical curves showing /*, and fu as 
functions of S at low velocities are shown in fig. 2. It is the main purpose of the 
experimental part of this paper to determine /l (v/a), and (v/a) as functions of 
v/a, when vfa >0*7. 

1.11. The Effect of the Angular Motion of the Axis of the Shell. — In practice the 
direction of the axis of the shell relative to the direction of motion changes fairly 
rapidly. By analogy with the treatment of the motion of an aeroplane, we assume, 
tentatively, that the components of the force system R, L, and M are unaltered by the 
angular velocity of the axis, but that the effect of the angular motion of the axis of 
the shell can be represented by the insertion of an additional component, namely, 
a couple H, called the yawing moment due to yawing, which satisfies the equation 

(1.111) H = pvwi^^fn {v/a, •...), 

where w is the resultant angular velocity of the axis of the shell. The form of (l. Ill) 

is chosen to make fa of no physical dimensions 
and is the only one suitable for the purpose. 
The couple H is assumed to act in such a 
way as directly to diminish w (see fig. 3). 
The yawing moment coefficient fa may be 
expected to vary considerably with v/a. It 
may depend appreciably on other arguments 
such as wrjv and 8. This couple is suggested 
by, anti is analogous to, the more important of 
the “ rotary derivatives ” in the theory of the 
motion of an aeroplane. It appears from con- 
siderations of symmetry that no other couple of 
the “ rotary derivative” type need be considered. 
We shall arrive at rough values of fa from our 
experimental results, and to some degree an a posteriori justification of our 

* By symmetry 0 /b/cS = 0, when S = 0, since /b has a minimum for 8 = 0. It might therefore be 
expected that, when 8 is less than 3 degrees (say), /« would be nearly independent of 8. This, however, 
is not the case in wind-channel experiments. The drag at 2 degrees and 3 degrees yaw may bo 7 per cent, 
and TO per cent, greater, respectively, than the drag at zero yaw. Such evidence as exists indicates that 
the same increase may occur also at high velocities. An experimental study of the variation of the drag 
with 8 at high velocities would present no insuperable difficulties with modern apparatus. 
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assumption that L and M are unaffected by the angular velocity of the axis. But 
the. vahies we obtain are too rough to enable us to study the variations of fn with 
any argument. 

1.12. The Effect of the Axial Sjnn of the Shell. — We have so far ignored the possible effect of the spin N 
of the shell about its axis of symmetry. We shall assume that the preceding components of the force 
system R, Ij, M and H are not appreciably affected by this spin. This is in accordance with such evidence 
as exists in the case of zero' yaw (§ 1.01). If, moreover, the component M were seriously' affected by the 
spin, the effect would have been detected by the present trial. No such effect was found (see § 4.13), and 
this fact provides some evidence of the validity of the above assumption, at least as a first approximation. 

The spin N will, however, give rise to certain additional components of the complete force system. 
There will be a couple I which tends to destroy N, and, when the shell is yawed, a sideways force, which 
need not act through the centre of gravity, analogous to that producing swerve on a golf or tennis l)all. 
This force must, by symmetry, vanish with the yaw. The swerving force must act normal to the plane 
of yaw, otherwise it would merely have a component which altered R or k (acting in the plane of yaw), 
and we have assumed that no such component exists. The complete effects of the spin N can therefore 
be represented by the addition to the force system of the couples I and J and the force K, acting as 
shown. in fig. 3. To procure the correct dimensions we may assume that those components have the 
forms* 

(1.121) I = 

(1.122) J = pcN/-* sin S/,, 

(1.123) K = ppNr* sin 8 /„. 

The coefficients fi, f„ /« may depend effectively on a number of variables which we can maka no 
attempt to specify in the present state of our knowledge. These components may be expected to be 
very small in comparison with L and M ; no certain evidence that they exist is given by our experiments. 

1.13. Relations Between the Cornponents of the Force System. — The various 
coefficients in the foregoing specifications will all depend on the external shape of the 
shell ; results obtained for one shape cannot be applied to another. For shells of 
given shape, however, moving in a given manner, the forces R and L are independent 
of the position of O, the centre of gravity, while the moment M varies with the 
position of O. If Mi and are the values of M corresponding to positions Oi and 
of O, then 

(1.131) Ml = Ma+OiOo (L cos ^+R sin 8), 

where 0,0a i® positive when O, is nearer the base than Oa- Using the relations 
(l.lOl) to (1.103), and assuming that the yaw is small, the equation (1.131) reduces to 

(1.132) /m, = /m, + — ^ (/l +/ «)• 

This equation is of considerable practical importance, as it enables us to deduce the 

* We shall frequently write V = I/AN, where A is the moment of inertia about the axis of symmetry 
of the shell (see § 1.31). 
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values of /l from the values of /m for two different positions of the centre of 
gravity. It is found that cannot conveniently be directly observed. 

It will be found convenient in the practical use of (1.132) to introduce the force 
component normal to the axis of the shell. If/w is the coiTesponding coefficient, it is 
easily seen that, when the yaw is small, 

(1.133) ftt — fn+fh 

and that it ism’ll that is directly determined by the variations oI/m- 

No other relations between the various coefficients are available. Previous to the present experiments, 
when no definite information existed as to the form of /l and /j, as functions of r/a, special arbitrary 
assumptions have been made, in order to carry out calculations of the drift of a shell, or of the twisted 
curve described by its centre of gravity. The authors have made considerable use of the assumptions 
that the fractions 

/a («/«. A {via, S) /m {via, 

A (»/a, 0) ’ A {v/a, 0) ’ A W". 0) 

are independent of v/a, and have determined their values by wind-channel observations. Cranz,* using 
essentially the same assumptions, has calculated the values of these fractions by an empirical law duo to 
Kuhmer. It must be emphasised that the use of any assumption of this type is of very dubious validity, 
and that, so far as experiments have yet gone, they have not confirmed any such assumptions. When 
the values of the coefficients At /m and A are required for a shell of any give?i external shape they can and 
must be determined by direct experiment. 

1.14. In the preceding sections, we have built up, by synthetic arguments, what 
appears to be the most probable complete force system. It will be seen that in so 
doing we have actually introduced what can be regarded as a complete system of 
three forces and three couples referred to three axes at right angles. Owing, how- 
ever, to the complex nature of the reactions, it appears to us to be essential to 
construct our force system in this manner, instead of attempting to analyse a complete 
system of three forces and three couples, and assign each component to sts proper 
causes. In this construction, we have been guided by consiilerationB of symmetry, 
the theory of dimensions, the analogy with the theory of the aeroplane, and also, of 
course, by the all-important fact that the resiilts of this construction are in 
agreement with experiments, so far as these have yet been carried. Of our seven 
components by far the most important are R, L and M; then, some way behind, H. 
Our experiments were designed to determine L and M, and if possible to throw some 
-light on the size of H, and in these objects a successful start has been made. As a 
result, it seems reasonable to expect t hat the preceding specification of the complete 
force system will prove to be adequate ; but much more work on these and other 
finest is still required. With the numerical knowledge already obtained, which is 

* ‘ Zeitechrift fiir Math. u. Phys.,’ vol. XLIIL, p. 184. 

t For instance, the determination of the couple I that destroys the axial spin and the behaviour of 

as a function of S. 
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given in § 1.2, the motion of a shell, of the shape used in these experiments, can be 
calculated with some approach to certainty. The general nature of the motion is 
described in § 1.3. 


§ 1.2. The Numerical Results of the Kxperimeuls. 

We now proceed to give tlie numerical results obtained by analysis of tbe observa- 
tions by the methods explained in detail in Part IV. 

1.21. Tile Values of and J \,. — The ob.served values of fy\ and fi^ are shown 

plotted against e/a, in fig. 4, for the shell of external form A.* The value of /m is 



Fig. 4. Shells of form A. 

Curve I.— The couple coefficient /„ (t>/a) for :;-inch .shells, with the centre of gravity 4'73 inches 
from the base. 

Curve II. — The same, with centre of gravity I ’20 inches from the base. 

Curve III. — The drag coefficient /„ (r/a) for coinjuirison on ten times the .scale. 

Curve IV. — The cross-wind force coefficient (<■''/). 

The plotted points. O, A, □ show the observed values. The numbers denote the number of 
observations whose mean is represented by the plotted ]ioint. The kars distinguish those groups 
fired from the gun rifled one turn in thirty diaineteis. The others were fired from a gun rifled one 
turn in forty. 

• See fig. 6. Form A may bo specified thus Length 3-84 shell diameters. Bjise cylindrical. Head 
with an ogive of 2 diameters radius. Centre of gravity 1 • 677 diameters from base. 
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given on the assumption that the centre of gravity is 4*73 inches from the base in the 
3-inch shells used. The value of /h (at zero yaw) is also given for comparison. In 
fig. 5, the corresponding values of fu and are given for the shells of external 
form’B,* the centre of gravity being supposed to be 4*965 inches from the base in the 
3-inch shells used. These values have Iwen corrected as far as possible for the effect 
of the cards (see § 2.32), and smooth curves have been drawn through the observations. 
The values of and fi, for shell A, and for shell B, are given in the following 
table, Table T., for values of vfa varying by 0*1. These values have been read from 
the smooth curves of the figures. Besides f\., the value of the force coefficient 



Fig. 5. Shells of external form B. 

Curve I. — The moment coefficient /« (v/a) for 3-inch shells with a centre of gravity 4' 965 inches 
from the base. 

Curve II. — The drag coefficient /» (v/a) shown roughly on ten times the scale. 

normal to the shell, is also given. These figures and Table T. represent the main 
results of the experiment. The values of/ji have a probable error of less than 2 per 
cent., and the values oifi, of about 10 per cent. 

The differences in the various curves for/B,/i, and/j, ai'e very instructive. They 
show the complete impossibility of regarding the ratio of fjfyi, for example, as 
constant for large variations of v/a. Unlike /«,/„ is comparatively unaffected by the 
velocity of sound. It increases only to about 35 per cent, above its low velocity 
value, *and does not maintain this increase except for a narrow range of velocities 
near v/a = 1. On the other hand increases to two and a-half times its low velocity 
value and maintains this increase. 

* See fig. 6. Form B may be specified thus: — Length 4 '34 diameters. Base cylindrical. Head 
with an ogive of 6 diameters radius. Centre of gravity 1 • 665 diameters from base. 
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Table I. — Experimental Values of the Couple Coefficient {of a), the Normal Force 

and Cross Wind Force Coefficients {vfa) and {via), for Shells of Form A, 
fig. 6 ; also Values of {v/a) for Shells of Form B, fig. 6. 


Determined by firing trials with 3 -inch shells. 


via. 

Shell of form A. ! 

_ ..... ^ 1 

Form B. 


i 


/m (»/«)• 

/m (»/«)• 

/s {®/4 

A (»/«)• 

Wind channel. 

8-57 

3-34* 

3-0* 

8-95 

0-7 

8-6 

— 

— 

9-06 

0-8 

9-05 

4 3 

3-9 

9-75 

0-9 

10-35 

— 

— 

11-16 

10 

11*55 

5*2 

4-6 

11-7 

1-1 

11*4 

— 

— 

11-6 

1-2 

11-1 . 

3-6 

2-6 

11-35 

1-3 

10-8 





11-15 

1-4 

10-65 

4-1 

31 

11-06 

1-5 

10-3 

— 

— 

11-0 

1-6 

10-05 

4*3 

3*35 

11-0 

1-7 

9-85 

— 

— 

10-95 

1-8 

9-65 

4*5 

3*6 

10-95 

1-9 

9-4 

— 

— 

10-90 

20 

9-15 

— 

— 

— — 



(1) No. 80 fuze, Mark III ; (2) 6 C.B.H. plug, Design 25420. 
jfole , — The driving hand is sh own cut off at a d iameter of 3*02 inches, its mean diameter after engraving. 

* Uncertain. 
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As already mentioned in § 1.1, the low velocity value of fu as determined in the 
wind channel, is somewhat douhtlul.* There appears to be a distinct minimum in 
this coefficient soon after the velocity of sound, followed by a steady rise. This type 
of curve is rather unexpecte*!, and confirmation hy a repetition of the experiment is 
very desirable. We may emphasise again that fjfn is by no means constant, and 
thatyi^/Zifl (see fig. 1 5) undergoes considerable variations. 

1.22. The Force Components /n and Others. — We liave now to exhibit the information 
obtainable from tlie damping of the oscillations of the axis. When fi, is known, 
this information (see §4.12), provides numerical values for two quantities, one of 
which is fii and the other /ji + e, where t depends on the coefficients fj and fi and is 
a priori uidikely to be comparable with f^. The data at our disposal are very rough 
and could be improved on in future experiments. The present results vary largely in 
some cases from round to round ; the value of e is much larger than its cxpepted value 
and of the opposite sign. The general features of the damping (see figs. 12, 14) 
are however clear and qualitatively consistent. We can assert that the following rough 
values ofyii, given in Table II., are of the right order of magnitude and perhaps not 
in eri’or by more tlian 50 per cent. Owing to their roughness they are given for the 
groups as fired. An attempt has been made to determine in a wind channel at 
low velocities, the value 22 Injing obtained. 


Table II. — Probable Values of/ji, the Coefficient of the Yawing Moment due to Yawing. 
Groups I., II., III. refer to shells of Form A with various positions of the centre of 
gravity (see § 2.2). Group IV. refers to Form B. 


Group. 


Group. 


Group. 

/■ 1 

Muzzle velocity. 

./h. 

Muzzle velocity. 

/h- 

Muzzle velocity. 

./H* 1 

I. 22-24 

SO 

11. 24 

70 

III. 1-4 

70 

1119 


1292 


; 2025 


I. 25,20 

70 

11. 5-7 

75 

IV. 13-15 

66 

1326 


22, 23t 


1078 




1687 




I. 27, 28 

60 

II. 1-4 

60 

IV. 16-18 

75 

1603 


2024 


; 1647 


1. 1-4 

35 

III. 17-19 

40 

; IV. 24-26 

80 

2167 


1119 

1 


2120 


I. 19-21 

30 

III. 20,21 

70 



2320 


1292 


__J 


i 11. 17-19 

90 

1 111. 22,23 

60 1 



i 1119 1 


1 1567 

1 

1 




* in fig. 4, and subgequontly, the low velocity value of A, is assumed to be A (10°) in place 
of Lt A(^)» which is uncertain. 

t From guns of different riflings, with results in agreement. 
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An interesting feature of the damping is that, at a velocity of about 900 f.s., the 
yaw has a distinct tendency to increase {instead of decreasing) toiih the time ; this 
happens with all four types of shells. Whether this represents a real phenomenon 
or is caused by the impacts on the cards (§4.5) is not yet clear. It is not physically 
impossible that/n nia-y be negative for this velocity. These rounds are ignored here, 
and further details must be postponed for Part IV. 

§ 1.3. A Description in General Terms of the Angular Motion of the Axis of a 

Shell. 

The numerical values of and^jj described in § 1.21, with the addition of the 

rough values of f^ given in § 1.22 make it possible to determine numerically, by the 
principles of rigid dynamics, the motion of a shell projected in any manner, provided 
that the velocity ratio vja, and the angle of yaw S, do not pass oxitside the limits for 
which the determination is valid. It is necessary to obtain and solve the dynamical 
equations of motion in terms of the force components before proceeding to the 
inverse process of deducing the forces from the oljserved motion of the shell. Before 
doing so, however, it is convenient to describe in general terms the motion of the 
shell in various circumstances ; this description is qualitative only, and is inserted 
for the purpose of illustration : the quantitative results are reserved for Part IV. 

1.81. The Spinning Top Analogy . — We have already noticed in the Introduction 
the important analogy between the motion of the axis of a shell and the axis of a 
spinning top. With the reservations there made, the analogy is complete, so long 
asyji can be regarded as independent of A The equations of motion of a stable shell, 
given in § 3.2, are a generalisation of the equations for the small oscillations of a top in 
the neighbourhood of the vertical. For the general case of stable or lyistable motion 
where the yaw need not be small, some use can be made of the exact equations of 
motion of the top (§ 8.4). 

In particular, the condition for the slahility of a shell is identical with the 
condition for a top. The condition that the shell should be in stable equilibrium 
with its axis parallel to its direction of motion is that 

(1.311) A"N">4Bm. 

where A and B are, respectively, the moments of inertia of the shell about longitudinal 
and transverse axes through the centre of gravity, N is the spin of the shell about Its 
(longitudinal) axis in radians per second, and n sin S is equal to M, the moment of 
the air forces about the centre of gravity. It is therefore convenient to define a new 
variable s, “ the coeflficient of stability,” by the equation 

(1.312) s = A“NV4BAt. 

When s is greater than unity by a suflSciently large amount, a possible form of 
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angular motion for both shell and top consists of a small oscillation, composed of 
periodic terms with two distinct periods. The values of these two periods are 
uniquely determined by the values of s and AN/B or Q ; conversely s and Q, and 
hence m and are uniquely determined by the values of the periods. The main 
object of the jump card experiment, described in this paper, is to determine the two 
periods of the initial angular oscillations of a shell, fired horizontally from a gun. 
As depends only on the spin N (known in terms of the muzzle velocity) and the 
moments of inertia, there is in general an independent check on the observation.* 
By firing the shell at a series of different muzzle velocities, values of /m are 
determined for different values of the variable v/a, resulting in the curves of § 1.21. 

1.32. The success of the experiments depends entirely on the occurrence of 
accidental disturbances at the muzzle, in order to produce oscillations of sufficient 
amplitude to be measurable. The methods of observation used were capable of 
giving accurate results, provided that the maximum yaw exceeded 1 degree. In the 
actual trial, no round was fired which developed a maximum yaw of less than 
2 degrees, and it is probable that with almost any type of shell the initial disturbance 
would be sufficient for observations of this nature to be made. It may be noticed 
that, for a given initial disturbance, the amplitude of the oscillations is greater, the 
smaller the value of s, until, as s approaches and becomes smaller than the value unity, 
the amplitude of the oscillations increases very rapidly. For this reason it was at 
first considered preferable to deal with a shell and gun for which s was only just 
greater than unity, but the experiments described in this paper indicate that a value 
of s in the neighbourhood of 1 • 5 will give the best general results. 

It is to be expected a priori, and is confirmed by the experiment, that the initial 
yaw of a shell, on leaving the muzzle of a gun, is very small, and that the angular 
oscillations are due mainly to an initial angular velocity about a transverse axis. 
The shell is completely unstable under the very large pressures of the powder gases on 
its base, so that as soon as it is released from the barrel it is disturbed from its 
position of unstable equilibrium by an amount, and in a direction, which depend 
largely on accidental circmnstances. t The pressure of the powder gases probably 
continue to influence the motion over a short interval after the shell has left the gun, 
but the whole effect on the shell must approximate to that of an impulsive couple 
about a transverse axis. 

The angular motion of the shell, for some distance from the muzzle, approximates, 
therefore, to the type of motion of a spinning top known as rosette motion, in which 
the axis of the top passes periodically through the vertical. 

* This chock is especially important in the case of shells of type IL, as the shift of the lead 
block on firing alters the values of the dynamical constants as determined by laboratory experiments 
(§ 2 . 2 ). 

t [Note added Jvdy 31, 1920. In view of further analysis of the initial circumstances of shells in this 
trial, this account of the matter is probably incomplete.] 
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1.38. Differences Between the SheB and Top Movements. — We now proceed to 
consider the factors, so far neglected, which cause the angular motion of the 
shell to differ from that of the corresponding top. These may be enumerated as 
follows : — 

(1) The effect of the cross-wind force in causing the centre of gravity to follow 
a curve of helical type. 

( 2 ) The effect of the force components denoted in §1.11 and §1.12 by 
H, J, and K. 

( 3 ) The effect of the diminution of forward velocity caused by the drag. 

( 4 ) The effect of gravity. 

These effects will be considered in turn. 

1.331. The angular oscillations of the shell give rise to a cross-wind force, which 
varies in magnitude and direction as the yaw varies, and this modifies the straight 
line motion along the direction of projection into motion of a helical type. If this 
helical motion could be observed with accuracy it would give valuable data for the 
cross-wind force coefficient /l, but unfortunately the amplitude of the oscillations 
is too small to allow of this. Hence the most important effect, from the point of 
view of these experiments, is the reaction of the sideways motion of the centre 
of gravity on the angular oscillations of the shell. This helps to damp out the 
oscillations. 

1.332. The yawing moment factor H has a similar damping effect as it is always 
opposed to the transverse angular velocity. While the effect of the former factor 
is to damp the slow period oscillation and slightly augment the quick oscillation, this 
latter has exactly the reverse effect. In combination, they, in general, ’ damp out 
the oscillations of both periods. For the 3-Inch shells, used in this trial, the yawing 
moment damping factor is of greater importance than the cross-wind force damping 
factor, and the general effect is to diminish the maximum values of the yaw, and at 
the same time to convert the initial rosette motion into the slower steady precessional 
motion.* The force component, J, due to the spin, has no appreciable effect on the 
angular motion, but the corresponding couple K might act as a small additional 
damping factor. 

1.333. The head resistance or drag slowly diminishes the forward velocity, and so 
increases the stability factor s, by diminishing /u. The change in s diminishes the 
amplitude of the oscillations to a limited extent, and so assists the other damping 
factors. 

1.334. Gravity affects the angular motion of the axis of the shell by producing 
curvature in the trajectory. In taking account of the gravity effect it Is necessary to 

* There are two possible types of steady precessional motion at constant yaw, one with a quick and the 
other with a slow precessional velocity. 


2x2 
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refer the motion to axes moving with the tangent to the trajectory (see § 3.2). The 
effect is quite insignificant over the range covered by the present trial, but becomes 
of importance at later stages of the trajectory, where it is responsible fm* producing 
the drift.* 

It is convenient to illustrate this effect by considering a simple case of steady 
motion. 

1.34. An Illustration of the Gravity Effect . — Let the centre of gravity of a shell 

be constrained to move through air at a constant 
speed V, in a vertical circle (fig. 7), the inclination of 
the path to the horizontal being 0 at any instant. 
Thus V and d$/dt are constant. There is a possible 
steady motion in which the axis OA always lies in 
the plane through OP perpendicular to the plane of 
the circle, the angle AOP (S) being constant. The 
couple M tending to increase S will also be constant, 
so that the contemplated motion is the same as the steady motion of a top making 
an angle with the vertical which corresponds to the normal to the plane of the 

circle. The angular velocity of the axis about this normal is — O' ; the value of S as 
given by the ordinary formula for the steady motion of a top under these 
conditionst is 

(1.341) — AN0' cos 5+B0'* sin S cos 5 = M = /u sin A 

If d' is not too large and m is not too small, a possible value of 3 is small ; we may 
now regard yu as independent of S, and the equation then reduces to 

(1.342) S = -AN07/i = -4sd'/Q, 

the term neglected being of order When a shell is moving freely the angular 
velocity 0' increases, and the linear velocity diminishes up to a point beyond the 
vertex of the trajectory. If the initial motion is identical with the above steady 
motion, this will cause the couple M to diminish, so that the axis of the shell will lag 
behind its position in the steady motion. This lag gives rise to a component angular 
velocity of the axis tending to increase the yaw S, until a state of relative equilibrium 
is reached, in which the yaw is slightly less than its equilibrium value, and the axis 
lags slightly behind (i.e., above) the tangent OP. When the velocity is high and 
the spin N not too large, M is large and the true position of the axis lies very near 
the equilibrium position. It will be shown in fact, in Part IV., that the assumption 

* For a shell whose spin and direction of motion are related like a right-handed screw the drift is to the 
right of the plane of hre. 

t See, e.gf,, Route, * Rigid Dynamics,’ vol. II., Art. 207. 
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that OA is level with OP, and that S is given by (1.342), lead to a determination of the 
drift which is sufficiently accurate for all trajectories of elevation less than 30 degrees. 
The drift is produced by the cross-wind force resulting from the above value of 
the yaw. 

In the neighbourhood of the vertex of a trajectory of high elevation, both the 
velocity and the couple M become very small, so that S becomes large. A calculation 
has been made, by a step-by-step process, of the angular motion and drift of a shell 
fired at an elevation of 70 degrees. The yaw, soon after the vertex, reaches the 
value 60 degrees, while the axis lags behind the tangent to the path by more than 
45 degrees. 

1.35. The effect of gravity as described in the last section completes the list of 
factors which have an appreciable effect on the motion, and it remains to consider 
the way in which they combine. It will be shown in § 3.2 that the motion of the 
axis of a stable shell is determined, to a good approximation, when the yaw is not 
too large, by a linear differential equation of the second order. The effect of gravity 
is to produce the type of motion described in § 1.34, given the proper initial conditions 
in which the yaw and its rate of increase are both very small. The complete motion 
under arbitrary initial conditions may be obtained by superposing the appropriate 
type of initial oscillatory motion, which is unaffected by gravity. The superposed 
oscillations will ultimately be damped out, leaving the motion of the last section 
only. The motion of the centre of gravity will be appreciably affected by alteration 
of the initial conditions only in so far as they produce a certain small sideways 
displacement and velocity (§ 4.2), and increase the drag to an extent which Is not yet 
known. 

More detailed results are reserved for Part IV., following the discussion of the 
mathematical theory. Actual examples of the observed motion of the shell’s axis can 
be studied in fig. 14. 


Part II, — Details of the Experimental Arrangements and Material. 

§ 2.0. General Arrangements. 

We propose, in this part, to explain the details of the experiments in so far 
as is necessary to enable the reader to understand the method used, and to 
form an estimate of the accuracy obtained, or capable of being obtained, in this 
manner. 

The experiments were carried out as the weather served in January and February, 
1919, four different types of 3-inch shells being fired, at various velocities, from each 
of two differently rifled guns. The constants of the shells used are given in Table III., 
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Table III. — Mean Values of the Dynamical Constants of the Shells used, 

Determined before Firing. 


Types L, Il.'and IIL, Form A. 
Type IV., Form B. 




See fig. 6.) 


Type of shell. 

Length, 

inches. 

Weight, 

lb. 

Distance 
of centre 
of gravity 
from base, 
inches. 

Axial 
moment of 
inertia. A, 
lb. (in.)*. 

Transverse 
moment of 
inertia, B, 
lb. (in.)*. 

B/A. 

I. (Normal) . i 



11-63 

14-09 

4*727 

18-37 

143-9 

7-83(6) 

II. (Centre of 
gravity for- 
ward) 

' 11-63 

16-31 

5-124 

19-20 

165*0 

- 

8-69 

III. (Centre of 
gravity back) 

11-53 

16-48 

4*203 

1 

18-93 

129-5 

6-84 

IV. (Shells with 
pointed nose) 

13-15 

14-62 

4-965 

18-71 

166-2 

8-89 


and details of the groups fired are given in Table IV. The distance available 
between the firing point and the sea at Portsmouth is rather less than 600 feet. 
The motion of the shell was recorded over this range, within which the effects of 
gravity are fairly small and the path of the shell not widely different from a straight 
line. To achieve this the shell was fired through a series of millboard pistol targets, 
2 feet square, about ^ inch thick, which were fastened approximately at right angles 
to the path of the shell, at suitable distances from the muzzie* The plane of the 
card was carefully adjusted, and it is probable that in no case did the angle between 
the path of the shell and the plane of the card differ from a right angle by as much 
as two degrees. As errors up to four degrees do not affect the shape and position of 
the hole in the card, which determine the position of the axis and the centre of 
gravity of the shell at the moment of impact, it may be assumed that in every case 

* For the gun whose rifling made one complete turn in a length of 40 diameters of the bore (rifled 1 in 
40) ten cards were used, placed approximately at 60-foot intervals, the first card being 50 feet from the 
muzsla For the gun rifled 1 in 30 twelve cards were used, the first seven being at 30-foot intervals and 
the later cards at 60-foot intervals as before. The distance of the cards from the muzzle M the gun was 
letermined with a probable error of 1 inch. 
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Table IV. — Showing Groups of Hounds Fired. 


The types of shell are numbered I. -IV., and the shells of each type are numbered 
1, 2, 3, ... in the order of firing.* 


Gun rifled one turn in 40 diameters of the bore. 



Mean muzzle 



Mean muzzle 


Group. 

velocity for 
group. 

Remarks. 

Group. 

velocity for 
group, 

Remarks. 


f.s. 

_ _ i 


f.s. 


! 1 

Type I. ; shells of form A ; 

centre of gravity normal. 


I. 11-14 

922 

1 

Stable 

I. 15, 16 

2130 

Stable t 

I. 8-10 

1072 

Unstable 

I. 1-4 

2167 

Stable 

I. 17,18 

1312 

. Unstoble 

I. 19 

2272 

Stable 

I. 5- 7 

1566 

Just stable 

I. 20, 21 

2346 

Stable 

Type II. ; shells of form A ; 

centre of gravity forward. 


11. 8-10 

934 

Stable 

II. 5-7 

1586 

Stable 

II. 11-13 

1107 

Unstable 

II. 1-4 

2024 

Stable 

II. 14-16 

1334 

Unstable 



‘ 


Type III. ; shells of form A ; centre of gravity back. 


III. 8-10 

931 

Stable 

III. 5-7 

1583 

Just stable 

III. 11-13 

1077 

Unstable 

III. 1-4 

2025 

Stable 

III. 14-16 

1312 

Unstable 




Type IV. ; shells of form B 

; centre of gravity normal. 


IV. 10-12 

884 

Very unstable 

IV. 1-6 

2130 

Very unstable 

IV. 7- 9 

1553 

Very unstable 




* Only the stable groups are analysed in this report. For a specimen yaw curve in an unstable case, 
see fig. 12. 

t Fired with cards on the far screens only, to determine by comparison the effect of the impacts on the 
(sards. 
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Table IV. (contimied). 

Gun rifled one turn in 30 diameters of the bore. 
All groups were stable. 


Group. 

Muzzle 

velocity, 

f.8. 

Group. 

1 

i 

Muzzle 

velocity, 

f.s. 

Group. 

Muzzle 

velocity, 

f.s. 



1 

Type I. 



I. 22-24 

1119 i 

I. 26, 26 

1326 

I. 27,28 

1663 



Type II. 



II. 17-19 

1119 ! 

II. 24 

1292 1 

i 

II. 22,23 

1589 

Type III. 

III. 17-19 

1119 

III. 20,21 

1292 

III. 22,23 

1667 



Type IV. 



IV. 21-23 

i 

900 i 

IV. 16-18 

1647 I 

IV. 24-26 

2121 

IV. 13-16 

1078 1 

IV. 19,20* 

1.647 




the centre of gravity of the shell was moving normally to the card.t I’hus the 
angle actually recorded by the shape of the hole in tlie card is the true yaw of the 

* Fired with cards on the far screens only, to determine by comparison the effect of the impacts on the 
cards. 

t The angular motion of the axis of the shell is comparatively so slow that it can be ignored during the 
interval in which the shell is passing through a card. For instance, with the shells used in t his trial the 
change in <f>, the orientation of the yaw, is never as much as 3^ degrees during the complete passage 
through the card, and the change in 3 never as much as 8 minutes. These quantities are of the same 
order as the errors of observation and may be ignored. Thus the shell can correctly bo regarded as 
equivalent for cutting purposes to its circumscribing cylinder (of indefinite length) whoso generators are 
parallel to the direction of motion of the centre of gravity. 

If the direction of motion is normal to the plane of the card at the moment of impact, a certain hole 
will bo cut in the card, whose shape will be precisely that of the normal cross-section of this circumscribing 
cylinder. But if the card is tilted through a small angle t about any axis in its own plane, the hole 
made by the shell will be the same as the cross-section of the supposed cylinder by the plane of the card 
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shell, that is, the angle hetw^n the axis of the shell and the direction of motion of 
its centre of gravity. 

On each card there was marked, by methods which need not be particularised, 
(a) the vertical, (b) a reference point from which the point of aim for each round could 
be deduced. The probable error in the marking of the vertical was negligible 
compared to the other errors of observation. The probable error* in each co-ordinate 
of the point of aim was about 0*2 inches. 

Times of flight from the muzzle to each card were not directly observed, but 
the mean velocity of the shell over a suitable interval of the range was observed for 
each round with two standard Boulang^ chronographs. These were sometimes used 
as a pair — in these cases their readings were in good agreement — ^and sometimes 
separately, at opposite ends of the range, to determine the loss of velocity, and so an 
approximate value for the average coefficient of the drag. From the data so obtained, 
the muzzle velocity and the times of flight from the muzzle to each screen were 
calculated by the usual ballistic methods to a nominal accuracy of 1 f.s. and 
10“‘ second, respectively. It is improbable that any of these quantities are 
appreciably in error to the order of accuracy required by the rest of the experiment. 
A check on the calculated muzzle velocity is provided by the observations, for a 
discussion of which the reader should refer to § 4.1. 

§ 2.1. Measurement of the Holes in the Cards. 

It is now necessary to deduce, from the position and shape of a hole in any card, 
the position of the axis and centre of gravity of the shell at the moment of passing 
the card. This can usually be done with considerable accuracy. It has been found 
that at all velocities less than 1600 f.s., and often at higher velocities, the hole has 
the form shown diagrammatically in fig. 8, and by photographs of actual examples 
in fig. 8 a. 

Inside the outer circiunferenoe ABA'B' of the hole, a considerable amount of 
bruised and partly torn card QQQ is left, which is still attached to the untouched 
part. It is found that, when the edges of this part are flattened out, they always 
define with some accuracy a circle of diameter 2*40 inches. A stiff* paper circle of 
this diameter can be fitted to the hole with such certainty that its centre is seldom in 
doubt by more than 0*01 or at most 0*02 inches. 

in its tilted position. The dimensions of such a hole will only differ from those of normal impact by 
terms of order (f (1 - cos r), where d is any dimension oi the hole. Such second-order terms are completely 
negligible if r < 4 degrees. Thus in all cases the shell may be regarded as cutting the hole in the card 
as if the direction of motion of its centre of gravity is normal to the plane of the card at the moment oi 
impact. 

* Throughout this paper “ probable error ” is used with its technical meaning, see Brunt, ' The 
Combination of Observations,' p. 30. 

VOL. OOXXI. — ^A. 2 Y 
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The f xlcriial form of the shells used in the trial is shown in fig. 6. It will be 
observed that at the junction of the body of the shell and the fuze or plug there is a 
distinct cutting edge of plan diameter 2*402 inches. It is clear, therefore, that when 
the impact takes place, a circle of cardlward, 2 • 40 inches in diameter, is punched out 
and cleanly removed by this edge ; the greater part of the circumference of this inner 
circle is usually removed by the subsequent psissage of the body of the shell, which 
cuts the complete hole, but enough remains, in n bruised state, for yaws that are not 



A 

Direction of 
,, nose of shell 


Fig. 8. Diagrammatic sketch of a typical hole, for a yaw between 1 degree and 4 degrees, when the 

velocity is low or medium. 

CCC. Inner circle — radius 2’40 inches, centre O. 

ABA'B'. Outer circumference of hole. 

QQQ. Bruised part of card. 

AA'. Axis of symmetry or greatest diameter of hole. 

BA'B'. Circumference cut by teeth of driving band. 

BAB’. Ditto cut by nose or shoulder of shell. 

The lengths AA' (3*16 inches in figure) and OA' (1'80 inches) each serve to determine the size of 
the yaw. 

The values of the yaw corresponding to the above values are 1'6 degrees and 1‘8 degrees 
respectively, mean 1 • 7 degrees. 

too large, to define the position of the centre of this section of the shell at the 
moment of impact on the card. 

It follows, therefore, that there are two distinct methods by which the value of the 
yaw S can be determined. In the first place, there is a unique relation between the 
greatest diameter of the hole (AA', fig. 8) and the value of S ; secondly, there is a 
unique relation between OA' and S. These relations can be tabulated numerically 
when the plan dimensions of the shell are known, and the value of S corresponding to 
any measured length AA' or OA' read off. 
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To determine the value of it is necessary to measure the angle between XA! 
and the vertical recorded on the card. The direction of AX' must be determined by 
eye from the considerations that it is (l) the greatest diameter, (2) the axis of 
symmetry of the hole, and (3) that it must pass through O, which is located as the 
centre of a paper circle fitted into the inner hole. 

By proceeding in this manner it was found that the values of S could be nearly 
always determined with confidence by at least one method and often by both. When 
both methods were available the agreement in the resulting values of S was in 
general good ; the average difierence between them in all cases for shells of type 1. 
(99 in number), in which both measurements were available and both appeared to be 
a priori reliable, was 0*20 degrees. These cases were simply taken as a sample. 
The general features of the agreement were the same for all types. We may 
therefore fairly assert that the probable error of any determination of ^ is some- 
thing less than 0*2 degrees. The use of the measurement OA' is of special 
importance for small values of S, and in fact alone makes their accurate determination 
possible. 

The probable error in the determination of ^ is not quite so easy to estimate, as there 
is no alternative method of determining The method is clearly theoretically sound, 
and the errors can only arise from faulty estimations of the symmetry of the hole. 
By making a number of independent determinations for the same hole, with proper 
precautions against a biassed judgment,, and comparing their consistency, it appeared 
that the probable error of any determination of ^ was less than 2^ degrees, unless 
the yaw was small (less than 0*8 degrees, say). As the yaw approaches zero, the 
errors in the determination of ^ increase rapidly until, when the yaw is less than 0-2 
degrees, ^ cannot be determined at all. 

Proceeding in this manner the values of S and ^ were tabulated for each round for 
the values of the time corresponding to the position of each card. If the above 
estimates are correct it is doubtful if the accuracy obtained could be much improved 
on without a radical change in the method of recording the position of the shell. 

2.11. When the yaw has been determined, and the position of the centre of gravity 
on the axis of the shell is known, its position along AA' can be calculated from the 
dimensions of the shell. The position of AA' on the card is well determined, and so 
the position of the centre of gravity can be located with respect to the reference 
point, and so with respect to the point of aim. This part of the determination is 
considerably more accurate than the location of the reference point on the card. 
The path of the centre of gravity for a small number of rounds was measured up in 
this manner ; the results of the discussion (§ 4.2) are mainly null, in agreement with 
theory. The measurements were therefore not completed for every round and are 
not given here. 

* The angle denotes the angle between the plane of yaw OAP and the vertical plane through OP. 
See fig. 10, p. 332. 
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§ 2.2. DetermincUion of the DffnamiccU Constants. 

All the shells used in these experiments were weighed before firing, and their 
overall lengths were measured. The variations from shell to shell were small, and 
the mean values given in the tables may be assumed to be correct for all purposes. 
No appreciable change in these quantities is likely to occur on firing. 

The moments of inertia were determined, before firing, for a selection of about 
25 per cent, of the shells of each type. The probable error of any determination was 
about 1 part in 2000. The mean values for the different types of shell are given in 
the table. The extreme variation of any transverse moment of inertia from the mean 
was 1 • 8 per cent., and of the axial moment of inertia was 0* 8 per cent. The errors in 
assuming that the mean value of the sample is the correct value for each round may 
therefore be appreciable at times, but should not seriously affect the final mean 
results. The general accuracy of the experiments was, contrary to expectation, 
sufficient to warrant the refinement of determining and using the individual values 
for each shell. 

The centres of gravity were also determined, before firing, for the same selection of 
shells, and the mean value of the distance of the centre of gravity from the base is 
given, in the same table, for each type. The determination was made with a 
probable error of O'OOS inches. The values were fairly constant for the shells of any 
one type, the extreme variation from the mean being 0*022 inches. 

It is by no means certain a priori that the values of A and B and the position of 
the centre of gravity may not be changed appreciably in some of the shells by the 
stresses set up when the gun is fired. No change is at all likely in the empty shells 
of types I. and IV., or in the bodies of the other shells ; they may be confidently 
relied upon not to be stressed beyond their elastic limit ; but the lead and wood filling 
in the shells of types II. and III. is decidedly suspect. To test this point, two shells 
of each of the types II. and III., after the determination of their dynamical constants, 
were fired* over water for recovery, and their constants were then re-determined. In 
the case of the shells of type III., with a filling of lead at the back and wood in front, 
there was no appreciable change. In the case of the shells of type II. with lead in 
front and wood behind, the wood block, as might have been expected, was crushed, 
and the lead had moved back about three inches in the case of the high velocity and 
one inch in the case of the low. The axial moments of inertia, A, were unaltered, but 
the transverse moments of inertia B and the positions of the centre of gravity were 
of course seriously affected. It was found, however, that the observed changes in 
both could be satisfactorily accounted for by the observed movement of the lead 
block, of weight 1*9 lb. When the centre of gravity of the shell of type 11. is 
4*727 inches from the base, so that it coincides with the centre of gravity of a shell of 


* One of es^b type st » muwle velocity of 1950 f.a. and one at 1530 fs. 
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type L, the value of B is 145*7 lb. (incb)*. Neglecting the effect of the wood, suppose 
that the lead plug is x inches further forward. In such a case 

(2.21) B= 145*7 + l*9a:». 

If, moreover, I is the distance of the centre of gravity from the base in inches, then 

(2.22) Z = 4*727 + 0* 117a;. 

The altered position of the centre of gravity can therefore be recovered by 
calculation, if the altered value of B can be deduced from the obsei*vations. This is, 
in fact, the case (see § 4.1), so that even for shells of type II. the dynamical constants 
of the shells after firing are satisfactorily certain. 


§ 2.3. Possible Disturbing Factors. 

There are two further possible causes of error which we have not yet mentioned. 
These are (l) the wind, and (2) the impulsive action between the shell and the card. 

2.31. The Effect of Wind. — Since we are studying the motion of the shell under the 
force system impressed by the air, we are concerned solely with the motion of the 
projectile relative to the air, but we can only observe, by means of jump cards, the 
motion of the projectile relative to the ground. 

If the strength and the direction of the wind are known, it is an easy matter to 
convert the observed values of the size and orientation of the yaw, and the observed 
motion of the centre of gravity, into the corresponding quantities for the motion 
relative to the air. It is, however, very difficult to determine what is the strength of 
the wind, at the moment of firing, only a few feet above the ground. It is, therefore, 
necessary to carry out jump card trials in calm weather. During the experiments 
the wind exceeded 10 f.s., only at the moments of firing three rounds, and was usually 
only 5 or 6 f.s. at 20 feet above the ground. Its strength near the ground will have 
been still less, and its effects may therefore be neglected. 

2.32. The Impulsive Action between the Shell and the Card. — When the experiments' 
were started it was not expected that the effect of the cards would be decidedly 
bigger than the probable random errors of the results. This, however, appears to be 
the case. A limited amount of evidence, for determining the necessary correction, is 
supplied by the few comparative rounds fired without cards on the nearer screens. 
Such comparative rounds would have been included in all, or at least the majority, of 
the groups, if their importance had been realised earlier. The evidence supplied by 
the comparative rounds was carefully analysed, and was supplemented, after the 
conclusion of the trial, by determination of the magnitude of the impulse between 
the cards and the shells by observation of the extra loss of velocity so caused. The 
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magnitude of a single impulse, at not too great a value of the yaw, probably has the 
values 

14*3 foot-poundals at 2470 f.s., 

8*9 foot-poundals at 1140 fs. ; 

the values at other velocities may be roughly obtained by linear interpolation. 

The effect on the observed motion of the axis due to an impulsive couple was 
calculated, and it was found that rough values could be assigned for the magnitude 
of the impulsive couple acting at any card. On calculating the total effect on the 
observed value of s it was found that the probable correction required varied from 
2^ to per cent, in the various groups. This correction was applied before 
constructing Table I. and figs. 4 and 5. The figures of Table II. have not been 
corrected for this effect as their accuracy is not great enough to make it worth while 
to do so. 

Part III. — Methods of Obtaining and Solving the Equations of 

Motion of a Spinning Shell. 

§ 3.0. Introductoi'y. 

On the assumptions discussed in Part I. the equations of motion of a spinning 
shell can be written down at once by the rules of rigid dynamics. Three different 
types of these equations will be found of use in practice, all of which may be obtained 
most simply as special cases of the vector equations of motion of the shell, referred to 
axes rotating in the most general manner. The use of the vector notation, in the 
initial stages of the discussion, has the further advantage of showing most clearly 
the meaning of the various terms, and of presenting the results in a symmetrical 
form. 

In order to simplify the general equations, the only components of the force system 
impressed by the air, retained in the initial discussion, are R, L, M, and the spin- 
retarding couple I (= ANr). The remaining components are of less importance and 
will be inserted later on in § 3.5. 

After obtaining the general equations the three special types are deduced. They 
may be described as follows : — 

Type a. — Equations in terms of direction cosines, referred to axes moving with 
the tangent to the corresponding plane trajectory. 

Type A — Equations in terms of direction cosines or spherical polar co-ordinates, 
referred to axes moving with the tangent to the actual twisted trajectory. 

Type y. — Equations similar to the equations of energy and angular momentum 
of a top (spherical polar co-ordinates), referred to the axes used for type A 

In each case the equations obtained are simplified by certain approximations, and 
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the results Spre suitable for use only under certain conditions. Equations of type a 
are valid when the shell is sufficiently stable and the yaw is small ; type when the 
shell has settled down to a non-periodic motion in which the yaw may be large, the 
initial oscillations being damped out ; and type y when the motion of the centre of 
gravity is nearly rectilinear. 

Equations these types cannot be solved exactly, and the method of approximation 
used to obtain a solution is different in each case. The equations of type a are used 
for the analysis of the jump card experiments, for all sufficiently stable rounds, and 
could be used to compute the entire motion in any trajectory whose initial elevation 
Is less than 45 degrees. Equations of type have been used to compute the latter 
part of a twisted trajectory at an elevation of 70 degrees. Equations of type y have 
a limited application in analysing the jump card records for rounds which are nearly 
or quite unstable. 

3.01. Note on the Vector Notation. — All letters which represent vector quantities 
will be in clarendon type, to distinguish them from scalar quantities in the ordinary 
type. The three components of any vector A, referred to right-handed rectangular 
axes 1, 2, 3, are written A^, A], A,. 

If A and B are two vectors, their vector product is denoted by [A . B]. This 
represents the vector whose components are 

(AjBa— A 3 B 2 ), (AjBi— AiBj), (AiB|-- AjB,). 


It is perpendicular to the plane containing the two vectors in the direction of the 
axis of the right-handed screw, which turns from A to B, its modulus being equal to 
the product of the moduli of A and B into the sine of the angle between them. The 
scalar product of the two vectors is written (A.B), and is equal to the scalar 
quantity 

A|B| + AwjBji + AgB| I 


it is also equal to the product of the moduli of A and B inh and was usually 
between them, being positive when this angle is acut<> Foi -t.^ rrronnrl 
(A . A) by (A)*, which is equal to the square of the modulus of A. 

Constant use is made of the following identities : — 


(3.011) 


[A.A] = 0, ([A.B].A) = 0. 




(8.012) [[A.B].C] = (A.C)B-(B.O)A. 

(3.018) ([A . B] . [B . C]) = (A . B) (B . C)-(B)* (A . C). 


§ 3.1. The Genercd Vector Equations of Motion. 

We take a system (l, 2, 3) of right-handed axes of reference, see fig. 9, whose 
origin is 0, the centre of gravity of the shell, and whose angular velocity at any 
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instant is represented by the vector 0 , with components 0i, 0» 03 . The direction of 
the axis of the shell OA is represented by the unit vector* A, and the direction of 
motion of the centre of gravity by the unit* vector X. 


2 



With the notation already introduced in Part I., the total angular momentum of 
the shell can be expressed as the sum of two vectors : — 

(i.) The angular momentum about OA, ANA ; 

(ii.) The total angular momentum about a transverse axis. 

If the total angular velocity about a transverse axis is W, the angular momentum is 
Bo/, and is equal to the moment of momentum of a particle whose mass is B and 
whose distance from O is represented by the vector A. Now the actual velocity of 
such a particle rela :r, to 0 is A'— [A . 8], and therefore its moment of momentum 
about O is 

B{[A. A']-[A.[A.e]]}. 

The total angular momentum, H, of the shell about* O is therefore given by the 
equation 

(3.101) H = ANA + B{[A. A']-[A.[A. 0]]} ; 
using (3.012) this becomes 

(3.102) H = ANA + B{[A. A']-(A. 0 ) A + 0 }. 


VOL. COXXI. — A. 


♦ Le. (A)* = (X)* = 1. 
2 z 
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The force components that we propose to include at this stage are R, L, M, and 
ANr. To simplify the algebra we write* 

L = Kinv sin <5, M = m sin S. 

The various components can then be represented by the following vectors : — 

(i.) The drag R, by the vector — RA ; 

(ii.) The cross-wind force L, by the vectort Kmv { A— X cos 5} ; 

(iii.) The couple M, by the vectort /u [X . A] ; 

(iv.) The couple ANF, by the vector — ANFA. 

The complete equation for the angular motion is therefore 

(3.108) H'-[H.eJ = /4[X. A]-ANFA, 

where H is given by (3.102). Taking the scalar product of both sides ot (3.103) into 
A, we obtain, with the help of (3.01l)-(3.013), 

(3.104) N'=-NF. 

After 8ul)stitiiting for N', equation (3.103), written in full, reduces to 

(3.105) ANA' + B[A. A"]- 2 B(A. 0) A'-B(A. 0 ') A + Be' 

-AN [A. 0]-f-B(A. 0)[A. 0] = /4[X.A]. 

3.11. 2'lie Eqiuitions of Motion of the Centre of Cramty . — The velocity of the 
centre of gravity is represented by the vector vX, ajicl its acceleration is therefore 
represented by the vector 

In addition to the drag and cross-wind force impressed by the air, we shall suppose 
that gravity is acting on the shell. 

* The mass and velocity of the shell are m and v respectively. For the rest of the notation see § 1.31. 
t If .a perpendicular AD be drawn from A to OP, DA is parallel to the direction of the cross-wind 
force L, and its length is sin S, if OA is of unity length. The vector DA is equal to the difference of the 
vectors OA and OD, so that it is equal to A- X cos 8. Hence { A - X cos 8}/8in 8 is the unit vector 
parallel to the cross-wind force. Similarly [X. AJ/sin 8 is the unit vector normal to the plane AOP 
i.e., parallel to the axis of the couple M. It is easy to verify, with the help of (3.012), that 


A Xco88 = {[X. A].X]. 
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The acceleration due to gravity is represented by the vector G, whose modulus 
is g.* Under these conditions the vector equation of motion of the centre of 
gravity is 


(3.111) 


dt 




Taking the scalar product of both sides into X, equation (3.111) reduces to 

(3.112) = -K/m+(G. X). 

On substituting this vahie of in (3.111), and dividing by v, we obtain 

(3.113) x'-[x.e] = ^ { A -- X CoS 8 } + {0-(0.X)X}/v. 

Equations (3.104), (3.105), (3.112), and (3.113) detei'mine the motion completely. 


§ 3.2. Eq'tiatioiis of Motion of Type a. 

When a shell is initially sufficiently stable, and leaves the muzzle so that its initial 
disturbance is small, it will be shownt that the axis OA and the direction of motion 
OP deviate, at any time t, by small angles only from the direction of the tangent to 
the corresponding! plane trajectory at the same time. This is true of the early part 
of all trajectories, and for the whole of a trajectory whose initial elevation is less than 
45 degrees — at any rate, when the muzzle velocity is fairly large Under these 
circumstances we may follow the chissical§ treatment in regarding the plane trajectory 
as a first approximation to the actual ti’ajectory. It is then convenient to refer the 
motion to axes moving with the tangent to this plane trajectory. The axis Ol is the 
tatigent to the plane trajectory drawn in the direction of motion ; axis 02 is the 
upward normal ; and axis 03 is horizontal and to the right, as viewed from the gun. 
The components of A and X ai’e. {I, /h, >/,)and (.r, ?/, 2 ), which are therefore the direction 
cosines of OA and OP njspectlvely. 

It will now be shown that it is possible to express the complete motion 
approximately in terms of tlie two complex vaiiables, m + in and y + iz, and the 
elements of the plane trajectory. We suppose that the equations of the plane 
trajectory have been numerically solv(*,d, so that, e.g., r, and the velocity and 
inclination in the plane trajectory, may be regarded as tabulated functions of 

* The vector 0 may, if desired, be regarded as representing any force which acts tlirough the centre of 
gravity and is a function of position only. 

t See §4.21. 

t The corresponding plane trajectory is the trajectory which would be described by the same shell, with 
the same initial velocity and initial direction of motion, if its yaw remained always zero. 

See, e.g., Cranz, ‘ Zeitschrift fiir Math. u. Phys.’ The equations we obtain, however, appear to 
be new. 


2 z 2 
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The components of O are (O, 0, 6^ i). Using the foregoing values of the components 
of A, X and 0 in equations (3.104) and (3.105), we obtain 

(3.201) N'=-Nr, 

as before ; the second and third components of (3.105) give 

(3.202) ANm'+B (ni!"— iw")— 2Bnm'0'i— BmnO"i+ AN^O'i— — in{d—xn), 

(3.203) ANn'+B = /* {xm—yl). 

To solve the equations it is necessary to neglect certain terms. A discussion of 
the relative magnitude of the terms neglected, in various circumstances, will be given 
later in § 4.3. Some of these terms are negligible in all cases, on account of the 
smallness of in comparison with the angular spin of the shell. Others are only 
negligible so long as the yaw 8 is so small that 1— cos5 and 1— sin 5/5 may be 
neglected in comparison with unity. By such arguments it is not difficult to justify 
the reduction of these equations to the form 

(3.204) ANm'— Bw"+AN0'| = Ai(*— n),. 

(3.205) ANri'+Bwi^'+BO"! = /u (m— y). 

For the particular case of the initial motion of the shells from the gun rifled 
1 turn in 30 calibres in the present trials, the terms neglected are, in general, less 
than 1 per cent, of some term retained, and the coefficients of equations (3.204) and 

(3.205) may be regarded as aflected by possible 1 per cent, errors. Even in the case 
of the gun rifled 1 turn in 40 calibres, where values of 5 as great as 7 degrees or more 
are met with among the stable rounds, the employment of (3.204) and (3.205) is 
justifiable. 

We now define new variables and constants by the equations 

n-\-c^=m+in, ct=y+iZy 
AN/B = Q, c = cos 0'i+i0"i/Q = 4>. 

If we multiply (3.204) by i, and subtract from (3.205), we obtain 

(3.206) ^ (,+cf)_iQ^(,+<,0_a = m. 

So long as the yaw remains small, equations (3.201) and (3.206) may be taken as 
equivalent to (3.104) and (3.105). 

3.21. The Motion of the Centre of Gravity. — With the present axes, the 
components of G are (— g^sinOi, —g cosO,, O). Equation (3.112) becomest 

(3.211) u' = — R (v, 5)/?n*— fir(a;sin0i+j/cos0i). 


t To avoid confusion the mass of the shell is temnorarilv denoted bv 



THE AERODYNAMICS OP A SPINNING SHELL. 


331 


The second and third components of (3.113) become 

(3.212) yf — k {m—y cos S)—{g/v) cos 0, + {ygfv) (x sin 6i +y cos 0,), 

(3.213) 2' = K {n—z COR S) + {zg/v) {xsmdi+yco8 6j). 

The equation of the plane trajectory corresponding to (3.211) (^ = y = 0, a; = l) is 

(3.214) v\ = — R («,, 0)lin*—g sin 0i. 

Therefore, [{ u — v—Vi, m satisfies the equation 

(3.2141) w' = — {R(t;i4M, ^) — R('?^i, O)}/?^*— g'{(a:— l) sin + y cos 0,}. 

In §§4.22, 4.31, we shall show that it is legitimate to regard the value of u determined 
by this equation as zero. We can therefore replace v by v, in (3.206), (3.212) and 
(3.213). 

A further discussion shows that (3.212) and (3.213) can be reduced to 

i/ = K{m-y) + {g/v^) y sin 3,, 

2/ = K {n—z) + {gfvy) z sin 61, 

the accuracy and validity of these equations being the same as those of (3.204) and 
(3.205).t These equations combine to give 

diet's 

or, using the equation of the plane trajectory, = —{gjoy) cos O,, 

(3.215) ^ =r fc/c. 

In the cases contemplated this equation is equivalent to (3.212) and (3.213). Then 

(3.215) , (3.206) and the equations of the plane trajectory represent the required 
approximation to the complete equations of motion of tlie shell. 

In order to convert (3.206) and (3.215) into linear differential equations, it is necessary 
to assume that /4 and k are independent of and regard them as functions of v,. 
This approximation involves errors no greater than the previous approximations. If 
12 is treated as a variable, it must be determined by (3.201), F being regarded as a 
known function of the time. All the coefficients in (3.215) and (3.206) are- then known 
functions of the time. 


§ 3.3. Equations of Motion of Type 

In the neighbourhood of the vertex of a trajectory of elevation as great as 
70 degrees, the yaw, as stated in § 1.34, may reach large values. In such cases, the 

t With the exceptiou noted in § 4.22. 
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plane trajectory can no longer be regarded aa a valid first approximation, and the only 
possible method is to obtain equations of motion which are suitable for direct step-by- 
step integration. For this purpose the following set of moving axes are most suitable, 
as they reduce the equations of motion of the centre of gravity to its simplest form. 
We take the true direction of motion OP for the axis 1 and a horizontal line at right 
angles to OP for the axis 8. We define the position of OP by spherical polar 
co-ordinates 6, with respect to axes fixed in direction at 0, see fig. 10. Then X has 
components (l, 0, O), 0 has components sin 0, —yf^'casB, O'), G has components 
{—g sin 0, —g cos 0, O) and A components (Z, m, n) as before. 



Fig. 10. OX, Y, Z are fixed axes, OY being the upwards vertical; the plane XOY contains the 

line of fire. 

Equatioti (3.105), when written out in full, becomes very complicated. To simplify 
it, we can, under certain circumstances, neglect the angular momentum about a 
transverse axis compared to the angular momentum about the axis of the shell. The 
legitimacy of this approximation, which is equivalent to putting B = 0 in (3.105), is 
discussed in § 4.33. It should be stated that this type of approximation also is 
classical,’*^ but that the equations we obtain are apparently new and of a wide range 
of validity. 

As before, we have 

(3.301) N' = -Nr. 

The second and third components of (3.105) reduce to 

ANwi'— AN {—n\{/ sin 6— W) = —/tn, 

ANw' — AN ( — lyj/ cos 6 -l- myj/ sin 6) = fim, 

* See, e.g., Charbonnier, ‘ Traits de Balistique Ext4rienre,’ Livre V., Chap. IV. 
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or, writing <0 for /u/AN, 

(3.302) w' = — w ((o+V^'sin 0 )— iO', 

(3.303) n' — m («+ sin 0)— cos 0. 

The corresponding equations of motion of the centre of gravity are 

(3.304) v' = — R(?;, ^)/»n*— gf sin 0, 

(3.305) O' = <cm-"(gf/w) cos 0, 

(3.306) cos 0 = /fW. 

The six equations (3.301) to (3.306) can be solved by a step-by-step process, if II, «, 
ft and r are numerically known functions of v and S. They are valid without 
restriction as to the size of S, and have proved of value for the discussion of 
trajectories at very high elevations. They are, however, necessarily invalid when 
any question of stability is under discussion. 


§ 3.4. Equations of Motion of Type y. 

For tlie purpose of discussing the initial motion of a shell which is unstable or just 
stable, equations of types a and ^ are invalid, and it is necessary to make use of 
equations corresponding to the equations of energy and angular momentum for a top. 
The equations we shall thus obtain are of far less general applicability than 
types a and /8. 

With this object we take the scalar product of both sides of equation (3.105) into 
the vector [A . A'] -1-0, and obtain, after reduction, 

(3.401) iB I |(A')*+2 (0 . [A . A'])-h(0)»-(A . 0)*| = -m (X . {A'-[A . 0]}). 

Using the axes described in the last section, we note that, over a limited range at 
the beginning of a trajectory, the first two components of O are numerically very 
small compared to the third, 0'. We shall find that the effect of O' itself is negligible 
in the cases we consider. We shall therefore neglect the other components of 0 at 
once. Taking 5 and ^ as spherical polar co-ordinates of the axis OA referred to the 
moving axes, so that 

I = gobS, m = sin i cos <l>,n = sin S sin ^,t 

t The angle <f> is not exactly the angle measured by the jump cards, but the difference is negligible. 
The angle S is exactly the measured angle of yaw. 
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we find that (3.401) reduces to 

(3.402) ^ 1^'*+ 0'* sin* ^ + 2^ (^'cos ^'sin S cos S sin ^) + O'* (1 —sin* S sin* 0)| 

= —fi 1 *^ — O'sin S cos 

This is the equation corresponding to the equation of energy. The first component 
of (3.105) corresponds to the equation of angular momentum for a top, and reduces in 
the same way to 

(3.403) ^ {AN cos ^+B^' sin* +2B0'5' sin* S sin BO" sin S cos S sin ^ 

— ANO' sin ^ cos 0+BO'* sin* S cos 0 sin ^ = 0. 

Equation (3.201) remains unaltered. Over the range of the jump card experiments 
a mean value of S'/O' is 50. We shall therefore regard it as legitimate for our present 
purposes to neglect all terms containing O'. On integrating the resulting equations 
we obtain 

(3.404) ^B (5'*+ 0 '* sin* <1) + f cos S = ^BE, 

Jo 

(3.405) AN cos ^ + B^' sin* S — BF, 

where E and F are constants of integration. In (3.405) it is assumed that N is 
constant. If ft is constant these equations are of the same form .as those of the 
motion of a top. In the more important applications to the jump card trial which we 
shall make of (3.404) and (3.405), fi will be treated as a variable function of S, and also 
of V. 

§ 3.5. The Additional Force Components H, J and K. 

It is now necessary to consider the effect of the additional force components, 
mentioned in §§1.1, 1.12, and denoted by H, J and K. These have so far been 
omitted from the general equations for the sake of simplicity. The couples H and J 
will affect the angular motion of the axis, and the force K will affect the motion of 
the centre of gravity. For algebraic convenience we define new variables h, y, X, by 
the equations 

H = AB?/;, J = ANy sin K = mNvX sin 8, 

where w is the total angular velocity of the axis of the shell. The force components 
may then be represented, in the notation of § 3.1, by the following vectors : — 

H by the vector — AB {[A . A']— (A . 0) A + 0 } ; 

J by the vector ANy (A cos X) ; 

K by the vector mN?’X [A . X]. 



THE AERODYNAMICS OF A SPINNING SHELL. 


835 


To include the effect of these components we add to the right-hand side of (3.105) 
— AB {[A . A']— (a . O) A + 0} + ANy (a cos S—X), 
and to the right right-hand side of (3.11.S) 

NX [A . X]. 

Equations (3.104) and (3.112) (type a) are unaltered. As a result, the following 
additions must be made to the right-hand side of succeeding equations : — 

To (3.202), +ABn'-i- ANy (w— y). 

To (3.203), — ABw' + ANy (w— «). 

To (3.212), — Nx(z— n). 

To (3.213), -N\(w-y). 

As the total efiect of the extra components y and X is certainly small in any 
practical case, we have neglected all terms other than those of the lowest order in S, 
Equations (3.206) (3.215), when modified by the inclusion of these extra terms, become 

(3.501) + + , = ifil* ; 

(3.502) (/f-/Nx),;/c. 

3.51. 77/ Additional 2'erms in Equations of 7'ypes ^ and y. — The additional 
terms in the equations of type /3 can be written down in a similar manner. The 
following additions must be made to the right-hand sides of the equations ; — 

To (3. 302), -f y w cos 5 — h {nl' — ln')/il. 

To (3.303), 4- yn cos S—h {Im' 

To (3.305), -tNXn. 

To (3.306), -NXm. 

The terms in h are negligible, as they are O {hS'/Q’‘) compared with the principal 
terms —nm—ld'y so long as w/ii is not very small. The principal application of these 
equations is to tlie motion of a shell near the vertex of a trajectory at an elevation 
of 70 degrees, where the velocity becomes small while the spin probably remains 
large. Under these circumstances the terms y and X arising from the spin rise in 
importance relatively to the terms w and k representing the ordinary force 
components. The inclusion of the extra terms y and X in these equations is at 
present of no practical importance, as we have no definite information as to their 
value. 

The corresponding terms could be added to equations of type y by the same 

VOL. coxxi. — A. 3 A 
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methods, but the results are of no importance as it is impossible at present to solve 
these equations unless these terms are neglected. 

§ 3.6. The Approximate Solution of Equations of Type a. 

3.61. The Nature of the Solution Required. — The system of equations (3.501), 
(3.502) are linear differential equations with respect to the time of the second order, 
the coefficients being regarded as known functions of the time t. Since these 
functions are in practice empirical and by no means simple, an exact solution is 
impossible. To simplify the discussion we write 

s = A»NV4 Bm. . m/B = 
so that equations (3.501), (3.502) become 

(3.611) £ (,+of)-(ta-A) I (,+«?)- (^-«Ov) , = ic* ; 

(3.612) ('-(/c-tNx) r,/c - 0. 

If the terms in f, h, y be omitted from (3.61 1), and s, N and are assumed constant, 
the equation reduces to that for the small oscillations of a top in the neighbourhood 
of the vertical. 

The coefficient s is the stability factor as defined in § 1.31. In order to be able to 
apply the approximations on which (3.61l) and (3.612) are based, we shall find that 
•it is necessary to assume that the shell is more than just stable, e.g.., s>l*l. 

We proceed to develop an approximate solution of the equations on the assumption 
that Q is large. If we ignore the dimensions of the various terms, and take the 
unit of time as 1 second, then ft is in practice greater than 100 (radians per second), 
all other terms being of the order unity. This is really equivalent to assuming that 
all the ratios /c/ft. A/ft, ... , which are of no dimensions, are small. It will be found 
necessary to assume further that all derivatives with respect to the time are of order 
unity in units of 1 second, e.g.^ that k", s', ft'... , are of order unity. These 
conditions are satisfied in practice. As a result, we can say that k/Q, s'/ft..., are 
small quantities of the first order, and /c'/ft*, 8"/ft*, 0"i/ft*... , are small quantities of 
the second order. For simplicity, we shall throughout ignore dimensions, and denote 
such terms of the first order by 0(l/ft), and terms of the second order by 0(l/ft*).* 
The arithmetical values of the various terms are investigated in detail in § 4.3 below. 

The above facts indicate the lines on which an approximate solution is to be 
sought — ive require the asymptotic expansion of the solution {or its leading terms) 
for large values of the pa/rameter ft. Methods of obtaining such expansions have 

* In practice the spin N, and therefore 12, decreases slightly along the trajectory, but the diminution 
is not sufficient to affect the assumption that 12 is large. 
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been investigated in general terms by Horn and Sohlesinoer.* A method, which 
is slightly different algebraically, is more convenient here ; the asymptotic properties 
of our solutions, however, may be regarded as established by the researches of these 
authors. 

The equations (3.611) and (3.612) are a pair of linear differential equations with 
respect to the time for the two dependent variables tt and f, (3.611) being of the 
second order and (3.612) of the first. There must, therefore, be three independent 
solutions. 

It is convenient to eliminate and from (3.611) by the use of (3.612), the result 
being 

(3.613) {Q^/4s + ii2 (jci—y)— kicYc} >7 

- {iQc'-hc'-c"} C = 


where /ci is written for (/c— *Nx). It is believed that Nx is small, compared with k, 
so that for simplicity the term NX will usually be omitted in subsequent work. The 
term y will however be retained. 

3.62. The Complementary Function. — A first approximation to the three inde- 
pendent complementary functions is obtained, following Horn and Schlesinger, by 
making the substitution, 

»? = 6 i — o f, 

and treating ^ and I as constants in determining 17 ' and f'. We also neglect all but 
the highest order terms in in each equation. The equations then reduce to 

(3.621) (— QV^ + IiV— 0 J 

■ 

(3.622) = 0. 

On eliminating ^ and f, and retaining only the terms of highest order in Q, these 
reduce to 

x' -vlfA^s) = 0, 

a cubic equation for .r' whose three roots correspond to the three independent 

* J. Horn, ‘ Mathematiacho Annalen/ vol. 52, p. 271 and p. 340. L. Schlesinger, tiirf., vol. 63, 
p. 277; ‘Comp. Rend.,^ vol. 142, p. 1031. The investigations of the complementary function given by 
these writers are fairly complete, the asymptotic nature of the expansions being established. The latter 
writer considers a system of n linear diflferential equations. A similar treatment of the complementarj 
function and the particular integral of a special equation is suggested (without proof) by M. dk Sparre 
‘ Atti (Rendiconti) della R. Acc, dei Lincei,' 1898, Ser. V., vol. 72, p. Ill ; this writer was obviously lec 
to the solution he gives by his researches on the motion of spinning projectiles. 

[Note added July 30, 1920. See also G. D. Birkhoff, ‘Trans. Amer. Math. Soc vol. 9, p. 219.] 

3 A 2 
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solutions required. The roots are — 0, or writing, for shortness, 

(T = (l — 1/«)*, the three values of a? are 

ajj = ^ f (1 +(r)c?« ; 1(1— er)<i« ; ar* = 0. 

Jo Jo 

It appears that the first two solutions correspond to the complementary function 
of equation (3.613) with the term in f neglected, so tliat i; is large compared with 
If 5 < 1, o- is imaginary, the motion is unstable and the solution fails. In the third 
solution f is large compared with and a first approximation to it gives a constant 
value to obtained by neglecting the term in t) in equation (3.612). ’ It is convenient 
to obtain the first two solutions independently by a special method. 

We first omit the term in f in equation (3.613) ; it is not required till the second 
approximation. Write the equation, for simplicity, in the form 

(3,623) . = 0, 

whei-e 

A = Q + ih + iK, 

B = H^/AS + iQ (K — y) — Hk — K — Kc'fc, 

Kemove the second terra by substituting 

*1 = ?/exp A 

giving 

(3.6231) l/'+Uy = 0, 
where 

M = H"-B+^iA' 

Substitute y — lie*’*’, so that (3.6231) become.s 

(3.6232) R"± (2iFR'+*P"R) -P'*R + MR = 0. 

We may make P and R satisfy any single relation we choose, e.g., 

2P'R'+P"R = 0, 

giving P' = l/R*,* so that (3.6232) becomes 

(3.6233) R"-1/R»+MR = 0. 

* More generally F a/R^ wbere </ is a constant, but the value of this constant is immaterial, as it 
disappears in the result. 
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This equation may be solved asymptotically, by successive approximation, by 
writing* 

It = Ro ( 1 + Rj + Rj. . . 

where 

R, = O (l/M) = O {l/Q% R, = O (1/12*) .... 


We obtain, in succession, the approximations 


Ro = M-‘. 


verifying the relation R, = 0(l/12“). The order of magnitude of R, in practice will 
be discussed in § 4.32, where it will lie shown to Iw^ negligible.t We therefore take as 
our two standard solutions 



giving, for the complementary functi(»n of (.3.62.3), 

(3.6234) ^ = (I2er)-* {1 +0(l/f2)} + , 

where Kj, Kj are arbitrary constants, and P„ are given by 


P„ P. 



[12 ( 1 + <r) + / {/< + *.' i (^ — «■+ 2y + NyN)/<r}] df. 


This is the form of solution which is used in analysing the jump card experiments, 
and contains all the terms that can be required in practice. 

It is now necessary to examine the effect of the term in f in (3.613), which has so 
far been omitted. The value of obtained from (.3.612), corresponding to the first 
solution for tj, is 

r = (-c/c)(l2a)-*e*^ 


so that, on integrating by parts to obtain the leading terms. 



2k«?i 

■icQ (l +<t) 



* At this point the advantage of our ad hoc method over more general methods is apparent, as we 
obtain in one step a solution with an error 0 whereas the general method requires two steps. 

t We assume that the numerical value of Ri, the next term in the expansion, is a measure of the error 
in the solution caused by omitting all terms after the first. The expansions for iji and y-j are known to 
be asymptotic for large values of 12, so that the error will be some finite multiple of Ki, but the size of the 
numerical factor is unknown. 
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Similarly we have 


C» = 


icil (1 — <r) 



verifying that C is small compared to tf. The contribution of f to equation (3.613) is 
thus 


(3.6235) 


2Kc'ti 

c (l io") 



which is equivalent to an addition to the coefficient of >i of terms which are 0(1/0’) 
compared to the principal term. The solution can be repeated with these terms 
included, but is unaffected to the order to which we are working. We shall take our 
first two standard solutions in tlie form 


(3.624) 

(3.625) 




= /%.)* 
Or/ 






2k»], 


icQ ( 1 + <r) 



t — 2 / 07 ;, 

* ?.cQ(l— O’) 


The differential coefficients of the solutions may be obtained by differentiation of 
these equations. 

For the third solution we have shown that the exponential index is zero to the first 
order, and that a first approximation is given by 

% = f', = 0, Cz = 1. 

The expansions take a somewhat different form, like those for the particular 
integral, and we write 

(3.626 1 ) ,,3 = . . , 

(3.6262) = ^'’>+^>ytQ + (<^V(iS2)^.. . 


Substituting in equations (3.612) and (3.613), we obtain 

= 4sc' = —4.9 sin 0i, 

= 4 r Ksc'dtfc. 

Jo 


The significance of this solution will be considered after the particular integral has 
been discussed. 

Our standard third solution is then 




dt. 


(3.627) 


_ 4sc' 

to; 
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3.63. The Partioylanr Integral. — The question of the particular integral is not 
treated generally by Hobn and Sohlesinger. The former considers shortly a very 
particular case.’"' Their methods can, however, be extended to obtain the results we 
require. 

We assume an expansion for the particular integral 15 , f of the form of 

(3.6261)^(3.6262). This integral can be specified in such a way that initially f = 0 , 
t.e., = ... = 0 , and 1 ;^®^ = 0 . It will then be found to be unique. 

On substituting in equations (3.612) and (3.613), with the right-hand side retained, 
and equating powers of t'Q, we find first that = 0 for all time, and then 

(3.631) = 4s^>, 

The first two terms in the expansions of 9 and ^ take the forms 

(5.632) , = (4<^)+(,-v)4^+o' £ UMth } : 

(8.638) 1 = 

Equations (3.632) and (3.633) will be taken as the standard particular integral. 

Since, moreover, they contain no periodic terms, and the initial value of f is zero and 
those of ^ and ^ very small in practice, it is convenient to take this solution as the 
standard solution of the equations of motion in cases where the initial values of *1 and 
t/ are not exactly known — e.g., in calculating the drift. 

The expansions for rj and f, of which the first two terms are given above, can be 
sliown to be asymptotic, but we cannot take up this question here. The numerical 
accuracy of (3.632) and (3.633) will be considered in § 4.33. 

3.64. The general solution of (3.612) and (3.613) may be put in the form 

(3.641) i; = KiVi-t-Kafla + Ksi/j + i?, 

(3.642) f = Kifi + Kafa + Kafa+f, 

where K,, Kj, K 3 are arbitrary complex constants and ni* ••• > fi» ••• > have the values 
determined in the last section. 

The particular integral »/, f represents the motion in an actual trajectory in which 
f is initially zero, and tj and t{ start with what may be called their equilibrium values, 

which are numerically very small. The solution (Kaija-t^), (Kafa-f^ represents the 
motion, of the same type, in a trajectory whose initial tangent makes an angle 
(determined by Kg) with the initial tangent of the chosen plane trajectory. This can 

* Loe. eit., p. 340. We hope to publish these extensions in another place. 
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be seen from the following considerations. The motion in a slightly different plane 
trajectory would be obtained by omitting all terms in i; from the equations of motion 
of the centre of gravity, and ignoring the equations of angular motion. Equation (3.612) 
then reduces to ^ = 0 ; this represents a trajectory which only differs from a varied 
plane trajectory on account of terms omitted in § 3.21, who.se retention renders the 
equation non-linear. The value of jj;, in (3.627) gives the alteration, through the 
change in direction of projection, of the first term in rj. 

3.65. In the usual practical case, the initial corulitions take the form 

^0 “ 0 , >/„ “ a^ tf Q — 

where a and 6 are arbitrary complex constants. It is desirable in such a case to know 
the degree of importance of the three standard solutions. 

The initial values of the standard solutions (retaining the highest order terms only) 
are as follows : — 

>)i = 1. = ^?i2(l-f-o-), 

>l3 = ^2 = 0 (l/ii), t/s = iiii (l —cr), 

, 3 = 0 ( 1 / 11 ), ^ 2 = 1 , ,'3 = 0 ( 1 / 12 ), 

^ = 0 ( 1 / 12 ), ^= 0 , ^' = 0 ( 1 / 12 ). 

The constants K,, Ka, K3 are determined by the equations 

K,,i + K2,a-i-K3,3-f-:7 = a, 

Kj,! +K.2,3'-f-K3,;t'-+-^' = 612, 

(3.6501) + 

Betaining only the highest order terms the.se reduce to 

(3.651) K,-fKa = a, 

(3.652) ^i(l-f<r)K,-fJ*'(l-cr)K2 = 6, 

(3.653) K3-hO(l/Q) = 0. 

It follows at once that K3,3 is completely negligible compared to K),, and Kgva, and 
that in investigating , we may ignore the third solution (and the particular integral) 
altogether. On the other hand, the contributions of all the solutions to f are of the 
same order of importance. We shall therefore take as the solution satisfying the 
most general initial conditions — 

(3.654) 


, = K,,.-hKj,2, 
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where Kj and Kj are determined by (3.651) and (3.652), and 

(3.655) f + ^^Kridtjc, 

where by (3.6501), 

(3.656) K3= -K.(a-K,(f,)„. 


. § 3.7. The Solution of Equations of Type y. 

The equations of type /3 are only soluble numerically by step-by-step integration, 
and will not be considered here, but the equations of type y (§ 3.4) reduce, when fi is 
constant and damping effects are neglected, to the equations of a spinning top, and it 
is convenient to summarize here their solution, in terms of elliptic functions, in the 
form which is most suitable for our purposes. We shall only consider the initial 
conditions 5 = 0, = hQ ; this is the rosette form of motion (§ 1.3) and is usually a 

good approximation to the truci motion in its earliest stage. In this case we obtain 
from (3.404) and (3.405) 

(3.701) ^' = «/(!-!- cos <1), 

(3.702) sin* sin* fS-t- i^* (l — cos t^)* — (f2*/2s) ( 1 — cos i5) sin *«5 = 0. 


If we take Qt as independent variable, the motion depends only on two parameters, 
h and s. The solution of (3.702) is given by 

(3.703) sin = sin ^ot cn (K— \S22, k), 


where a, and k are given by the formulm 

(3.7041) a/s = cos cosh ^c, 

(3.7042) b — tan tanh 

(3.7043) tan e = sin ^a/sinh |c, 

(3.7044) X = (sin ^ajl'Zkx/s, 


(k = sin e), 


and K is the complete elliptic integral of the first kind to modulus k. Thus the yaw 
oscillates between the values 0 and a, and the value of the period T — the interval 
between successive zeros — is given by 

(3.705) S2T = 2K/X. 

The curve of yaw, S, plotted against iit is initially concave (convex) upwards, 
when s < 1 (> i). This corresponds to the case of instability (stability) for small 
oscillations. 

3 B 


VOL. COXXI. A. 
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In the practical analysis of the results of rounds whose stability factor is less than 
or near 1 , it is convenient to use graphical methods. If the observed yaw is plotted 
against Qt, it is easy to read off the observed values of a, the maximum yaw, and 
QT, the period. A chart was therefore constructed with suitable families of ctirves, 
according to (3.704l)-(3.7044), from which, when i7T and a are known, a, &, c, and h 
can be read off directly. 


Part IV. — Analysis of the Experimental Results. 

§ 4.0. Equations of Motion in Polar Co-ordinates. 

The theoretical results of Part III. will now be applied to the analysis of the 
observations described in Pari II., which consist of determinations of yaw and 
orientation of yaw 0, for a shell fired horizontally over a range of about 600 feet. 
When the stability factor is greater than about 1*1, the maximum yaw for the 
corresponding round never exceeds 7 degrees, and it is then possible to make use of 
the complementary function solution of equations of type a as given in § 3.6. These 
rounds give more valuable information than those which are less stable. 

We treat certain of the force coefficients as constants over the range of the 
experiments, and verify that the results of the theory agree with experiment when 
certain values are given to the force coefficients. In particular the spin is treated 
as constant. The way in which the coefficients vary with the velocity is determined 
mainly by firing shells with various muzzle velocities. Tlie final results have been 
already described in § 1.2 above. 

The experunents determine the values, at definite time intervals along the range 
(§ 2.0), of the angle of yaw and the angle <p turned through by the line in which 
the plane of yaw meets the cards. The measured value of <f) is zero, wlien this line 
is vertical and increases from 0 to 2ir radians in the direction in which the 
shell is spinning. It is, of course, ambiguous by an integral multiple of 2-k. Except 
where specially stated the yaw ^ is assumed to be an essentially positive quantity. 
When OA passes through the position OP, the yaw vanishes; the value of ^ 
will change discontinuously by an amount ±-7r, and d^fdt will change its sign 
discontinuously. 

It is convenient in Part IV. to express the solution of the equations of motion of 
type a in terms of the co-ordinates 8 and The exact relations between the 
measured 8 and <j> and the direction cosines (^, w, n) and ( 2 c, y, z) of § 3.2 are 


cos 8 = lx-\-my+nz. 
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where 9i is the inclination to the liorizontal of the tangent to the plane trajectory. 
Since 01 < l|- degrees, we naay replace the latter by 

tan </> — {nx—h)l{mx—ly). 

Since is defined by the equation 

^ = {m-p)+i(n-z), 

we obtain, when S is sufiiciently small, 

t] = sin ; 

this expression neglects terms of the second order compared to those retained. It is 
an adequate approximation provided S <.7 degrees. 

The general solution for the equations of type a, given in § 3.65, equations (3.654) 
and (3.6234), is* 

(4.01) , = (Kie^' + K/'O.t 

if we ignore, as we may, the particular integral and the third solution. We shall 


write 




= Pi + {qi+Pj + iq»> 

Then 

^2= Pi + iqi - {P2 + * Ya)- 

(4.011) 

jPi — ■J’ 1 dt — ^^2^) P 2 — i 

Jo J 

1 Qcrdt, 

(4.012) 

qi = {h + K)dt, 5'3 = il 

Jo 

r {h'-’K-}‘2y) dtjcr, 

h) 

and = 1 — 1) 

time <. 

h. We observe that px, pj, q^, q-^ are all nearly proportional to the 


The general .solution (equation (4.01)) contains two complex ai'bitrary constants or 
four real constants. By a suitable choice of origin for t and </> these may be reduced 
to two. If the time ^ = 0 corresponds to a minimum of and the value ^ = 0, 
equation (4.01) may be written 

(4.02) »? = J (cTo/o-)* {cos jOa sinh {j—q^ +i sin cosh 

* Treating N and fl as constant, i.e., neglecting the spin reducing couple F. 

t Equation (4.01) reduces approximately to the form rj = K<, when s = 1, and to the form 
y = (o-q/o-)* + K 2 e'^}, when s < 1, and the shell unstable, the principal parts of <f>i, being real and 

positive. The solution then fails completely as an approximation to the actual motion except over a small 
part of the first period. As .< approaches the value unity from above, the errors from this cause will begin 
to increase, but the magnitude of these errors can only be estimated by comparison with the solution of 
equations of typo y, see § 4.3 below. 


3 B 2 
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where J and j are new arbitrary constants ; of these j is small if | «; | is small at 
t = 0.* The motion is a combination of the following components : — 

(1) A uniform rotation al)out the origin, represented by the term e**". 

(2) A damping of the amplitude, represented by (<ro/«r)* 

(3) An oscillation of period determined by whose phase is continually changed 
by the factor {j—qi)- The values of S and ^ are given by the equations 

(4. 031) d* = ((To/o-) c"**' { cosh 2{j—q^)— cos 2p .^ , 

(4.032) <j> = ^,,+Pt + arc tan {coth {j —q.^ tan 

So long as {j—q-j) does not change sign, the average rate of increase of </> over any 
number of complete periods is ( p\ ± jo'a). 

Let a and be the successive maximum jind minimum values of S (assumed positive). 
In determining the values of a, /3, atid the corresponding values of t, it is legitimate 
to neglect the changes of and a-, which are very small in a single period jpj. 

The maxima and minima are then given by putting cos 2^2 equal to —1 and +1 
respectively in (4.031). Writing 

(4.041) a, = J (flr„/<r)* e-»' cosh {j-qt), 

(4.042) A = J (o-o/o-)^ «inh {j-q-X 
so that a„ /?! are defined for all values of t, we have 


Pi(T.) = i(2n + l)T, 

(9 = lft(T'.)|, 


(4.051) « = a,(T.), 
for values of T„ given by 

(4.052) 

(4.053) 
for values of T'„ given by 

(4.054) p,(T;) = nx. 
An alternative expression for ^ is then 

(4.06) 


- <p0 +P\ + tan tan • 


* The curves of S against f appear to have a minimum very near the muzzle of the gim in all rounds 
fired, but it will be seen that, in analysing the results, it is not necessary to assume any definite origin for 
t or </). 

t Here arc tan (A tan x) is determined in such a way that it changes continuously as x increases 
indefinitely. 
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The curves of fig. 11 were calculated from formula (4.06), assuming a, and 
constant, and pj, p, proportional to t. They show the type of curve on which the 
observed values of ^ may be expected to lie. 



§4.1. Analysis of the Experimental Results. 

It is now necessary to make use of these results to analyse the experiments. The 
analysis was carried out by graphical methods. The observed values of ^ and ^ were 
plotted on separate diagrams, examples of which are shown in fig. 12, against the 
abscissa Qt, Q being determined from the muzzle velocity and the observed moments 
of inertia. The constant factor 12 was inserted to make the independent variable of 
zero dimensions ; the values of the variable 12^, at given distances down the range, 
are also independent of small changes in the muzzle velocity. The observed values 
of ^ are sufficient to give a good determination of curves showing the relation 
between ^ and S2^, except in the neighbourhood of the minima )8, where rapid changes 
of curvat\ire occur when ^ is small.* These curves give approximate values of the 
periods from minimum to minim\im, and also the best determination available of the 
values and times of occurrence T, of the maxima a. By drawing smooth (non- 
periodic) curves through the values of a we determine a, as a function of ^2^. 

* When p is small it may be convenient, in a preliminary plot, to change the sign of 8 in each alternate 
period, so as to obtain smooth curves with 8 passing through zero periodically. 
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In drawing curves for ^ against Qt it is necessary to resolve the ambiguities of 
amount 2nT as follows: — Equation (4.06), or fig. 11, shows that ^ increases by 


Fig. 12a. Jump card trial, January and February^ 1919. 

3-in. 20-cwt. gun with 16-lb. H.E. shell, Mark IIb. 

Shell, type I. Empty, and fitted with No. 80 fuze. 

The lower curves show the observed values of the yaw (S) on the 
scale 1 unit = 5* yaw, and the upper curves show the observed 
values of the orientation of the yaw (</>) on the scale 1 unit = 600“. 

Along the base are shown the values of 12/ in radians, on the scale 
1 unit = 10 radians, where / is the calculated time to each screen 
and 12 = AN/B, N being the axial spin of the shell in radians per 
second, and A, B being the axial and transverse moments of inertia 
i espectively. The slope of the broken lines in the upper diagrams 
corresponds to the ratio </)/12 = 

Tlioso parts of the curves which are not determined by the obser- 
vations are also shown by broken lines. 

These diagrams show a typical example with each muzzle velocity 
used during the trial. 


Gun rifled 







Gun rifled Vi 


~o*tarLs. 











ro; strvTpvj 
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multiples of t, which are alternatively cxld and oven in snecessive periods of S, the 
points can be fitted roughly to a straight line of constant slope. All the points will 
lie fairly well on this straight line, except those in the immediate neighbourhood of 



the minima of S. By producing this straight line backwards we can determine the 
initial value of The slope of the straight line determines an independent value 
of which is equal to the value deduced from the muzzle velocity if the slope 
is 0-5. 
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In practice the values of Q, obtained by the two methods, were in satisfactory 
agreement, except for the shells with centre of gravity forward, whose dynamical 
constants were considerably altered by the set back of the lead block on firing. For 
these shells the slope of the observed ^-curve was taken as defining Q. The value of 
B after firing was deduced from this value, and the position of the centre of gravity 
was determined by equations (2.21) and (2.22). 

The curve showing the true relation of ^ to Qt must pass through the true values 
of which differ from the observed values only by integral multiples of 27r. It 
remains doubtful whether the value of ^ increases or decreases by the amount ir 
radians in passing through a minimum of <?, in addition to its steady increase at rate 
•^Q. This question is settled by the divergence of points near the minimum of S 
from the sti'aight line of fig. 11 ; thus, if the points lie above the straight line in 
approaching a minimum, there will be an increase of amount ir, and vice versd. In 
this way a continuous curve may be drawn which is consistent with the equation 
(4.06). Specimens of the curves obtained in the analysis of the actual obseiwations 
are shown in fig. 12. The portions of the curves in the neighbourhood of the 
ma.xima will then coincide approximately with a series of parallel straight lines at 
distances apart of ir radians. The method can only fail in one case when none of the 
points diverge appreciably from the straight line of fig. 11. This indicates that the 
value of the minimum ^ is indistinguishable from zero, while the value of (j> changes 
almost discontinuously by ±Tr at the time of the minimum. It is then immaterial 
whether the change is taken to be positive or negative.* 

The observed values of <f> in the neighbourhood of the minimum also yield 
information as to the value of /3i/ai and the instant at which the minimum occurs. 
Let P be any observed point on a ^-curve which diverges measurably from the 
nearest straight portion of the 0-curve ; lying above it by A degrees. Let be the 
time of occurrence of the nearest minimum, and the change in p^ between the 
minimum and P. Then, by (4,06), 


(4.101) 


cot A = 




If, in this equation. A, Sp^, and {t^ are regarded as known, we can at once 
obtain a value of /?. By adjusting the value of we attempt to reconcile the one or 
more values of obtained in this manner and also the value demanded by the 
^-curve. By combining all the available evidence in this manner, remembering that 
the ^-curve is nearly symmetrical about a minimum, and the 0-curve at the same 
time halfway between two straight portions, we can draw fairly precise final curves, 

* The rapid changes or discontinuities in the values of 0 and which occur when S is very small or 
sero, are due to the singularity which occurs at the origin of polar co-ordinates. The motion of the shell 
is, of coursot in all eases continuous. 
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obtaining values of and the times of occurrence of the minima with some 

accuracy. Such curves are shown in fig. 12. 

The following quantities have now been determined from the observations, viz. : 
the (assumed constant) value of Q, the times T\, T'j, &c., of the occurrence of the 
minima of S (those are more accurately determined than the times of the maxima), 
and the values of aj {t) and /8, {t) over the range of the experiments. These values 
are given in Table V. 

4.11. Derivation of the Various Force Components. — It remains to derive the 
values of the various force components. By equations (4.054), (4.011) 


(4.111) 





Qerdt = 2x, 


giving, as a sufficient approximation, 

(4.112) flo- = 2v/T (T = T'„-1V,), 


(4.113) 

(4.114) 


, ^ __1 

1-(2x/QT)»’ 

f (l\ = 

** \a/ 4Bs/ov*»^ ’ 


where <r, s, and v correspond to the time i^(T'„+T',_,). T is therefore the time 
between successive minima of S. The values of $ and fa obtained in this manner, or, 
in a similar way, taking an average over several periods, with the corresponding 
values of ju and v/a, are given in Table VI.,* and provide the data on which figs. 4 and 5 
and Table I. were constructed. 

By comparing the values of fa for shells of form A, with three different positions 
of the centre of gravity, the values of f[^ were deduced by the formulae of § 1.13. 
This deduction was done graphically as shown in fig. 13. According to § 1.13 the 
relation between fa and I, the distance of the centre of gravity from the base 
of the shell, should be linear. Fig. 13 shows that all the observed points lie 
on straight lines within the limits of error of the observations. The slope of each 
line determines the value of fi, The values of /i, are shown plotted against vfa in 
fig. 4. 


* For the rounds fired from the gun rifled 1 in 30 the time of the first minimum near the muzzle is, 
in genera], badly determined, and the first period is therefore omitted in determining a mean value for s. 
For the rounds fired from the gun rifled 1 in 40 the time of the first minimum can be determined with 
fair accuracy by extrapolation. 

VOL. CCXXI. — A. 3 C 
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Fig. 1 3, The determination of the coefficient of the force acting normal to the shell. 

The plotted points show the observed values of the couple coefficient plotted against the distance of 
the centre of gravity from the base. 

The slopps of tKe lines drawn determine the coefficient of the normal force. 

The numbers against the points for the Type II. shells give the number of observations whose mean 
is represented by the plotted point. 

4.12, The Damping Factors. — It now only remains to derive as much information 
as possible as to the damping factors k, h, and y from the observed values of cti and 
/?,. The factor k is known in terms of the value of since, by § 3.1, 

(4.121) K = pvt^fjm. 

Squaring and subtracting equations (4.041 ) and (4.042), we obtain 

= <r(a,>-A0, 

q, = -ilog {<r(a,*-j8,®)f + const., 

(4.122) h+K = [log { ~ ^ ■ 

In this formula, as well as in those which follow, k, h, and y may be treated as 
sensibly constant over the whole range of one experiment. On dividing (4.041) by 
(4,042), we obtain 


(4.123) 


tanh ij-qi) = 
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Since j and g, are both small over the range of the experiments, the formula 
becomes 


(4.124) 


K — K + 2y = 


-1 

{tf ^l) Jtl_t\ 


The three equations (4.121), (4.122), (4.124) for /c, A, and 2y are in theory 
sufficient to determine their values completely. It may he noted again that 2y is 
probably negligible and A— /c+2y is always positive, so that g, continually increases 
with the time, and j8i/ai continually decreases. The constant j is always very 
small, hut may he positive or negative. If it is positive, /Sj is initially positive, 
giving the larger average rate of increase of which changes to the smaller rate of 
increase when j8i becomes negative. If j is negative, <j> increases at the slower rate 
from the beginning. Exactly the opposite results would be obtained if A— ic+2y 
were negative. The values of h+K and A— K + 2y, obtained in this manner, are 
given in Table VII. 

In order to illustrate the actual path traced out by the axis of thes shell, it is 
necessary to plot 5 and <p as polar co-ordinates. This is done for three rounds in 
fig. 14. The resulting curves are roughly equivalent to the path of a point on the 
axis of the shell relative to the centre of gravity. They illustrate the decrease of aj, 
the algebraic decrease of /8j, and the tendency to change from quick to slow precession 
and to settle down to a steady slow precession. 

The process described above was evolved gradually during the work of analysing 
the results, so that a number of observations were analysed befoi’e it was fully 
developed. It Is probable that if the calculations were to be repeated ah initio a 
number of periods and minima of would be slightly altered, but it is unlikely that 
any serious systematic errors remain. 

4.13. Details of 'I'ahles V. to VII. — The information contained in the Genera] 
Table of Results, Table V., has been compiled by analysis of the original standard 
diagrams. As first constructed these were drawn with the time t as abscissa and not 
Qt as in fig. 12. It contains practically all the information of importance provided 
by the more stable sliells. In tlie unstable ciises, a number of which occurred during the 
trial (see for example fig. 12), a detailed study of the whole yaw curve is required 
which will not be undertaken in this paper. 

Column 5 gives the values of the periods of the yaw curve in units of jo^o second. 
The periods are read off from positions of the minima and sometimes of the maxima. 
They are entered to the nearest ^ second. They are in doubt by more than this 
quantity in many cases, but mainly in the case of the longer periods, in which small 
errors are of less importance. 

Column 6 gives the values of the maxima of the yaw in degrees and decimals to one 
place of decimals. These values are read straight from the curves and represent 
roughly the accuracy to which the maxima are in most cases determined by the 
observations. 


3 o 2 
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Column 7 gives two entries. The i^t is the value of QT for each round, where T 
is the mean value of the observed period and Q corresponds to the observed value of 
the steady rate of increase of ^ from column 4. 

The second entry in column 7 is the velocity of the shell at the middle point of the 
range of periods whose mean value T is used to determine QT. The stability factor 
determined by QT is taken to correspond to this velocity. Finally, in column 8, the 
values of ^^{t) are given with their proper sign as determined incidentally in the 
determination of their times of occurrence (§4.11). 

The effect of the cards on the observed value of the i)eriod and on s, is ignored in 
Tables V. and VI. The results obtained here are corrected for this effect, as far as 
possible, before use in Table I. The information given in Table VI. is deduced 
directly from Table V. by the equations of §4.11. In certain cases where the yaw 
was large it was checked by use of the chart of § 3.7. 

The total percentage spread of the values of s (or fi) in the group is in most cases 
satisfactorily small. The value of 6 • 7 per cent, for the high velocity group of type I. 
shells is probably partly due to the fact that the fuzes of shells 1 to 4 were slightly 
damaged before firing in forcing the shells into the cartridge cases. 

At a velocity of 1580 f.s. results were obtained with guns of both twists of rifling. 
The couple deduced from the re.sults for the gun rifled one turn in 40 calibres is, in the 
cases of shells of types I. and III., slightly smaller than that deduced from the other 
gun. This is to be expected as the stability in this case is nearly critical and the 
maxima are rather large (one maximum is as much as 13 degrees for a type I. shell). 
The solution of § 3.6 can hardly be expected to apply. The next term in the expression 
for n of the form sin* <5 may be expected to be becoming appreciable here ; apparently 
its sign is such that it will tend to diminish the observed value of /x, in agreement 
with wind channel observations (fig. 2). For the shells of type II. the maxima of 
the yaw are small in both guns and the results are in agreement. 

No perceptible dependence of s on the maximum yaw among the rounds of any 
one group has been detected in these tables. 

The agreement between the results for the two guns at this velocity, and between 
rounds with different maxima of the yaw, is therefore a satisfactory confirmation of 
the theory. 

The values of and h—K-^‘^y, deduced from the observations as explained in 
§4.12, are given in T^Ible VTI. Of these, the former is more reliable as it does not 
depend on {t) which is difficult to determine. The actual values vary considerably 
from round to round, and only mean values for each group are sliown. The results 
are therefore very rough, but they indicate qualitatively the nature of the damping, 
which may also be studied in figs. 12 and 14. For example, in fig. 14c, the motion 
starts with {t) positive, so that the loop encloses the origirt, 0, or point of zero yaw. 
But since /c+2y>0, diminishes and has become negative by the second 

minimum, the loop failing to reach 0. As {t) diminishes further, the loop shrinks to a 
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cusp at the fourth minimum, and the motion soon becomes indistinguishable from 
a precession at the slower rate. In the meantime, the maximum yaw % (t) decreases 
steadily. 



Fig. 14a. Path of nose of shell. Bound 1.21. 

Path described, relative to the centre of gravity, by a point on the axis of the shell in front of the 
centre of gravity, shown on an enlarged scale. 

The total time taken from O to K is 0'2572 second. On the scale iised, 1 cm. distance from 0 
represents 1° yaw (very nearly), and corresponds to a littear displacement of O’ 118 inch for the nose 
of the shell from the line of motion of the centre of gravity. 


The numerical results for the damping must be affected to some degree by the 
impacts on the cards, but the available data are not good enough for corrections to 
be worth making. There is, moreover, the curious phenomenon of an increasing 
maximum yaw shown by the rounds at 900 f.s. to be accounted for. 

The value of k is known from equation (4.121) and the values of in Table L, so 
that the damping results determine h and h+2y or, more accurately, A + 2y— F 
(§ 3.62). It at once appears that 2y— F is negative and of much the same order as h. 
This is somewhat unexpected. Of course F (or — N'/N) is positive, but it is hardly 
likely that its numerical value is much larger than 0*03. It is natural to expect 
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y to be small and positive,* which does not fit in with the observations. Further 
experiments would be needed to throw light on all these points. 



Path described, relative to the centre of gravity, by a point on the axis of the shell in front of the 
centre of gravity, shown on an enlarged scale. 

The total time taken from O to K is 0 • 3647 second; On the scale used, 2 cm. distance from O 
represents 1® yaw (very nearly), and corresponds to a linear displacement of O' 128 inch for the nose 
of the shell from the line of motion of the centre of gravity. 

In the fourth column what appeax-s to be the most probable value of h is given ; 
the values of in Table 11. are based on these figures and obtained by the equation 
(see §§ 3.5 and 1.12) 

^ AB 

j _ - . 

pvr* 

* The coefBcierjt y cornea from the swerving couple J (§1.12). This couple will only arise if the 
swerving force K does not act through the centre of gravity. Since the air pressures are greater near the 
nose than near the base, we may expect K to act in front of the centre of gravity. By analogy with the 
connection between the direction of rotation and the direction of the resulting swerve on ^ golf or tennis 
baU at low velocities, we may expect K to act along the axis of M reversed in fig. 9, for a right-handed 
twist of rifling. This would result in a positive value for y. 
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The figures in Table VII. were obtained from the sufficiently stable rounds fired 
from either gun. In the one comparative pair of groups available the results for the 
two different stability factors and values of Q were in agi’eement. 



Fig. 14c. Path of no 80 of shell. RoundIV.15. 

Path described, relative to the centre of gravity, by a point on the axis of the shell in front of the 
centre of gravity, shown on an enlarged scale. 

The total time taken from O to K is O' 5502 second. On the scale used, 2 cm. distance from 0 
represents 1° yaw (very nearly), and corresponds to a linear displacement of O' 143 inch for the nose 
of the shell from the line of motion of the centre of gravity. 

Note that the first loop encloses O, corresponding to the “ stepped up ” motion in <^. Subsequent 
loops do not, as the motion in <f) has changed to the stepped down ” motion. (See fig. 12.) 

§ 4.2. Determination of the Motion of the Shell in Space. 

We now proceed to make use of the results of the experiments to determine the 
true path of the centre of gravity of a shell projected in a given manner. The 
solution of the equations of type a is sufficient for this purpose so long as the yaw 
does not exceed 0*1 radian ; the values of fi^, fy^, f^, &c., which we have obtained, 
are sufficient to determine the motion completely in this case. Assuming that the 
maximum yaw due to the initial disturbances is less than 0*1 radian in the first 
period, it will remain so throughout the trajectory; the yaw arising from the 
particular integral will not exceed 0* 1 radian until the velocity has fallen considerably 
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below 700 feet per second. Hence, when the yaw exceeds 0*1 radian, the wind 
channel values for the various force components as shown in fig. 2 can be used ; it 
will, however, be necessary to abandon the above method of solution and proceed by 
the step-by-step integration of the equations of type /8. 

Throughout the following work all numerical results will be based on a set of plane 
trajectories of a 16-lb. shell, of external form A, fired at a muzzle velocity of 2000 f.s., 
calculated by the ordinary ballistic methods.* The various elements of the trajec- 
tories at elevations of 30 degrees and 50 degrees and a list of constants for the 
service shell, to which the calculations apply, are given in Table VIIIa. 

From the value of f for the general solution, as given in § 3.65, we can deduce the 
true path of the centre of gravity in terms of the tabulated elements of the plane 
trajectory. Let (Xi, Y,, O) be the co-ordinates of the shell in the plane trajectory at 
time i, and (X, Y, Z) the corresponding co-ordinates 4n the true (twisted) trajectory. 
The direction cosines of the tangents to the two trajectories are (X'j/i>i, Y'Jvi, O), or 
(cos diy sin (9„ O) and X'/v, Y'/v, Z'/v, so that, to the usual order of approximation, 

(4.201) cf = (Y'-Y'i) (cos 0,)M- (X'-X'i) (sin 0,)M + *Z'M 

= {W+iZ')/v„ 

say, while the condition -u = Vj gives 

(4.202) (X'— X'l) cos Oj-I- (Y'— Y'l) sin Oj = 0. 

It is convenient to separate the parts of the sohition arising from the comple- 
mentary function and the particular integral. To determine the latter, we use 
equations (3.632), (3.633), and (4.201), obtaining 

Z' ^ ^ f‘ -4sKe/dt 
Vi Ji) cQ 

= Cyfr, 

say, neglecting the terms iff'ifil in (see § 3.20). This equation defines 
Therefore 

(4.204) ^ ~ r 

where yfr may be written (since = g/vi) 

p y-- ,<»;/“) * . 

* Jo nVi mr Jo Jii{vla) v* 

To the same approximation (X'— X'i)/t>j and (Y'— Y',)/vi are O (l/O*), so that 
(Xi— X) and (Yi— Y) are small compared to Z, so long as the approximations hold. 
The above result is identical in form with the “ classical ” formula of Mayevski, 

* Trajectories were calculated with the ballistic coefficient 1*76. 
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freed from the unnecessary restriction that fjjfu and N should he constants.'* We 
have thus justified the use of the plane trajectory as an approximation to the true 
motion. The leading terms in (X— Xj) and (Y— Y,) can he calculated if required. 

The effect on the motion of a change in initial conditions is obtained from the 
complementary function. Equation (3.655) gives the value of f corresponding to the 
general initial conditions Co = 0, = a, ri\ = 6Q, where a and h may he complex. 
Substituting in equation (4.201) the part of C arising from the complementary 
function, it appears that H+tZ is made up of three parts ; — 

(a) A periodic term 


(6) A term 


Hj + iZj — 


12* V(l+^)^ (l-«r)V‘ 


Hj + iZa — {Kj (fi)() + Kj (fa)Ql' J C'Mjfgdi, 


which is the effect of a variation in the direction of projection, as mentioned in 
§ 3.64. 

(c) A constant term Ha+iZj equal to the initial value of H, + tZi with its sign 
changed. 

4.21. Numerical Results as to Motion of Centre of Gravity . — The only data as 
to the forces on the shell required for the calculation of the drift are the value of 
thlfu as a function of v/a. This is derived from the results of the jump card 
experiments for v/a >0*7, and from wind channel experiments for v/a <0*7, and is 
shown plotted in fig. 15. 



* Prescott obtains a solution of the equations of motion in the form of a series of which the first term 
is also equivalent to Maybvski’s formula. (See Introduction, p. 296.) 
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As the value of the couple F is only known to be small, it is necessary to assume 
that N is constant. The principal steps in the calculation of the drift Z, by means 
of (4.203) and (4,204), for the trajectories at 30 degrees and 50 degrees, are given in 
Table VIIIb. for the gun rifled 1 turn in 30 diameters of the bore. For a different 
rifling the drift (N constant) is proportional to N. 

It is only necessary to estimate roughly the effect of the complementary function 
on the motion of the shell since the total effect is always fairly small. The periodic 
term Hi + ?Zi is obviously smaller than 4/cJ>ia,/Q®( I —ir)^ in absolute value,’ where 
is defined as in §4.0, equation (4.041). The initial value of the coefficient of a, is 
1*25 feet for the gun rifled 1 turn in 30 diameters of the bore; both aj and its 
coefficient diminish rapidly. Taking ai = 0*1 radian as an extreme case, 

I Hi +tZi I < I • 5 inches. 

The actual value in practice is probably always <0*5 inch, which is small. It 
explains why no evidence of helical motion was obtained in the jump card experi- 
ments. .The constant value of \l{^+iZa\ is equal to the initial value of |Hi + tZi| 
and is also negligible. There remains only the term HyfiZj. This is equivalent to 
an angular deviation of |K, (c^,)o + K 3 (c^ 2 )ol > ^hich is less than 2/fa,/Q (l— o-). The 
coefficient of a, for the gun rifled 1 turn in 30 diameters of the bore is 1*8 x 10“®, so 
that for a value of aj of OT radian the angular deviation is of the order 0° 6'. This 
is of the same order of magnitude as the angular jump likely to be due to changes of 
form and position in the gun and mounting under firing stresses. When it varies 
from round to round in magnitude and direction, it will account for an irregularity 
of the corresponding amount in the observed positions of the shells at any time. 
When, as may sometimes be the case, it I'emains fairly constant from round to round, 
it will cause 8yst(5matic errors in the position of the shell at any time. It is probable 
that anomalous vahies of the drift, sometimes observed at short times, are due to this 
cause. Practical results, however, more often fully justify the use of the particular 
integral alone to give a mean value of the drift when the initial disturbance is only 
known to be small. 

The results of the above calculations of drift will now be compared with observa- 
tions of the Z co-ordinates of the bursts of shells, fired at Portsmouth, at corresponding 
elevations, in February and April, 1918. For this purpose use is made of the azimuth 
of the shell burst Z/X ; the quantity A = Z/Xi is tabulated, since its value varies 
slowly along the trajectory (Table IX.), The agreement between observation and 
calculation is as good as could be expected, in view of the uncertainty in the wind 
effects, and provides important evidence as to the correctness of the whole theory. 

4.22. The Damping of the Angular Oscillations and the Effect on the Head 
Resistance . — We have now obtained the complete motion of the centre of gravity of 
the shell by use of the equations of type a for the two standard trajectories ; we 
have, in so doing, assumed that the velocity of the shell is the same in the plane and 
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true trajectories ; we must now examine more closely the possible effect on the 
drag of the angular oscillations and their rate of damping, by means of the values of 
h and K obtained above. From equations (4.031) and (4.032) it appears that for 
sufficiently large values of t, S and <ft are given approximately by the equations 

. ^ i J (<ro/<r)* 

0 = ^o+(Pi-Pa). 

SO that the shell settles down to a steady precession with the slower processional 
angular velocity, tlie. yaw gradually diminishing in proportion to the factor 
((ro/o-)*e~‘*'‘“®*\ This quantity is tabulated in column 9, Table Vllln., oti the assump- 
tion that y = 0 and h = 3/c. The damping is actually more rapid than is indicated 
by this approximation. 

The question of the rate of damping of the initial oscillations of a shell is of 
importance on account of its effect on the drag R, for the effect, tlioiigh it may be 
small, will be cumulative, since it tends always to increase R. If it is assumed that 
the effect on. R is given by* . ^ 

(4.221) R = Ro(l+l'«l‘'), 

where Rq is a function of v and ^ is a constant, it is possible to obtain an approximate 
formula fot the total change in velocity produced on the assumption tliat the time 
taken to damp out the oscillations is relatively small. We have 

(4.222) -Ai)= - f (R-Ro)d<, 

m Jo 

=!^rs»dt. 

m Jo 

Using (4.031), and integrating on the assumption that <r is constant, qi, q^, and p 
proportional to t, and j zero, we obtain 

(4.223) —Av — f e"^’''(co8h 2^^— cos 2 ^ 2 ) df, 

2771 Jo 

_ ^%PR„< r,|^(//o + / c„) ^ 

2m {<ro‘*(/<o + 'fo)‘*'“ (^'o~*'u + 2yu)‘*} 

At present we have no information as to the vahie of k except at low velocities, 
while J varies from round to round so that no numerical results can be given. It 
seems likely that this is a cause of irregularities in range in practice of first class 
importance. The yaw arising from the particular integral will also tend to increase 
the resistance, but the effect is of less importance in a low angle trajectory. 

* By symmetry, there can be no odd powers of 8 in R. 

n 9. 
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4.23. The Exact Motion in a High Angle Trajectory, — It will be shown in the 
next section that, for a trajectory of much higher elevation than 50 degrees, the 
approximations for the particular integral break down, and the equations of type a, 
are not applicable to the later stages of the trajectory when the velocity has fallen 
much below 500 f.s. These later stages occur after the initial oscillations have been 
damped out, and are suitable for the use of equations of type These equations 
can be integrated step-by-step on the basis of the wind channel values of R, L, and 
M (fig. 2), which apply to velocities up to 700 f.s. The process is analogous to the 
usual method of calculating a plane trajectory, but rather more laborious, and has 
been carried out in one case only for a 3-inch 12|^-lb. shell fired at 70 degrees with a 
muzzle velocity of 2450 f s. At 40 seconds the yaw has reached the large value of 
60 degrees and is still increasing. This is partly due to the large initial value of the 
stability factor (about 4*0) indicating that the spin is unnecessarily large for this 
shell. The results of comparing the drift with observation were again fairly 
satisfactory in this case ; but details of these results cannot be given here. 

§ 4.3. Estimate of the Errors m the Various Solutions. 

In the development of the various solutions of the equations of motion in Part III., 
it was found necessary to neglect certain terms. We shall now proceed to examine 
these terms in succession, and to determine, as far as possible, their numerical values, 
using the values of the various force components obtained from our experiments. By 
so doing we shall justify the use of the solutions by showing that the terms neglected 
are all very small over the range covered by the jump card experiments. In the 
applications to the later parts of a trajectory, the solutions break down in certain 
cases, and an examination of the error terms enables us to define the circumstances 
under which the solutions are valid. We proceed to examine the various terms. It 
is necessary as a rule to distinguish the terms neglected in obtaining the comple- 
mentary function from the terms neglected in obtaining the particular integral. 

In the complementary function, m, n, y, z are periodic functions of the time with 
periods comparable with Q. For the solution to be applicable we have to assume 
that S is always small (say <1<0-1 radian). Then m, n, y, z are all small quantities 
comparable with and m'ji'l, m'jiT, &c., are also comparable with S, while (l—/), IjQ, 
V'!^, &c„ are of the order of In neglecting terms independent of from the 
equations (3.202), (3,203), we are guided by the condition that all terms neglected 
should be of the order of compared with those retained. As regards the terms 
containing or 6"j, it appears that the maximum value of O'l/Q in the 50 degrees 
trajectory (for rifling 1 in 30) is 30 x 10"‘, its initial value being 5x 10~®. Hence all 
terms such as nm'd'j, n&i are completely negligible in obtaining the complementary 
function. 

If all terms in are removed from equations (3.202), (3.203), they become 
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equivalent to the equations of type y ; the errors in neglecting further terms may, 
therefore, be determined by comparing the solutions of equations (3.204), (3.205), &c., 
of type a with those of equations (3.404), (3.405), of type y (assuming /t constant 
in both cases). Equations (3.7041), (3.7043), (3.7044), (3.705) can be made .to give 
the following approximation to the true value of s in terms of T and a : — 

* “ l-4xVS2*T* 

This is valid so long as (l) a is so small that may be neglected, and (2) «— 1 is 
positive and large compared with a*. Comparing this with the corresponding first 
approximation (4.113), we obtain the error in the value of s due to the neglect of the 
terms in (l— &c., in equations (3.202), (3.203). The relative value of the error 
is given in the following table : — 



s = l-l. 

N ^ 2. 

.s = 3. 

10* 

0012 

o 

1 o 

CO 

0-027 

5' 

0 0030 

0-0048 

0-0066 

2-6* 

0-0007 

0-0012 

0-0016 


In analysing the jump card trial, whenever the error from this cause is appreciable, 
the results have been corrected by determining the values of s from the chait 
described in § 3.7. 

It appears also from the solution of the equations of type y that when s S 1 the 
initial angular motion is still periodic, but no longer of the nature of a small oscillation, 
since the period is a function of the amplitude and tends to infinity as the initial 
disturbance tends to zero. 

In using equations (3.202), (3.203) to obtain the particular integral, the order of 
magnitude of the various terms is different. The term AN/d'i is now the most 
important, while n is 0(l/i2) and m is 0(l/S2*) with the notation of §3.6. Most of 
the terms neglected are then 0(l/S}^) compared to the principal term, and completely 
insignificant, but is 0(l/i}®) and would affect the third term in the expansion 

for fj. Its effect however is completely negligible. 

4.31. The Equations of Motion of the Centre of Graoity. — These equations may 
be treated in a similar manner. In obtaining the complementary function, y and z are 
small compared to m and n (see equatu)ns (3.624), (3.625)), fil being initially less than 
0*01. As regards the differential equation for u (3.2141), the effect of neglecting 
the terms arising from the variation of R with 8 has been discussed in § 4.22 ; no 
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numerical data are available ; the effect is theoretically second order. The term in 
1-a: is obviously negligible. Omitting these terms, the equation can be reduced to 
the form 


where 


u'+au— —gy cos d,, 


a = — 2 -r — {R + 6Uy 0^)} (O 1 ). 

m oVi 


As a rough approximation we may assume that R = so that a = — We 

then find that 

d u _ yg cos 6 

dt 7} ~ • 


In the case of the complementary function, y consists of a constant term less than 
2 X 10~®, and periodic terms whose period is of order l/Q. 

The former makes a contribution tow/v, which is still less than 10“* after 20 seconds. 
The latter contributesf a term of order ygj ViQ which is always less than 3 x 10“®. 

In the case of the particular integral y is 0(l/Q^), see § 4.2. Hence in all cases we 
are justified in putting u = 0, v = y„ so long as the equations of type a hold at all, 
with the proviso that this conclusion may be at fault if the ^ of § 4.22 is numerically 
large. 

In reducing equations (3.212) and (3.213) we put x = 1, cosS = 1. This amounts 
to neglecting 1—x, 1— cos^ compared to 1, and is obviously justifiable. We omit 
altogether from (3.212) the terms xd'i + {g/v) cos 6^, or —gcosO, {xfvi—lfv): This 
term is excessively small, but could be retained, if desired. Finally we omit the 
terms in y cos 0j, justifying the omission by the arguments used above for the same 
term in the equation for u. 

§ 4.32. Errors in the Solution for the ComplemeiUary Function . — The second term 
Ri in the expansion of R in equation (3.6233) will l)e taken as representing the 
principal part of the error in the standard solution for the complementary function 
arising at this stage. Its value is 

E,= 

where M has the value appropriate to (3.6231). For simplicity in estimating errors 
we may take only the leading term in M so that here 

M = iQV. 

The values of s determined from the jump card trial and the data of the 50 degrees 
plane trajectory are tabulated in column 2 of Table VIIIb. The value of o- can be 

t This contribution is of the form / (f) which is of the order (1/12) x (maximum of /(<)) under 
suitable restrictions on /'(/), which are satisfied here. 
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deduced and its first and second difierential coefficients obtained from a difference 
formula. In this way we find that initially 

R,/R„ = 0-000011, 

R,/Ro = 0-0031, 

for the guns rifled 1 turn in 30 diameters and 40 diameters respectively. Moreover, 
the value of Rj/Ro diminishes along the trajectory. The neglect of this term is 
therefore justified, provided « > 1-1, and the total error in the solution will probably 
be of the same numerical order. 

The contribution of f (see 3.6235) to the coefficient of in equation (3.613) is 

_ 2/cC^ 

c (l io")* 

the principal term in this coefficient being — The relative value of the error 

in omitting this term is therefore 


which is less than 


8sc'k 

ci^^(l ± a-) 


— — - tan e. 


The values of these three factors can be obtained from Table VIIL The maximum 
value of this ratio for the 50 degrees trajectory is tan0,. This is negligible. 

In evaluating M to obtain equation (3.6234), terms such as /r/i/ii*, k/U^ are 
neglected. It is urjnecessary to evaluate such terms in detail, since it is known that 
/r/Q and h/Q are less than 0-02 in all cases. It would, however, be easy to write 
down equation (3.6234) with such terms included. 

4.33. Errors in the Particular Integral. — The errors of the expression for the 
motion of the centre of gravity of the shell, given in (3.632) and (3.633), may be 
obtained from the expansion of the particular integral in powers of l/f2. The ratio 
of the two terms in <I>, §3.2, can be worked out from the data of the plane 
trajectory. Its initial and greatest value for the gun rifled 1 turn in 30 diameters is 
(0-0008), so that the second term is entirely negligible in comparison with the first. 
Writing therefore it appears that the terms of order l/Q^ in (3.632) are real 

and so do not affect the drift. The next terra is (with y = O) 

»;"i+ ^ (Wi) +»?'i (8 Sk-A— < r) + i;i|^^(4.9/c) + 4S/c®— , 
where ij, (= 4s^i) is the coefficient of l/t'Q in the first term in the expansion of 
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There are also a number of other terms involving c', c" and c'*. The terms in o' are 
very small initially and vanish at the vertex, so that they are never likely to become 
important. The other terms in c" are certainly very small provided that s is of order 
unity. Since « varies roughly inversely as the square of the velocity (i.e,, /n 
constant), the magnitude of the terms containing s rises very rapidly in the later 
stages of the trajectory when v becomes small. The first term in 7 , —4is6\lQ, is 
given numerically in Table VIII., where it appears how rapidly it increases as the 
velocity falls. The values of the second term as given in equation (3.632) are also 
given (Table VIIIb., column 8 ). It appears that the ratio of the second term to the 
first term is always small so long as the first term is small. This term represents the 
efiect of the particular integral in altering the co-ordinates in the plane of fire. The 
third term as given above is more difficult to evaluate, and only a rough estimate 
has been made of its value at two points on the 50 degrees trajectory. The 
results are ; — 


Seconds. 

Third term/first term. 

Third term. 

t = 0 

-2-02x 10-» 

-8-5x 10 -f 

t = 20 

-1-94X10-* 

-7-2x lO-" 


The value of the drift as estimated by the first term is therefore slightly too large. 
The first part of the third term, is of special interest, as it represents the 

sole contribution of the term >]" in equation (3.613) to the value of ^ to this order. 
The term represents all that remains in the equations of type a of the 
terms in B neglected in § 3.3 in obtaining the equations of type The initial 
value of —4sri"^l{iQY is only 3’46xl0"® of the first term in ^ in the 50 degrees 
trajectory, and this ratio does not tend to increase as the velocity diminishes. 
This makes it likely that the equations of type give an accurate solution in all cases 
when the initial conditions are those of the particular integral. 

Returning to the particular integral, we have shown that the third term is only 
0*03 (?) of the first term at the vertex of a 50 degrees trajectory where the velocity is 
as low as 500 f.s. For a trajectory at still higher elevation the minimum velocity is 
lower ; the value of the first term soon becomes too great for the use of approximations 
which neglect 1 — cos S, while the third term can no longer be neglected in comparison 
with the first term. The solution therefore fails when the elevation much exceeds 
50 degrees as soon as the velocity has fallen much below 500 f.s. The true degree of 
approximation given by the expansion can only be obtained in a special case. If the 
terms in t/' in equation (3.613), and terms of the solution containing c', &c., arising 
from the terms in f are neglected, it may be shown that the error of the expansion at 
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any stage is less in numerical value than the last term retained.* Hence the 
numerical estimates of the third term, obtained above, justify the use of the first 
term only to obtain an approximate value of the drift at all elevations up to 50 degrees 
and for the initial part of a trajectory at any elevation. 

PaBT V. — SuMMABT AND CONCLUSION, 

§ 5.0. Summary of Precedir^g Results. 

In the earlier parts of this paper we have suggested a tentative set of components 
for the complete force system acting on a shell moving through air (or other medium), 
in which this complete system may be assumed to depend at any moment only on the 
position and velocities of the shell. We have submitted these suggestions to the test 
of experiment, and found that, so far as we have carried the analysis in this paper, 
the experiments confirm our suggestions, and provide, when the yaw is small, 
numerical values for two of the force coefficients {fj^ with a probable eiTor of 2 per cent, 
^’id fi^ with a probable error of 10 per cent.) for velocities up to double the velocity 
of sound. Rough values for a third coefficient are also provided. It appears 
probable that the other components (except of course the drag) are much less 
important, and that values of the yaw up to perhaps 10 degrees may be regarded as 
small in this connection. 

It is convenient to summarize here what we do and do not know about the 
components of the force system on the shells used in this trial. The values of the 
drag coefficient may be regarded as known for all velocities at zero yaw. The 
values of and are roughly known for velocities up to vfa = 2*0, and values of 
the yaw less than 10 degrees. From wind channel experiments f^ and fi, are all 
known for all values of the yaw when v/a is small, and these determinations probably 
apply so long as vfa<.0'7. The damping effects are only known roughly, but 
sufficient is known to estimate how long a shell will take effectively to settle down to 
a steady state of motion. 

On the other hand the variation of /r with yaw is entirely unknown except from 
wind channel experiments, and so is the variation of fm and fj^ at values of the yaw 
greater than 1 0 degrees. The rate of diminution of the axial spin is unknown and so 
is the size of the swerve effect, though this latter is not likely to be important. 

The variation of f^ with yaw could be studied experimentally by a suitable 
combination of jump card observations, with the use of the solenoid chronograph to 
determine as exactly as possible the deceleration of the shell at every point. The 
values of^M and fi, for larger’ values of the yaw could be obtained by a detailed 
analysis of unstable rounds in which large values of the yaw are realized. A start 

* The equation is now of the first order in 17 only, so that the exact solution may be written down in 
the form of an integral. By successive integration by parts we obtain the expansion (3.632) together 
with an integral representing the error after n terms. 

3 E 
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could be made with the data of the present trial, but we cannot tmdertake this in 
this paper. 

In Part III., we have arrived at two separate solutions of the equations of motion 
of a shell treated as a rigid body, which together cover practically all types of motion 
whiclx are likely to occur in practical shooting. (We ignore here the case of an 
unstable shell, since it is of no practical use.) A general solution of .the equations of 
motion of type a has been developed, which applies with sufficient accuracy to the 
most general type of motion of a shell whose angle of yaw S and inclination of the 
tangents of true and plane trajectories do not exceed (say) *0 ♦ 1 radian. The solution 
of the equations of type /3 can be applied with sufficient accuracy to the steady (non- 
oscillatory) motion of a shell at any angle of yaw. In practice the large angles of 
yaw (>■ 0*1 radian) only occur in the neighbourhood of or beyond the vertex of a 
high angle trajectory, and by this stage the initial angular oscillations of the shell 
have been completely damped out so that the condition for the applicability of the 
solution of type ^ is satisfied. Thus the solutions we have obtained, though 
theoretically inadequate, are probably sufficient to cover all cases likely to occur in 
practice. 

In order to make use of these solutions to determine the complete motion of 
a shell, information is necessary as to the complete force system acting on the 
shell. Our information, as we have seen, is fairly complete for angles of yaw up 
to 10 degrees, and can be applied to calculate the true trajectory of any shell for 
which the angle of yaw does not exceed this value, if the loss of spin and increase of 
drag with yaw can be ignored. 

Larger angles of yaw (exceeding 10 degrees) occur in general only as a consequence 
of the low velocity of the shell near the vertex of a high angle trajectory. The force 
system is then mainly covered by wind channel observations. The information as to 
the force system obtained by our methods is thus adequate for the calculation of a 
complete set of twisted trajectories at all elevations, at any rate for a 3-inch shell. 

§ 5.1. Problems for Further Discussion. 

5.11. Unstable Rounds. — We have already mentioned that further information 
about /m and / l, at yaws greater than 10 degrees, could be obtained by analysis of the 
unstable rounds. This requires the application of the exact top equation with a 
variable value of n (§ 3.7) to the discussion. No means of introducing damping efiects 
into these equations has yet been devised. It should, however, be possible to obtain 
fairly reliable information as to the variation of/j, and/i, with yaw between the angles 
of 10 degrees and 30 degrees by the analysis of the unstable rounds fired in this trial 
(Table IV.). 

5.12. Initial Conditions. — By extrapolating the ^-curve and 0-curve backwards 
to the gun muzzle {t = O) information may be obtained as to the way in which the 
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projectile leaves the gun, which may prove of value. Owing to the effect of the 
initial oscillations on the ranging of the shell, it is important to determine whether, 
in general, the initial disturbance takes place at, or nearly at, the same orientation. 
Secondly, it is important to determine whether the initial oscillations may be regarded 
as caused by an impulsive couple whose size is independent of the twist of the rifling. 
If this is so, the amplitude of the initial oscillations of a shell can be cut down 
indefinitely by sufficiently increasing the spin. If, however, as appears to be the 
case from a rough survey of the data of the present trial, the initial circumstances 
are such that the impulsive couple (or its equivalent) increases in proportion to the 
twist of the rifling, then no increase of spin will reduce the oscillation below a 
certain definite limit. This conclusion would be technically important, as in the 
later stages of flight the spin is always in excess of requirements, and so the initial 
spin should be kept down as much as possible. 

5.13. Wind Effects. — In calculating the efiect of wind on a shell it is usual to 
assume that the shell at once turns its nose to the relative wind. This is not strictly 
correct, and the true angular motion in a wind when the velocity is known at every 
point can be determined by our theory, since the forces acting on the shell depend 
only on its motion relative to the air. Consider, for example, the special case in 
which a shell suddenly enters a cross-wind region from a region of still air ; it 
starts its relative trajectory with a yaw S given by the equation 

tan 8 = w/v, 

where w is the wind velocity and v the velocity of the shell. At the same time 

= 0 and <!> = 0. The equations of § 3.6 enable the subsequent motion to be 
properly traced, and the errors in the usual treatment calculated. 


§ 5.2. Effect of Size and Shape of Shell. 

The jump card trials descriljed in this paper were carried out with shells of two 
diflerent shapes only. The <liflerences between the two shells may be seen from fig. 6 
to be considerable, form A baving an ogival head of roughly 2 calibres radius, while 
form B is of 6 calibres radius. For form B the experiments determine the moment 
coefficient only, for a single position of the centre of gravity, and give no information 
as to the cross-wind force. As experiments of this type are expensive and laborious 
to carry out, it is of importance to examine how far these results m.ay be applied to 
shells of other shapes and sizes. 

From the results of § 1.1 it appears that there is no evidence that the size (repre- 
sented by the radius r of the shell) enters into any of the factors on which the force 
coefficients depend, so that the coefficients fx, fyi, y'l, may be considered as entirely 
independent of size. It is therefore sufficient to make experiments on shells of as 

3 E 2 
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small a calibre as is consistent with obtaining accurate measurements of the jump 
cards. 

With regard to the effect of variation of shape we have very little evidence. 

If we compare the moment coefficients /m for shells of 2 and 6 calibres radius of head, 
as shown in figs. 4 and 5, it is obvious that the difference is much less marked than 
the difference between the two curves of/g, and that the two curves of fa are very 
nearly of the same shape. No great errors would be introduced by assuming that the 
values of for the two shells were in a constant ratio. Thus it seems reasonable, 
until the appearance of evidence to the contrary, to consider that the value of the 
moment coefficient for any shell can be obtained by multiplying the value, obtained 
in this experiment, by a constant independent of the velocity. It will then be 
sufficient to determine the value of this constant at a single velocity, which may even 
be a low velocity attainable in a wind channel. The value of the cross-wind force 
factor for any shell may be obtained in a similar manner hut the results will be more 
uncertain. For rough purposes it may even be sufficient to assume and fa 
independent of the velocity except when dealing with velocities very near the velocity 
of sound. It thus appears to be possible to treat /m in the classical way in which /g 
was treated, in which it was assumed that the values of/g for two different shells are 
in a constant ratio at all velocities. This treatment is inadequate in the case of /g, 
but on present evidence is far more valid in the case of /«. 

By applying the results of the present trial in this way, we may even hope to get 
reasonably accurate estimates of the drift and stability for any type of shell, on the 
basis of wind channel experiments only on the particular shape of shell required. 
The method would be especially valuable in connection with the design of new 
shapes of shell. It is known that, in general, the longer and more pointed a shell is, 
the less is its drag coefficient ; by a series of wind channel tests on a series of shell 
shapes it would he possible to determine the greatest length of shell that would be 
sufficiently stable in a gun of given rifling, or the sharpness of rifling required to make 
a given shell stable. Useful information was obtained on this point from wind 
channel experiments before the jump card trial provided certain data for the extra- 
polation to high velocities. It must be emphasised, however, that this otie experiment 
needs extension and confirmation before the structure sketched above can confidently 
be reared upon it. 

We have now discussed in general terms the applicability of our theory and 
experiments to the calculation of drift, stability, the effect of wind, and the design of 
improved forms of shell. Though the details of the calculations on these various 
points are not given here, enough has been said to show that the results form some 
advance in the subject of the application of aerodynamics to the flight of shells. 
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Table V. — Gfeneral Table of Results. 


Column 1. 






2 . 

3. 

4. 


>> 


5. 

6 . 
7. 




8 . 


Number of round. 

Muzzle velocity, f.s., for round, or mean for group. 

Air density p, lb./(ft.)“ and temperatiire ° F. 

= ^Q, degrees/sec. 

Upper entry — Calculated value for round, or mean for group. 

Lower entry — Observed value.* 

Period T, between successive minima of S, in units of 10“^ sec. 

Maxima of yaw, a, (i) degrees. 

Mean values of S2T, radians, for each round, for mean velocity as statetl. 
Minimat of yaw, /8, (t) degrees. 


* When there is only one entry there was no detectable difference between the observed and calculated 
values of </>. ' • 

t Note . — The sign given is the sign of j8| (/) at the minimum, see § 4.0. The yaw 8 is always positive. 


Gtm rifled 1 turn in 40 calibres. 


1. 

2. 

3. 

4. 

6 . 

6. 

I 

7. 





! 


; -- 

1 

1 


Type I.. 


I. 11 


0-0792 

2108 

252 

2-1 

19-10 

0-0 


918 

43" 


267 

2-6 

905 

— 






2-11 



I. 12 


0-0792 

2108 

276 

6-1 

19-79 

-0-4 


918 

43* 


262 

6-9 

905 

-0-6 






7-5 + 



I. 14 


0-0807 

2113 

296 

7-2 

21-60 

-0-9 


920 

4-2'' 


289 

6-4 

905 

-1-51 

I. 13 


0-0807 

2139 i 

234 

1-5 

18-44 ! 

-1-0 


931 

42“ 


260 

3-1 

919 

-2-41 




i 

1 

t 

' _ _ 1 

5-5 + 

1 



I. 5 


0-0782 

3595 

230 

12-2 

28-87 

-0-9 


1566 

45" 


— 

8-5 

1539 


I. 6 


0-0782 

3595 

227 

i 

i 13-7 

28-49 

0-0 


1665 

46° 


— 

1 9-5 

1 

1540 







i 




I 
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Table V. (continued). 


1. 

2. 

3. 

4; 

5. 

6. 

7. 

8. 




Type I. 

(continued^ 

. 



I. 7 


0*0782 

3596 

354 

10*6 

41*71 

-2*3 


1565 

45* 

3375 



1526 


I. 15 


0*0807 

4892 

2T « 


18*19 



2130 

42* 


213 

17*5 

2082 

-0*4 






6*6 



I. 16 


0*0807 

4892 

2T = 


17*33 



2130 

42* 


203 

17*5 


-0*6 






6*7 

2085 


I. 1 


0*0786 

4977 

93i 

4*5 

15*98 

-1*0 


2167 

42° 


92 

41 


-0*6 



* 


90]i 

3*7 

2104 

-0*6 

I. 2 


' 0*0786 

4977 

112 

7*5 

18*86 

0*0 


2167 

42* 


105 

6*3 


-0*21 





— 

5*3 

2117 


I. 3 


0*0786 

4977 

107 

4*6 

17*94 

-0*3 


2167 

42° 


99i 

3*6 


-0*4 





— 

3*1 

2120 


I. 4 


0*0786 

4977 

118 

4*1 

20*81 

-0*4 


2167 

42° 


121i 

3*0 

2113 

-1*41 

I. 19 


0*0812 

6217 

984 

5*0 

17*20 

-0*2 


2272 

40° 


90| 

4*3 


-0*3? 





— 

3*0 

2217 


I. 20 


0*0812 

5388 

96i 

8*7 

17*96 

+ 0*4 


2346 

40° 

6260 

94| 

7*9 


+ 1*0 





— 

7*1 

2288 


I. 21 


0*0812 

5388 

99 

6*6 

18*03 

-1*0 


2346 

40° 


99 

4*0 


-0*6 





— 

3*3 

2282 
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Table V. (continued). 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 



Type 

II. Forn 

a A. C.G. 1 

forward. 



11. 8 


0-0807 

1960 

210 

1-6 

15-30 

-0-9 


934 

42° 

2020 

224 

3-2 


-0-5 





— 

3-8 

923 


II. 9 


0-0807 

1960 

246 

4-5 

16-22 

-0-3 


934 

42° 


228 

4-0 


-1-2 





— 

4-7 

922 


II. 10 


0-0807 

1960 

264 

6-7 

17-45 

-0-8 


934 

42° 


266 

6-8 


-0-5 





— 

a-1 

921 


11 . 6 


0-0780 

3641 

147J 

4-9 

18-11 

-0-7 


1686 

46° 


146| 

3-7 


-0-7 





— 

2-4 

1664 


II. 6 


0-0780 

3541 

1444 

1-2 

17-92 

-0-6t 


1585 

46" 


145| 

1-2 


- 0-51 






1-0 

1565 


II. 7 


0-0780 

3541 

187 

3-1 

22-07 

-0-4 

1 

1686 

46° 


170 

2-2 

1648 

-0-31 

1 

II. 1 


0-0786 

4795 

99 

3-2 

14-76 

.-0-7 


2024 

42° 

4630 

894 

2-5 


-0-8 





9l| 

2-3 

1983 

-0-7 

II. 2 


0-0786 

4796 

103 

3-0 

16-34 

0-0 


2024 

42° 

4625 

96 

2-3 


-0-1 





87 

1-9 

1982 

-0-6 

II. 3 


0-0786 

4796 

96 

2-9 

14-29 

-0-2 


2024 

42° 

4435 

89 

2-6 


-0-2 





92 

2-3 

1984 

-0-2 

II. 4 


0-0786 

4796 

98^ 

1-9 

14-75 

0-0 


2024 

42° 


81 

1-7 


0-0 





85 

1-8 

1985 

0-0 
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Table V. (continued). 


1. 

2. 

3. 

4. 

6. . 

6. 

7. 

8. 



• 

Typ 

elll. F( 

)rm A. C.( 

J. back. 



III. 8 


0 0807 

2460 

247 

6-7 

20-23 

-0-4 


931 

42* 


226 

6-6 

919 

-1-6 


' 




6-8 



III. 9 


0-0807 

# 

2460 

264 

6-0 

20-10 

-0-4 


931 

42® 


216 

6-6 

919 

-1-3 






4-3 



III. 10 


0-0807 

2460 

232 

6-2 

19-50 

-0-3 


931 

42* 


224 

6-6 


-1-6 






7-8 

920 


III. 5 


0-0780 

4166 

217 

8-7 

31-06 

-3-7 


1683 

46° 

4100 


7-8 

1666 


III. 6 


0-0780 

4166 

196 

9-0 

28-52 

-3-6 


1683 

46° 


, — 

8-2 

1568 


III. 7 


0-0780 

4166 1 

i 237 

6-6 

32-93 

-2-9 

1 . 

1683 

46° 

3980 

! 

6-3 

1563 


III. I 


0-0786 

5331 

i 125 

1-6 

20-66 



2026 

43° 


97 

1-2 


— 





— 

0-8 

1994 


III. 2 


0-0785 

5331 i 

! 113 

3-7 

19-54 

-0-7 


2026 

43° 

' j 

1 97 

3-4 

1996 

-1-6 



j 

j 

1 

j 

3-4 



1 III. 3 


0-0786 

5331 ' 

109 

2-4 

20-10 

-0-21 


2026 

43° 


107 

1-8 


-0-6 





— i 

1-3 

1994 


III. 4 


0-0786 

1 

6331 

106 

2-9 

19-36 

0-0 


2026 

43° 

1 

102 

2-1 


-0-8 




! 

1 

1 

1-8 

1994 
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Table V. (continued). 

Gun rifled 1 turn in 30 calibres. 


1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 

8 . 



Typ< 

I. Forn 

A. Empt 

y shell. 



I . 22 i 

1119 

00811 i 

3429 

91 J 

2-1 

10-07 

+ 0-1 



! 

1 

864 

1-9 

! 

0-0 


' 


i 

82 

1 - 4 ) 

1 

- 0-31 



38 * 


86 

— 


— 


i 


' 

79 i 

1-9 


- 0-2 





87 

2-0 

1089 


I . 23 

1119 

0 0811 

3429 

79 

3-0 

10-34 

+ 0-4 




! 

91 

2-4 


- 0-1 




1 

87 

2-2 


- 0-4 



38 ° 

i 

86 

— 


— 





83 i 

2*0 


- 0*4 


! 



84 i ' 

1-8 

1090 

— 

I . 24 

1119 

0 0811 

3429 

85 

2-8 

10-27 

+ 0-4 




i 

90 

2-4 


- 0-2 




1 

86 

2-2 


- 0-4 



38 ° 

1 

84 i 

— 






! 

84 ^ 

2-1 


- 0-6 




i 

84 

2-1 

1090 

- 0-91 

I . 25 

1326 

0-0811 

. 4061 


1 

2-0 i 

9-91 : 

1 

0-0 1 



1 


71 

1 -s i 


0-0 


I 


i 

69 i 

1-9 1 


0-0 



38 ° 


68 J i 



— 



1 

1 j 

71 i 

1-6 


; 0-0 




i 

70 

1 1-4 

1280 

- 0-81 




i 

1 — 

! 2-0 


1 

I . 26 

1326 

0-0811 

j 

4061 

71 

3-6 

10-04 

+ 0-4 





74 

2-8 


+ 0-1 





71 

2-6 


0-0 



38 " 


73 

— 


— 





66 ^ 

2-6 


-01 






2-2 

1285 

- 0-81 

I . 27 

1563 

0-0805 

4786 

60 ^ 

3-8 

9-59 

- 0*3 





55 ^ 

j 3-7 


- 0 * 3 ? 





59 

1 3-5 


- 0*2 



36 * 


60 i 

— 


— 





554 

2-9 


- 0*5 





56 | 

3-31 


- 0*8 





— 

2-5 

1515 


1 








3 F 
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376 MESSRS, U. H. FOWLER, E. G, GALLOP, C. N. H. LOCK AND H. W. RICHMOND : 


Table V. (continued). 


1. 

2. 

3. 

4. 

5. 

Empty she] 

6. 

7. 

8. 



fype I. ] 

?orm A. 

1 (continued 

). 


I. 28 

1563 

0-0805 

4786 

59 

1 

3-1 

9-66 

-0-4 





59 

2-6 


-0-4 





59 

2-1 


-0-8 



36* 


59 

— 


— 





574 

1-9 


-0-2 





54| 

2-0 


-0-61 





— 

2-1 

1515 


Type II. Form A. C.G. forward. 

II. 17 

1119 

0-0811 

3168 

924 

1 

2-8 

9-85 

0-0 





90 

2-75 


0-0 





88i 

2*6 ] 


-0-6 



38° 

3128 

91 

— ; 


-0-5 





91J 

2-0 


-0-7 





— 

1-7 

1092 


II. 18 

1119 

0-0811 

3168 

88 

3-3 

1 

9-88 

+ 0-1 





944 

2-8 


0-0 





874 

2-6 ; 


-0-6 



38° 

3128 

89 

— 


-0-7 





91 

2-3 


-0-7 





— 

2-2 j 

1093 


II. 19 

1119 

0-0811 

3168 

88 

2-9 ' 

9-82 

+ 0-1 





89 

2-4 


0*0 





8H 

2-0 


-0-3 



38’ 

3128 

90 

— 


-0-4 





891 

2-0 


-0-61 





911 

2-1 

1088 

-0-51 

II. 24 

1292 

0-0805 

3709 

76 

2-7 

9-70 

-0-15 





74 

2-9 


-0-3 





72 

2-7 


-0-2 



36° 


76 

— 


-0-3 





75 

2-4 


-0-7 





76 

3-0 

1259 

-0-6 

II. 22 

1589 

0-0819 

4738 

62 

2-1 

8-93 

+ 0-5 





51 

1-9 


+ 0-11 





641 

1-4 


— 



36° 


561 

1-4 


— 





541 

— 


+ 0-6 





52 

1-1 


— 





551 

1-4 

1543 

+ 0-1 
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II. 23 


III. 17 


III. 18 


Type II. Fonn A. C.G. forward (continued) 


1589 

0-0819 4738 54 

2-3 


5 periods 

2-1 


in 276 

— 


36* 




1-9 



1-6 


Type III. Form A. C.G. back. 

0-0811 3928 67 1-8 


0-0811 

38“ 


+ 0-3 
+ 0-1 


III. 19 



0-0811 


38° 


0-0805 

36“ 
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Table Y. (continued). 
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Xablb V. (continued). 


















380 MESSRS. R. H. FOWLER, E. G. GALLOP, 0. N. H. LOCK AND H. W. RICHMOND : 


Table V. (continued). 


1. 

2. 

3. 

4. 

6. 

6. 

7. 

8. 



Tyi 

>e IV. F( 

arm B (cont 

iniied). 



IV. 19 

1547 

0 0811 

4178 

. 77 

4-0 

10-96 






75 

3-4 


— 


' 

38" 


73 

3-4 

1496 


IV. 20 

1647 

0-0811 

4178 

73 


10-69 






76 



— 



38“ 


72 


1497 


IV. 24 

2101 

0 0805 

6675 

66 

4-6 

10-70 

-0-2 





67 

3-8 


-0-3 





61 

3-6 


— 



36“ 


55 

3-6 


-0-5? 





53 

3-4 

2045 

-1-0? 

IV. 26 

2112 

0-0805 

5706 

56 

2-2 

10-70 

0-0? 





55 

2-2 


0-0 





52 

1-8 


i 



36“ 


66 

1-2 

2073 

0-0? 





64 

1*3 


-0-8 

IV. 26 

2149 

0-0805 

5805 

50 

2-4 

10-60 

-0-1 





53 

2-0 


0-0 





54 

2-0 





03 

o 


63 

1-7 


— 





54 

1-2 

2093 

-0-3 
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Table VI. — Values of the Stability Coefficient and' the Air Couple deduced from 

Analysis of the Stable Shells. 

Summary of Notation used in the Headings of this Table. 


M sin 5 = couple due to air forces. 


s 


4/i 


= stability coefficient. 


V = mean velocity of shell, f.s. 

P — air density, lb./(ft.)®. 
a — velocity of sound, f.s. 
fit (^/«) = the air couple coefficient. 


N.B. — The values of s, p and /m have not been corrected in this table for the effect of the cards. 


1. 

! 2. 

3. 

4. 

5. 

6. 

7. 

8. 




Mean value 




Total 

Bound No. 
or itroup of 

Twist 

of 

Value of s 
deduced from 

of V 

corresponding Value of u. 

Value of 

/m 

Value of 

via. 

percentage 
spread of 

rounds. 

rifling. 

observation. 

to value 


H or fx in 




of s. 




group. 

T. 11, 12 

1/40 

1113 

905 

1220 

9 -.58 

0-824 


I. 14 

1/40 

1-087 

906 

1250 

9-71 

0-825 

4-1 

I. 13 

1/40 

1 • 131 

919 

1230 

9-26 

0-8.37 


I. 22-24 

1/30 

1-61 

1090 

2230 

11-85 

0-996 

3*2 

I. 25,26 

1/30 

1-66 

1283 

3030 

11-62 

1-173 

1-7 

1. 27, 28 

1/30 

1-74 

1515 

4000 

11-09 

1-388 

1-1 

I. 5- 7 

1/40 

1005 

1535 

,3920 

10-89 

1-394 

0-9 

I. 15, 16 

1/40 

1137 

2084 

6410 

, 9-36 

1-897 

1 

1 

I. 1 

1/40 

M80 

2104 

6390 

i 9-40 

1-916 

6-7 

I. 2- 4 

1/40 

1'118 

2117 

6750 

9-80 

1-927 


I. 19 

1/40 

1-152 

1 2217 

7190 

i 9-22 

2-023 


I. 20,21 

1/40 

1-133 

2285 

i 

7800 

9-41 

2-085 

1-9 


II. 8-10 

1/40 

1-172 



8-71 

0-840 

4-9 

II. 17-19 

1/30 

1-69 

1091 


10-46 

0-997 

0-8 

II. 24 

1/30 

1-72 

1259 


10-86 

1-163 


II. 6- 7 

1/40 

1-121 



9-98 

1-408 

4-7 

II. 22,23 

1/30 

1-94 

1546 


9-95 

1-416 

3-8 


I 
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Table VI. (continued). 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 




Mean value 




Total 

Round No. 
or isroup of 

Twist 

of 

Value of .s 
deduced from 

of V 

corresponding Value of fi. 

Value of 
Mvla). 

Value of 
via. 

percentage 
spread of 

rounds. 

rifling. 

observation. 

to value 


SOT ill 




of s. 




group. 

II. 1 

1/40 

1-216 

1983 

6606 

9-12 

1-804 


II. 2 

1/40 

1-200 

1982 

5689 

9-42 

1-803 


II. 3 

1/40 

1-232 

1984 

5320 

8-80 

1-805 


II. 4 

1/40 

1-220 

1985 

6809 

9-59 

1-806 


III. 8-10 

1/40 i 

1-107 ' 

919 

* 

1520 

: 11-41 

0-837 

~~ 

0-9 

III. 17-19 

1/30 ! 

1-64 j 

1091 

2570 

13-66 

0-997 

3-3 

III. 20, 21 

1/30 

1-76 1 

1262 

3200 

12-79 

1-156 

2-1 

III. 22, 23 

1/30 

1-84 

1526 

4500 

12-32 

1-398 1 

2-9 

III. .1- 7 

1/40 ; 

1-035 1 

1556 

4410 

11-96 

1-411 ; 

0-6 

III. 1- 4 

1/40 

1 

1-109 i 

1994 

7020 

11-52 j 

1-814 1 

1-4 









IV. 21-23 

■ 1 

1/30 ! 

1-64 

884 

1270 

10-25 

0-808 

2-6 

IV. 13-15 

1/30 i 

1-39 

1060 i 

2140 

12-06 

0-969 

5-0 

IV. 16-20 

1/30 ' 

l-.’jOo 

1502 

! 

4070 

11-41 

1-373 

3-7 

j 

IV. 24 

... 1 

1/30 ' 

1-525 

2045 

7420 

11-29 

1-874 

i 

1 

i 

IV. 25 

1/30 ! 

1-525 

2075 

7600 

11-11 

1-899 

1-0 i 

IV. 26 

1/30 

1-54 

2093 

7680 

11-16 

1-917 

i 
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Tablk VII. — Observed Values o{ h+K and h—K +2y, the Damping Factors for 

ea<5h Group. 

Groups fired at a velocity of 900 f.s. apparently have negative damping and are not 

included. 



N.B. — The calculated value of k is obtained by using the value of the cross-wind force coefficient 

given in Table I. 




di4 MESSRS. R. H. FOWLER, E. G. GALLOP. C. N. H. LOCK AND H. W. RICHMOND ; 


Tablt!) VIII. — Plane Trajectories at 50 degrees and 80 degi’ees, with Calculations 
of the Drift, &c., for Shells of External Form A. 

Constants used in the Calculations, 


Muzzle velocity 
Centre of gravity . 
Weight .... 

Moments of inertia 

f gun rifled lb 30 
I „ 1 .. 40 

Ballistic coefficient. , . 



2000 feet per second. 

4-88 inches from the base. 

16-02 lb. 

0- 1329 lb. (ft.)». 

1- 1555 lb. (ft.)*. 

192-7 radians per second. 

144-5 

1-75. 


Table VIIIa. — Plane Trajectories at Elevations of 50 degrees and 30 degrees. 

Column 1. Time t, seconds. 

,, 2. Velocity t'„ feet per second. 

„ 3, Inclination Oj, degrees. 

„ 4. Horizontal distance X, feet. 

„ 5. Vertical height Y, feet. 


Elevation 50 degrees. Elevation 30 degrees 


1. 

2 . 

3. 

4. 

5. 

2. 

3. 

4. 

6 . 

0 

2000 

50 0 

0 

0 

2000 

o ^ 

30 0 

0 

0 

1 

1720 

49 21 

1,199 

1,413 

1726 

29 8 

1,614 

917 

2 

1506 

48 36 

2,254 

2,628 

1515 

28 8 

3,033 

1692 

3 

1342 

47 44 

3,201 

3,686 

1352 

26 59 

4,300 

2364 

4 

1218 

46 45 

4,068 

4,624 

1230 

25 42 

5,454 

2926 

6 

1059 

44 28 

5,648 

6,241 

1076 

22 45 

7,638 

3867 

8 

959 

41 48 

7,116 

7,619 

985 

19 24 

9,455 

4608 

10 

877 

38 43 

8,514 

8,805 

916 

15 42 

11,264 

6182 

12 

807 

35 13 

9,857 

9,819 

860 

11 40 

12,988 

5603 

14 

746 

31 15 

11,156 

10,671 

816 

7 19 

14,639 

6881 

16 

693 

26 45 

12,411 

11,369 

780 

2 43 

16,227 

6021 

18 

647 

21 44 

13,631 

11,921 

761 

- 2 7 

17,765 

6030 

20 

609 

16 10 

14,817 

12,330 

728 

- 7 6 

19,228 

6912 

24 

557 

3 40 

17,098 1 

12,738 

703 

-17 11 

22,017 

5314 

28 

537 

- 9 50 

19,266 

12,624 

700 

-26 66 

24,608 

4261 

32 

547 

-22 65 

21,331 

12,013 

712 

- .36 51 

27,011 

2790 

36 

579 

1 -34 26 

23,293 

10,930 

735 

-43 40 I 

29,228 

938 

40 

627 

-43 54 

25,151 

9,403 





44 

681 

-61 80 

26,902 

7,466 



i 


48 

735 

-57 32 

28,539 

5,157 





52 

786 

-62 23 

30,057 

2,521 


i 



55 

818 

-66 26 

31,114 

369 

! 


i 

i 
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Table VIIIb. — Calculation of the Drift, Stability, and Damping Factors, for the 

Gun Rifled 1 in 30. 


The time seconds. 

The stability factor s. 

-4«0',/Q. 

4^/r/Q. 

equation (4.203). 

The drift Z, feet. 

The azimuth, arc tan {ZfX), degrees. 

The second term in the expansion of aquation (3.632), given by 

9. The damping factor (§ 4.22), 


Elevation 50 degrees. 


1. 

2 . 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

0 

1-945 

0-00042 

0-0217 

0 

0 

• 


1 

1 

2-598 

0-00062 


0-00038 

0-2 



. 0-702 , 

2 

.3-334 

0-00098 

0-0214 

0-00082 

0*8 



0-520 ' 

;] 

-1 - 189 

0- 00139 


0- 00129 

1-8 



0*404 f 

4 

5-129 

0-00192 

0 0221 

0-00182 

3*1 


0-00007 

0-330 1 

6 

7-123 

0-00.321 


1 0-00405 

7-5 

0 5 


0-196 ( 

8 

10-95 

0-00569 

0-0570 

0-00752 

15-9 


0-00066 

0-115 1 

10 

14*60 

0*00868 


0-0114 

29*1 

0 12 


0-076 i 

12 

18-39 

0-01240 

0-0618 

0-0156 

47-3 

0 16 

0-00155 

0-055 1 

14 

: 22-20 

0-01693 


0-0199 

, 70-4 



0-043 1 

16 1 

, 26-33 

0-0227 ^ 

0-0585 

0-0250 

! 98-6 

0 27 

0-00334 

0-034 1 

18 1 

I 30-88 

0-0297 i 

. 

0-0308 i 

133 



j 

20 : 

.35-16 

0-0372 ; 

0-066.3 

0-0374 i 

173 


0-0056 

1 

24 

1 42-63 

0-0511 i 


00530 , 

276 

0 55 

1 

I 

28 ' 

45-87 

0-0562 ' 

0-0755 

0-0705 : 

409 

1 13 


i 

32 

43-24 

0-0486 1 


0-0885 

57.3 

1 32 


: 

36 

37*11 

0-0353 ! 

0*0700 

0-1050 i 

762 


0-0012 


40 

.30-11 

0-0231 


0-1192 i 

971 

2 12 



4'4 

24-02 

0-0147 , 

0-0695 

0-1316 

1190 




48 




0*1420 

1415 


-0-0019 


52 




0-1510 

1 

1637 





Column 1. 
2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 


>> 

> J 

99 

99 


3 6 2 
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Table VIIIb. (continued). 


Elevation 30 degrees. 


1. 

2. 

3. 

4. 

6 . 

6. 

7. 

0 

1-945 

0-00056 


0 

0 

• f 

1 

2-55 

0-00086 





2 

3-21 

0-00122 


0-00080 

1-1 


4 

4-79 

0-00234 


0-00174 

4-1 


6 

8-43 

0-00368 


0-00351 

9-5 


8 

9-11 

0-00581 


0-00656 

19-2 

0 7 

10 

11-16 

0-00785 


0-01022 

34-4 


12 

14-01 

0-01063 


0-01417 

66-3 

0 15 

14 

15-76 

0-01276 


0-01828 

82-0 


IS 

17-48 

0-01496 


0-0226 

114-3 

0 24 

18 

18-85 

0-01671 


0-0269 

162-0 


20 

19-92 

0-01810 


0-0316 

195-0 

0 36 

24 


0-0191 


0-0418 

297 

0 46 

28 


0-0174 


0-0525 

419 

0 59 

32 


0-0143 


1 0-0629 

657 

1 11 

36 


0-0110 


0-0729 

708 

1 23 


Table IX. — Comparison of Calculated Drift with Observations of April-May and 

February, 1918. 

The azimuth of the shell at time t (in minutes of angle) = At. 

Elevation 50 degrees. 


Observations of April-May. 


Rifling 1/30. 1 

! 

Mean observed 
time. 

Mean observed 
A. 

Calculated A. 

10-9 

1-46 

1-27 

23-9 

2-24 

2-29 

33-3 

2-89 

2-85 

41-3 

3-16 

3-36 


Rifling 1/40. 


Mean observed 
time. 

1 

Mean observed 
A. 

Calculated A. 

10-2 

! 1-18 

0-90 

22-9 

1-30 

1-66 

31-0 

1-96 

2-10 

39-1 

2-00 

2-44 
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Table IX. (continued). 


Elevation 50 degrees (continued). 


Observations of February. 



Biding 1/30. 




Riding 1/10. 


Mean observed 
time. 

Mean observed 
A. 

Calculated A. 


Mean observed 
time. 

Mean observed 
A. 

Gixlculated A. 

1 

6*99 

4-64 

0-86 

1 

6-33 

3-61 

0-63 

15 03 

1-68 

1-65 


14-07 

1-40 

1-18 

26 08 

1-99 

2-46 


24-93 

1-47 

1-86 


Elevation 30 degrees. 
Observations of Aprll-May. 


Rifling 1/30. 


Mean observed 
time. 

Mean observed 
A. 

Calculated A. 

10-04 

0-975 

1-05 

20-6 

1-575 

1-77 

27-9 

2-09 

2-06 


Rifling 1/40. 


Mean observed 
time. 

[ 

' Mean observed 1 
! A. 1 

i ; 

Calculated A. 

9-58 

1 ' 

1 1-63 

0-79 

19-35 

j 0-80 1 

1-28 

25-95 

' 1-04 i 

1-50 


Observations of February. 


Rifling 1/30. 



Rifling 1/40. 


Mean observed 
time. 

Mean observed 
A. 

Calculated A. 


Moan observed 
time. 

Mean observed 
A. 

Calculated A. 

i 

13-2 

22-62 

o 

CO 

F— 4 

1-32 

1-86 


13-02 

22-05 

1-73 

1-25 

1 ‘ 

i 0-97 

1-38 












